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B oREARTHALS - MR AREL  SEZEMN ; MR ARZEE L » SERZ
BRAY - B TARRTRRM S] ATER A=S-

(HEWE] SRR E&EMNE - g4 BEMABRE P, TP =P BER
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(P=P)=true .

B EHERASER TAERER] - HX > BR (=) TUERE IER]
HERERZARRE

P Q

Bi% 0 ROAERE - FBEN (%3] REESRN  HETR QMR R
BRI «

(P=Q)=R
=(Q=R) .

BTHRE > BMHZEE LB - BEREMB A REHRLTIE?) A M

Z T2/ BEaRKR A=A A IRIBEEREER » A= AT LULER rrue.
Leﬂﬂi% HES EAERB®E [RERFLI HoHameE 2l -

MR AR : TBREEL 1 B ?ERRK A = B. HILIRMHELME BEIER
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WA ER  REAMNERBIERHFLIEBERE  AAJME A—ERHKL ! 5
EOEE R > 48 A =rtue R A WRE S BEELUFRES - WRER
REH HERATHAREARBEE:: (A=A) =rmue REESETRES
A= (A=true), .Jﬂ_’, A = true BIR¥RAL A.

BERE—Ez5E : MR AR (B BERA—BAIR?EBEAURKA= (A=
B) - HMEHE:

HREZITTRE < ﬁﬂ% x < x ¥R x IR 0 FAPIRR < B B R (reflexivity). TERIEE
B TERMEAE) ME

2(=) M (=) #h2 r%ﬁ’:‘] o MMELLEFRATRERR 1%:57%7[%53'%{%/1\ : B—1{TRER
E’]*H%'Fﬁ( ), ? BITZ BNESEA (=) AEEMM TR REETEE
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ERHE o Ml 1 (3=3) =3 AL rrue =3, BEXTEEMENEERFRE » F2AZENETF -
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A=(A=B)

= {(HE’)
(A=A)=B

= {BRMEER}
true =B

= ({XHBHEARER)}
B .

B RPN AR OEEER TN B—ERH T -

1% RMZOFAEHEANEET - REELAD > BHRORZA -
% B A A BEEBE—EMERNG > ARAKS LEEAREST
R ? Z RIfT BRI S A B R R TR B - TR SRR AR T
EREERL R - B (B LEST) BEESERA G RMAZHREENEQ.
MEAMMEQEE 2] REFBLEST  RZAE -

. TA%RIEE QEE PRI BBA=Q;

CTAMRIE QEE M2 BLEEEST) REERE—EEERENSD

F B G=(A=Q) -

RSN A8 » BT IR :

BT/ Q= (C=A) WRERNFMEM ANBEQRE C=A" T&H
B etaEeF) M MREBLI ETEEENE 7 °
HLEES LTRE TSR  BEAETE  TRESEEERERE !

0.2 FFFRABIRIE

CREEE » HEAMEE BLHEER] MENHETSEMESE  $£—
SHRIBIEFRA—ARFRAER LR > FEZSRIRKBELRFRARATERE -
BHEL BEEOHE—FES  RAERMEETHERCTARNEREREEL
RN EE > AFBERRASHRRNTMBRMIEE o 5 ENTFER LR
RMBEMEE-

RAEGHNFTRARZEZEN - —HEEHRFRET LR EHREAER
RS —ARFR - &% (synta)[EIR LRIRIRE - BEERRN B8] 2
B2 & (semantics) I JEIR - B THERBEAEG » MRFEMEFIE—FEA
£ TINE AZERLT  BUERLT. IR AREE BHERR. | $5EE
Agt ERESELEE - ELHEEBMERR  BELNEENEREH
L REAREE FASRLTRERR] HEUMNME  mBUARERL 1
AR ZA » FREESMUEFREEEES 7 - L —HM@BEREF AR EE

‘AR B SICE A FRESTIRESD ?
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B FEERT  FAXHRE  EE5EESHAN  AEEERADNEER
Z 1% sEXFREAEER? BERRNERZT  BANEHRZNS
R T HZERRE -

BE—E TUFREE] BFF : RENAEHE 28 < 182 WRIFH B
M85 A 192 1018 2870 _E 81 28 » M1 101& 282 280 > 81& 282... 101& 28i@ %
2@ 281 AEEEREAXLEEIER LR - RAEEREEELF 1RE
T THRESHREENEL - IRREERE  EEGELOFELETER
RIRFSR

28
x 17

REMBRERBPIANFERERE  KRREANZEERRE - (REUHFR
gREHZ  ADAENRAEZERENET - UREMS  EMEEEEE
B - ERAERM - EEBZBEFRNBEZNEEERMAT 2 OMEFREEEDE
MR EIRE - RPITIATN AR E M ESRE o

FEARIYBRANERE - FE L BEFRISEPRECHAED -
TR AR AR I EREE - AR ERELRE  BMRMmAE
FEORAEEHNBEL ARBIHBHRMESHE  HEFRRAEMER
REASSFHERFFRHMEUBANERE - S ELRE > MRS T H M7
REFIRAE

EUNEXBEEMAEZEBRERR? BR  —EFNEXBZEHE—ERFt
RIFHIFFSE - B EHBIFE P EE > UHREEARENTZE - —EEXES
BERENOR [FRFREBIRLIE (let the symbols do the work!) | & 47 M ikt
TiEM2ENER o

0.3 sk

WBETFTR - AR AEENE—SBIURTIEERELK - E—TB/BIE T#H %
1t (abstraction)] @ BEEERE#EWN— -

] 0.2. Mary B 38 X3 EH Z John T f5o Mary BB MW IERF A —F LK
BET, REETEM. John B2 T —HIHR. HAE Mary HHWHRBE ) Z
John BRI AE . MRt &4 % D s R?

REMRRESHER ? MREFE—RE > ROEHFITU—SLER &
AE John BB IR » Mary AMBBERETEEERE - REAAE
John BRFR > Mary BUFERIER... SRAERR LBREE - MWEHMREE L
SEAERER B RA 1%

BHFZABHFEHARE 1€ Mary REIFEAREB A 3R » John HIZER
HEA &7 BREHNKT

m=2j,
m/2=2(j—1) .
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NWERER  AIEAETTZZ5E - \TARBSERE - Br AREHERRE
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2@ MRkl - R ELNERESRTEENENME - 2 FMEHD
MEPRARIITE - BREERMNBNZEKE [Mary # John BYIEE S
DREER] > BB ERRETFNER B =2) REZR - BHEHEM
F—LEH ERERFEIWCZET ? MAEZ/MZERNEREIET ?) AfEE
TEZEMN - AR ERB TRNREFNEN L FEMBEEFMHERL TR
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BEEEIAGERERFRHNKES - SR RNBEBEZ FTlse FAEKRER -
MEMFE MRk E8—F - EAR  BEGERNSRZEANHRILNE
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HERZEY  BRMNESY (RER] > BEEWRZSUEMNEIE
o ERTEAIZH > THR] NEYTE2REHE  SHE - FZIBEM - FAH
AIEARE HRFRESFEER S BEXR HRBNEYEEHEEN -
EREZBEABEAT  ERMEREHEEAREE - RERFHEBERE - #3
BTHERZS FIRFRANIEEG |

0.4 fHKR{LERED

ERERERENEGER  F2RBHEAERRMLTHEE - FXK > LERE
HILHIERTE - ° ER—EHRL - AHEENBER  E—F5A85 -

HPBEEEIEROG 7 EEEAEZGF > HfEEHNENERRNE
o mwETHZEM: AR~ kRBIEF.. EF -

EREHEXEAT  RRIFHIEFEEEUHEEEEN " HESR - #
ELCRIRERE > BT E RS BEIREE THRNE N FEBTHEMREN
RRZEE o RERMRAFENHG - A RMEZSTRBRENFTRETL
RESLHE SRS —E/RFR -

ERERMARIBREEEENF ZY - ERMEARTRREBRBEZA
BABAZFH—EREN « EUREFZBBEIFRALELEZRL - BAE
B BRI A RN - —EF RO HEEEZFR T INfEs - #1E
(BN MRIBRIRIRE « F6E > FEFRMUAE—LALE - F%) BRA -
R ERASRERE—ME TR (formal) R4 o FHBRTHBINFEE
Bl R BN R E T2 777k (formal method) ] ° I EEAY formal” —3A »
EREBMF AR T (form)] RFREE - °

s SN » Abrial [1996] B B method B —EERE AR E M BENT X E S HMREEEHRRN

P

CREBE R —PIMERR formal language” FfY formal” 15 X 2 & - B/ EFZ
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MERMFLBRERMREE  BRHNEERE—ERRES - BF
E—HRFNE | —ERNESNRENERE TR EE SRR
RRIME - —BRNETERHBESHRNMSELY - ALRREE TR
HER AR AT — BB OB (T30 MEEH R 1 B L E— (B
H.. 1) ; BEEERAUREZESE—BEDY  SLESRAHREN
S N B R IR R ; LR S A L SR S B EA > 3T B R
7 TRBAEHER > RERFNOHEHEE  AE SN BHMRIREE
RO YHEREY  BEXEEREY  BREEEIEENEY - BER
SR FIEMMER.. -

BRI SR ARERARGNSH  HATHSEBSRNESR -
AEsk TBLEBR B B - (ERALE S EEE (propositional logic) Hi—78
A% o —F B8] HARAE—BREURERA o 25 AATA M - @8
BHSE - HEEBE—EHENER  SEREAEE—SENAT  £8
— B TR RS — S AR TR (decidability) ] ©
(B4 BB % 1 A 3R - Y% IS EOA o EEIE thRIE K -

BREE MNP - T RE N BB - HLEELRE (ST
B THHE)  BEREERELEIEFNR TH—ERYT  [FERRE
BERIALZ ) ZHA ; AL EET FRREMA SRS Y MR - BEEKE
% —EBENEENATANSEEE  RAEETHERT - BE—EH
BRI AT RIS BRER T OB - EEEMNRS - EAETR R
HRIEY TR ARRLBEEIER - EEEESMkAZE -

Hil - BREEXEEREEREERNTE  AMAEESNRENRE
B RPA RRERERER (B XA BRI A SRR M -

0.5 IERETE

BERAEEERTERREAREFHANBRNTN - BRNBRELREEN—L
28 IRFFAEREEXRERE S ER - At REZEARES
RN REEBES - WRRFTEREZASEAREREMEE  EHEER
R 7T A gL A SR O SRR RIZA -

AERENTTERE [R5 e B R RAR R oy ERE 1 o

Btz TEE) ? BEERK - —EEX TE# IREEXEX TEET
BMBEMNE ) B BREARFIHIAL—EES BB FHHERMEER
HOZRNS 2 AR [EfE ) MEBRIERHE?

HEE—TiEERE :

Blo3 (mARKRM). E—& (FEHA) BT FRkil—BEHANHT,
FHAAR AR, W (EEEE A

BN IEXERM) BE - METENEEHE - mH—ERE 3
FIBCHARAFIE - MR « TPHRENBHEET - N BHRE » o [i] BEFTFTM
thi M8 > o FIRPVESKEA ~ RAMBER - RAEREER AR E
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%
m = max{sum(i, j) |0 <i<j< N},

sum(i, j) = Z‘[}a[k] , g

B sum (ij) RFalil..alj—1]HF > @1 (1) S HKEEE S FRAHIFBE -

B FZEETRENE) SEREREEEGMRRRTHTTENEG

HERHT « REZNEFB—E > HIEMEZLE s Mmn  SE—EHET

aljl, 1 s B 08 s+a (k] PECRRITABME » LT m EFR s 8 m PEARRIFR
& - WA 2GS » ATRERIBE ¢

s, m=0, 0
for k in range(O,n-1)
s = max (0, s + alk])

m

max (s, m)

AR ABERMERT - LENEXMEERELR()—HETER - RMEEME
BABEERET(HHEXR?

HIATIERENE ) MEBRZ T - BEX()AEHE— B8R4 (specification) -
HKAE R Z AR (what), TERXERBIRIZ G JE # (how). TIEREM BZ
MAHER—EREMEH  fd TEEM) NEXEREME THRENER?

M REERA] BT AR B ERGS - Bt - 18 TR E] T [EE
fif) ZE RN > AR EREEN - ERMR—EEL REE > Rp—EE
BREREFH TATESEREXEEL TEESRE 2 (BHER (At EESE
BRAZE#EN 7)) FE—EEX B2 T7THREAMIERED -

M RERF MBIFHREFRETM  #E IEXT—EEZRK - LEN
BREENT - BEREMESE  —MARERE [EE) €7

MRBEEREAR T ? BHRNBEER - ERMERIERBNERLTHE
—fEEX TEHAER] > MEEFNE NEEEXFENABEHE &
AR EHEE - DEEFLENERL » MRREL()  ReERGHEERERE
iR 72

0.6 FESEMNIEXES

EREMRILEERHEEENME - BMR LA ERNE S s H B MIRER
EXMIERY - ZRPRANG AR - KE—ERE > RMHEEENERXES
HERERE  HE Lk - RWEEHLREREED  AHEFEQWE
MEERET  REFMAFEMNRAEL Q HMH RN EREH
HHK -

MR KEERMEELG - ARMEZETBHRFR - FPIRLEE)SR

mss = (1) - map sum - segments

BEREERXMNEREE  nKER o (0.« FHEEEEESEANAN > M okiEZ
al0]..a [k|HRA 0 % o [k REERERRPRANHM - SmEEHFZZEEAIIIE X (loop invariant) °
EXRTH - EOBRREENEN -
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o p y & € ¢ ¢ n © it kK A p v & o m o
1 2 3 4 5 6 7 8 9 10 20 30 40 50 60 70 80 90
p o T v 9o x Y o » a By
100 200 300 400 500 600 700 800 900 1000 2000 3000

Figure 0.1: 7 fREIF -

HERXAR AT —REF REENFEEERE - E8—HEEERM -
REBEEOEPRERY o) BTEROBERZ > mss BREBLEBRRNEE? BMEH
ER M ARETTE 0 B omss FEERHE -

(1) - map sum - segments
= {segments NEZE }
(1) - map sum - concat - map inits - tails

= {XREHE}

_ (m—mpm)
(1) - scanr (&) 0 .

BEN (1) scanr () 0 HERB—HNRER - RZUREMAFRET

HAT LA AR 8 > AR LRI - SRR M ERKEN @ — R E
o ABEGE/NSEREIERE RENEAMZEREN - EERMHEIE REXiE
3 (program derivation)] 3% 2T EE (program calculation)| & i§FEAREFEE
MERE - MEASNERIT  REREZERNEAHNFERES I 8 UE
FREHEEAWFRAMR o

BEEENMTE RAORELF %K BEERE] 2EEEE - B o.17
BErNEATHNttEAE G R RAFANEFRIE - URKTFEREBIER
1,2, B9 BRIEK o, B...0. BEE] 10 HERBER—AR > 20 10,20, . B
LK. o 11,12, 13 2 BB AL w, 1B, vy, 21, 22, 23 BIEERX ka, kB, ky. 653 B xvy.
EERNENREBIERSFRRAAE > URARSHERE : RPIFTEFES Nk
BEMN ¢, AR p Nt x FRES

By HEENZBEHT - EEHFRANFERAF > BT EdTd
FHAAERA - —ERRE |, —HREITREK S5 - FIA0 19 B = IBHEEFERA 20
AL RARNEREELT - At

RE 7(=) <20+ 11(=), BEE 151. ZEREFN : F=E&HFE 18 (MIE 20)
HIRE —FB 18 x20 =360 FHA—FNHE - B 02 P AER EETEINIBH
HFBERA 3212199, EEEIENE  WEUAENMLE R T L EANETER

SPTTRT/\EAE » BRAEMERLLN,A, HARIFERR 1,5, 10, 100 FIRRE - BRER 0179/
REEEUR - R - HEADULERE T ESHNHS -
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1 x 18 x20 %20 x 20 x 20 = 2880000
0 2x 18 %20 %20 x 20 = 288000
=~ 6x18x20x20=43200
2x18x20="720
13 x 20 =260
19
48R0 3212199

Figure 0.2: IAISFREIF RN 3212199.

TRIEXBE—EMRER 1T NGRS - EEREFD  ZFRBHR @ -
H I 20 AT v, R BB | & < °
WA I TS 1R NL ? DA T EE RO 151 +55:

= +

151 55

N
(=]
(o))

206

AT EmEEALE (=5 =) Mm@ 20 2 (-8 ) S54EMm - ZErh - @
NEHENMNERE = —BB7T 20| RERPHEE P U@ERE (B—@20) &
AR —ERE - 020 (IEIAY U ERE S S B S — B R -

BBNE  BREABOMNELZRNETREIEREFIEEHR - hik
fEFE 20 & - BEWARERU ENINE . BEEATUE—R=HE AR
& o mmie—EE A AR AG AT PNEF -

HAERSR  REFEENEEEE - EREENEENES °

0.7 FHEAEHR

A 9 B - BRERAR R R T AN EB 88 T2 SRR 1 78 S48 8 (calculational logic)
HIZHHEdoRBuminEEaRERE4ANSHEREENER -
Gries and Schneider [2003] BB AR AT XN BERRKEE T MR BB RS HNF
MmEEt > MERERERAERT NEEBMAMEMMALEN - EHEEERER
FEE B2E IR 80 SR VIEAME N EE & 2K - ¥ Dijkstra and Scholten [1990] #§8
HBHEBANESAEXBENEEF - AEPHEHTHERREM Backhouse
[2003] FEiSFEMER - BER—ANMABUE XA BRIEE EUBABENE
BE - AEZERRET =) —EEHEF ZEHREEZTEHNA - Gries and
Schneider [October 22, 1993] Bl —ARLUEH B A ER RSS2 KR E -
MERFSRBIRIIE] SR O9EA1E Dijkstra FFZEETR RE| (5140 Dijkstra
and van Gasteren [1986] , Dijkstra [2000]) ° Dijkstra [2004] B3 : [RETERXMN

C—L B HRE T RONEPF BB LA > BEARBIE (] RAUBNEEMN—EH - [
SRE—EHT EHRELNEERH > FEHBUEERTEENEFESBUHERE - BXFES
PO ERELAER : B8 [ AMEEAENIES) —E MFRARKREREARE B id)) it
mEXAMERREEMN -

10Gries and Schneider [2003] #§lL 8% 1152 Roland Backhouse, Edsger W. Dijkstra, Wim H.J. Feijen,
David Gries, Carel S. Scholten, IA X Netty van Gasteren % A ° fth R EMH R EERZUFE X 7 7EH
BRER -
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AmFEEXEERENERL - MBEMMERE —ERRLEANTER
% AFRBRIERESE - APSEFRARMIE RAERESHNE—&
KRETBEI{TR % 1 Misra BIFE 1988 &£ Marktoberdorf 2 HAFRIE AU EE
[Misra, 1989] HE#E T —EiE : FHESHTFHNES AWIBHEILLRGNESR
RENE-FHHEF RS AIRLRAMER THAEKBNUEAEMIET |

FHEEEREFZ NG TFEE Mazur [2014] - ZEHNEESTENEESE
HBRANA -
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ERMSHIHEE - M x> BABES A EARKERS - CRNE
 MEBRFIBENEE - EAFH - RENBERR - RO SRE—E

oyl

3 B

[l

==
[=]

oy

AERFEANES A EER Haskell, BRESAZSFAmMSBEL &
B o MAFEAZVD T 48 Haskell 355 FI—/NF 4 » BFETE Haskell A8
M5TE )~ BHRENES - ERMNERNER  URBY TNEFARE - B2
FEEZEAMEANEAES  EEAZENES - WRILL » KEFHANEN
FEE I IESTEAY Haskell, 288 L N IEIR(E Haskell 555 FIEH - HRBUFEK
S > B EAEEREBBE—EEENERE -

1.1 {HEKE

Haskell 72 & 7] # 4R 52 (compile) ~ WA # H 5% (interpret) FIFE S ° Haskell B2
BRIEAE T LISP RIGBESMES - 218 T3 ~ & ~ ED (read, evaluate, pring)| B
mE — EEEEREREN—EE > ERER  BERDE - REBSE
FAEWAT —EEI o —ERHL Haskell ErESHI¥I R A RERIEHE ¢

Main>3+4

7

Main > sum [1..100]
5050

Main >

I FIH - Main> & Haskell EFESSHIIRRFFSR o | FHEBWA 3 +4, Haskell
HHEME 7 XEIE. 3% > FRHEBSE 1 2] 100 B9F0 » Haskell EH 5050.

TR A A E B4 SFHEEXE GHCi (Glasgow Haskell Compiler Interactive). GHC & H Bl R E
SZ{E PR Haskell E1E -

15
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EEEN
AERFERAITHRARE () FARE LR

expr
= {reasony }
expr
> {reason; }
expry

= expr, .

E—18 expry > expr, FIFERR o XF expry..expr, AEBRBENERF (W
(=), (>)%5%) B - MERFESFRFHZERE » B0 reasony & expry = expr; BIR
' reason| 7& expr; = expr, BIRRA o

R4 van de Snepscheut [1993, p19], L AE X FFEH W.H ). Feijen ATiER -

EEIFRER R A Haskell EXNRIREL (A0 (+), sumE) - FREEER
CERFRE  BESRES—MEERT - < Haskell EREFEEE - 10
RPN THERRSE—ERRF

double :: Int — Int
doublex =x+x .

FPREBENE—TREEMNEE - BHME e, KR e ABER 1. Int 28
HHBER > METH () RREEFIPEREIT  £—1T double:: Int — Int EZ
EMTBREFIT EE—EF BT double, ERFE T1HREEE (Int) BIEEME
B o BB ER AR AUNFESE T double x = x +x, EHNEHE TNEE!
double x, IR RIRRR x + x.]

FE BoEZRE: —EREXEESENTEEFERNMSED - EXEE
FAkFEANE  AHEXFSHEEHRAM  EEBRENERS [HH] 2
BE—EHE - BB ENERBH S BSMMNEEAER  ESFEEEH
Z Bk E o BERRET M —ERNBEELE TEYREMNEERE - 5
HEBEHA B4 (resolution) ] FIMFHERIR o #£HF (concurrent) BEXFB S &
RS ZERRFFTHEXNNMEBBEEHERENLR  stERFELERK - &
gEsh —ERXEE—EHEX > @ 78] ERKEZXFHEER
RHER > RBMER B> BEIELE—E ME] Rl - SEEEXEE
[K{& (evaluation)| ° 7E Haskell 228 H » & double FIEZRC HEE » BA
double (9 x 3), B EHEH 54

Main > double (9 x 3)
54
B 54 EEEREERELRN? UTERP—TEATH :

’Haskell SREFREZIERE > Hi Int RERKN CEREAZBMP—ET A (word)) MIEE
Integer RIRFTREMI A 2 ek 24 X 28 > EAX/NRE - REHRRERA Int.
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double (9 x 3)

= {(x)EE)
double 27

= {double EFE}
27427

= {(+) HER)
54 .

FHEEMNE D 9 < 3 BB 27 — BMEARESE (<) B (+), (EBRIRAFHA
EEMEARARBHNEERE « MEMER o £ double 27 858 27 + 27,
RIFHIZ double FITEF © double x = x+ x. Tx1& » 27+ 27 BT E AMERLIAL 54.
[E749] —5AH B-reduction MR » EHERFRBABINEXSHRRAE
B2 o EERGITFA - FRPBEIW double (9 x 3) FREMEN - FiF2
Ox3) Ll BRMRHBER  TREHNEZNINBELAR - KBLEXES
IEZRNIEFRE > BEUROEHEEIEFRRE
BEIRNEE—HKEIERF - HIEESHENRIR &I double REATE ?

double (9 x 3)

= {double 7EZE }
(9%3)+(9x3)

= {(x)MNEH)}
27+(9%3)

= {(x)NER}
27427

= {(+) MER}
54 .

PUEENER K18 - EHRSE 54.

—mR s —EAXFEFZEAENKEIER : JREEHRESN « BHE
A~ EMEEENIER - BRFIEREE—ERE  EERRNIBEFEZHZ
N AEERE—EER ? BREUaME —BXF  FRA—EEFEHER
54, Z—{EIEF{L &R 537

BRPBBUNTHBEF o BRE three BERBR > TREBITESE > HEH
3 inf Bl —{E%Eg :

three :: Int — Int
threex =73 ,
inf . Int

inf =1+inf .

HERLCABEH i/ NERARSWERS IFEE 1/ NEM—] - BRK
FRET T#8 NEISTREEXN - KENEREZ v/ 2—E@M 1 +i/ 18
EMEE - MPPREF three inf WREE ? MRILFIBHAEINKE

*Reduction S —EERZERZE MMLEl AW #FZERT > —ERXFH reduce BEBER
mA T RikAERE B4 -




18 CHAPTER 1. . ®#¥. #HE %

three inf

= {inf WERH)
three (1 +inf)

= {inf WEE)
three (14 (1 +inf))

= {inf ER)

BRKIEFA TR BIMRIEENER > three inf SB—HRAIEERR 3

three inf
= {three EE)
3.

Bz AR ~ FERERRIRRIE ?

HREREIEF AW - 5RAERMNESR » RABIEEX TR —LMHE -
AREH - TR BE R ER > —BXFh IBETRUTHOZE] BIERRS
#1 25 (redex) o BIE0 (9 < 3) + (4x 6)FF » 9 x 3 B 4 x 6 SRR - MR—ER
FERBEHNY - BEEBOT  BARZKSZMEHE X (normal form) °

ESEE - LHREZAMGIFRMEEM :

- BEXFHEI (W double (9 x 3) BEGEI 54) - BLERE (Winf) °

- B—EXFRAFZIEFKE - BLREEFgWIES > FLrg -
H—EXF HAREBAMFENECELREE  THELEE R —EXTF
BRZE#H - HAEERB—EFEZXFH [ME] - Atk —k > ZZ674E
HAERE - BE—ERXF  BRMESTRESNEFEFHAR ? WRE > AW
BREIEFA B EHER ? AR - BEEUEA—EREEFSEERE
R BB —EREIEFAEE S —EHR ?

RAFEM F—EAMENERESTEN : RE—EEEMNEEETHE
FE—EXFREEEHX - EHENTHEERTERINEH H A (halting
problem) — R B—EEE A ERHEERE—EREE L (HEEBBA) B8
IEEARIE -

EHNSMERE  sTENEZPEEEZM Church-Rosser £ 32 o JEETEEE
HER » ZEEEFREM - ARMERNERES P

c—EXFRL R —EES -

- MR—EXTFEEHRX - FRENZRAKEIEFTSEZER -
it —23& - BEE—EXF  REHFITHEANZRN LT REEE - BE—H<Z
TR () 54 - AEMAKEBEFTEEARZEN  BEEFTHK - BE
e 54. MREANFANIEFEAEIER - AEMEMIEFBERE -

Bt THNAEIAN] WREIEFE RRERESHE AME XHEB
& T# X )EF (normal order evaluation)] - TEHAZEISL | HIBI#ERBIE [ /EFE 7
(applicative order evaluation)| ° WAREZERMBEMM S @ FPIT KEI Haskell 5

‘I ERFT R AT AEES SRR A-calculus BEHMREES - ERNEMHSENEXBETER
T] BEANEST Church-Rosser B ©
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FISRERFREAHRXIER - ERESLSE2EMER - FEREMIRE —
Haskell BfE EFEFARKERRELE T ELxEL o EXA A-calculus BRI EH
HNERAEL ~ SKENEFF ~ Church-Rosser EIEEH ST HERBENES -

WENRE FA Bool RoRER » AME{E False F True © & MR E nor A E
ROT :

not:: Bool — Bool
not False = True
not True = False .

R nor BY B 3= MRk A B B T B2 Ak i 8 5K » IS FEE 3% 73 TUAE Haskell 7%
B4k B ¥t (pattern matching) : False 8 True FE It EEABZ1E I (patterns) o B E|
IEERAYEFRIF > Haskell #8a A 6< BEE 7 AR X M —E@EL S - REFE
EECAHENETE - AFIHR > FRAR False » FEMER True » FRED
B4 False ©

HAREEF not (5 <3) ZEERE? HRBEHIIET > BREBRRELA nor
MERRR - BEETH S5 <3 MERRZE False B True, BN FHAWT
EE ! EI > BrtE o (5<3) BRFEEHE S5 <37 :

not (5 < 3)

= {(Q) ZER)
not False

= {not ZEFE)}
True .

REBREFALRSMETFXNES REREWNMET  RFEERET
B o & Haskell FERD (BBERERMN) HEBUL - BFBL (<) (>)
FEHET R EH © case HIU FRE 1.618HMAE) .. FF -

BRE1.1— EFE—BEERE myeven:: Int — Bool » FIETHE AR T BB -
RATBE AR EIA T eREY : @

mod ::Int — Int — Int |
(=) ::Int — Int — Bool .

B mod vy B x BRI y ZIRBL () BIFIRHIBTBLRZ A -
HE1.2— TR —MERE area::Float — Float, A E—EEMFE » 5TEH
EHE o (FJHERS AT 22 /7 BIEE B o)

AR R R RO -

EIEKE BFL @ Haskell REMNTREBELB T ESHMREL  FIAFHEA
BHNEAXNBRAENE BEEEAE BERENABREERKE (lazy

evaluation).
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Fefir a2k EMSRENSEXIEF RELFA—1&% - ERiEAURARENS
ELEE — BEHERENERVANGEXIEFREER - At > EREZHK
o5 o] ZE IR =R o FIEMESKEBBIRZ X 7 KA (eager evaluation)
AIRARERIER RENEE - N —ERE A AZILESHTENRES
K- EhE—REXEERERNFER X -

AEFXRIREOBEANRESEH MEMRE/RERE]  ERTED
R EBEEMNIEREFRIGER T8 EF R E/BRIEFKE] -

1.2 HREESH
EZERMTHREES

smaller::Int — Int — Int
smaller xy =if x < ythenxelsey .

AT AR IR AR R ¢ smaller 2 —ERE - EMESE B8y FEHEAF
BU/NFYEBE © W0 smaller (double 6) (3+4) HI{EE 7.

BB 13— AR—EHNBIKENER » 45 smaller (double 6) (3+4) LR
#x -

T MRRBABBMAE— R R FIET - Haskell IR 5 —1ERE)

smaller::Int — Int — Int
smaller xy | x < y/=x

o > =90

EEREE smaller IITRADAER © MR x <y B FE x; R x>y, FE
yeo BEEREARE I —EHBEMNERERRBNEE - Hf > BfE <y M
x>y FNENBERE AR Bool MEI - EMEEIR » REER True BB
RABIT T@8B ] - RIHWRBRTH (guard) - MIRBE=(IN LARIE - AT
W57 - {FFSFELL if . then. else EEMIARE :

signsiInt — Int

signx |x>0=1
[x==0=0
[x<0=—1.

BEETHEF » Haskell #K B E F ERSEREE - AT E—HELEE
K6 RERPITHEEE - e BMERMIE sign EFFR) -0
Bx>0,s5ign 10 HENER | - BESESTEEE False, EXAHFFETBRIT (X
Bo—EHERAR) - EFZERYP > RfIEFERE—ETHERHREREN
Wz A MREMGREBAER > MPITRE—E - —EREEE—ETHE
& True o BE > f& Haskell FH1E otherwise BISET IR ERBERE OFE{LL :
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sign::Int — Int

signx | x>0 =1
|x==0 =0
| otherwise = —1 .

BEE L otherwise IERBE otherwise = True.

EIEHF#AIF  Haskell IRtMEE SR FIFHFEE | let B where. LT RE
SBETIZE AAIFRRER -

Bl11. THEEGFIEHEFATEGE B0T. BE—BALEIER, XA
ANUNEE FBERER . R — 8 B payment :Int — Int, N4 T A,
FEEFE

Z BRMERATEERA—EXFELFHE - BRBARZER R HARMERSE
% BIF days R hours, 5 RET H %224 TVER H EUANEFEL - 2R A let, 7] 35 BE
fig o

payment ::Int — Int
payment weeks = let days =5 X weeks
hours = 8 X days
in 130 X hours .

let EXXMIFRER
letxl = €]
X2 =€n....
ine .

Hh e REBEEXNE X M x, 0 FEEEFEHNT - MEEERENFHER
%ﬁ@,*ﬁ e, I/XEZ €] -Eﬁi- (Z5)
5188 A2 where T8 - BHHEES payment, ] BRER :

paynient :: Int — Int
payment weeks = 130X hours
where hours = 8X days
days =5 X weeks .

O

#Z M let BUE where? KEMRBRREATIKEAEE  EREXANARSTE
ERR— B ELLEE - £ let B - MEMIEFZB/NEKX > %46 TTER
1 T TS F/\TrmES - BRPAEEREIET 130 < howrs £
Fi where B RIZEAE/)N - SemBAMER [ TIERFERIL 1300 - REHHR [H
o TERHEHNERE.. -

B » Haskell ZFTLAMREE T MIERE L > RR T RBTRERFHE « AL > let
2—EE > THREEXHS - MITHEXRSER » HER 24
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(1+1) x (lety = double 5iny+2) .
where F AN —RREEERIWI T BIATR

fxo=dp
where y) = ¢
fx=

where y; =¢; .

FHER ARSI LB &Y » 76 where yo = ¢g REERTE fxo =... B—EE B
7'[ ’ T ijﬁ.ﬁ d() ZEF 1_1[3]15]%43 > Yo E’]ﬁx‘ﬁ%ﬁ@ ?ﬁ d() -Eﬁi-e() ° 7'33 ’ e E.]-
VAEF xo.

H{ A L EEA let. 0¥ - ‘@ﬁ%/ﬂ\ﬁﬁﬁﬁﬁ where F54 - HPIRERF
RE—ERBEEEA where FIfIF

B 1.2, BER 1.1 AFR, FHHERALTELE 198 TRELARA

ERBE, BRGTHFEN, WLENHET R BEREA. ERTAEHNS#
REBAHREFENERZ N, 0 EH A payment, MNETHAE T A,
HEAEFAEZT, ERFATIHEEMFHNRE.

& —EURREATAERTE A THEBEBEIEAR 19:

payment :: Int — Int
payment weeks | weeks > 19'= round (fromlntegral baseSalary x 1.06)
| otherwise = baseSalary
where baseSalary = 130 x hours
hours =8 X days
days =15 X weeks .

1 where A » HPIAFHA L BREBNFHFE - ARBIF baseSalary F
EE o R weeks KBS 19, FPIEHE baseSalary FeWk 1.06 ; & BIEMEE baseSalary.
BREL fromIntegral EFEENER B ZBRE 0 round BIFEZERHIUIE A A BEE - 55
AR MERTENELXBAET baseSalary — where F A 1 E F I 5% Y
FREAUANBHESTHN - ARz T et EX AL IR EEHMNAEE ME
S weeks > 19 = . 2 BEBRP let TERENEEFAANT  BRAEER
otherwise = ... Z H#HFER » RZIRR ° O

HRESE let EXZHETH let EX » where FAPERNHFIFHRAUER
2B where F4 - HPIEEMER let B9BIF

5 1.3. %4 & nested F0 recursive B1E 25| B B AN Haskell B 3% 2,
A TR B A B R B AR

nested :: Int recursive :: Int
nested = let x =3 recursive = letx =3
in(letx=>5 inletx=x+1

inx+x)+x, inx .
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—RAR

ERXBST  EREVERSE AR (first-class citizen)3X T—#RH] > 18
ERENEMBYHEESHT  UREMEDITHEESE  TRHEEERE
AHER. FEEHRA - B2 —ERERETERERME > B Christopher
Strachey £ 1960 S X3 - ATHAERR ~ B ~ U~ BEAE.. FF Lo

I3 : OCaml Z2MEH [—4R4EMH | MIZES - A& OCaml AN EIESEL » AT
EHRRBEAZTRARNRE (0OCaml HFHZ A functor) ° £ C 5B E 2 HRERRRK
B AARBETEESHE REENEREAIIEIE  MIEREAR) o Strachey ¥
H o #E Algol HEEUE R MEFRRRM -

Z. nested NER 13 B x+x ZHM x FE let x =5 ESER, .. +x BAY »
BITE let x = 3 BUEEE A o > =B recursive BI1E > BBENR x=x+ 1 PEFEW
x FERIZME o FHE =3 HBE , BEEXNESE 4 B =x+1 7 F5R
EFEN  BWRBEFEMN « recursive i (()+ 1) +1, R BEHI - EMERGT
MAEHEIETE o Haskell ETHBE : fEletx=cin... ZH » x NENLEDE e.
Lt recursive £ Haskell P EREMRKET X - BHBLREES H Y let FEH
BBt - BEEHEESHPESE @ letrec 1%  F1 Haskell B let ThEEAR
= 0

1.3 SREEE

HRIRLE - REBAEHI R R - AN EREMNRE.. BE > 7]
MNEHRRHIRBRES ? REES R BRAEENEMTH - RRE
MR — R AR - MR ~ ARE.. TUEESE - TRAHREER - KR
HEARLAN - —@ A EBERE NREHEBRS W& X (higher
order function) ° Haskell EZ &5t 7 7 Z BN FIE A SR RBAIHEE o KF
RRMEREFZESRERE - HE  BHMEKERE—EHFT -

Currying [EIEE smallerfIES :

smaller:: Int — Int —/Int
smallerxy=if x <y thenxelsey .

1.2 8RR Tsmaller 2—HRE > EMESHHEy) - BEEROZFLHGE
RIERE c BB L » 7 Haskell 11 (WIETE A-calculus ) » FREREE A E—E
S8 o KRB smaller RER—EE E & HH & #
o smaller BJBLA Int — Int — Int REREFR Int — (Int — Int) : EEREE
E|—M@ Int & > FEE—EERFE Int — Int BIRE -

o smaller 3 IR BIR Int — Int - EERBEEAE—@E Int 28 #F 23 bt
KN FEE/ N BRAE o

CEEEEEYT HENRHEATAERESE  EEFEAR > ITNHBELETENE

MHATES - EH2H  RMBRERZEEINOTEARE - BRELEIEGFEHESE
HRERRFAERRNERT -
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o smaller34 2— @ Inte CEESEERE smaller 31TERBE4Z L1
BB smaller 34 HBREBR (smaller 3) 4. REEE EREER
if 3 <4 then3else4 » RELEE 3.

B 1.4 — 5 smaller IERBA—EER » A Haskell EFE2ZH -
Lsmaller 34 BB BIRAEE ? £ GHCi PR H:t e IESBFIEN e B
Al o
2.smaller 3 Y B B2 BE ?
3ERERPER 513 = smaller 3. BE s13 WA BIZ2HE ?
445 513~ BRATER -

T MEEREM R R FERZE2ENRED | SEBOEBIE currying
® Haskell EEIRARFEH currying — ER AR R K ZKILEE SET @ 3BARK
T EBIRE currying 751E - BRBIFRHIREEN () > ERATEEEES
B8N Int — Int — Int FEFRL Int — (Int = Int). BFEE EORENEE B
S8 MEBENERX  BENRBERFELS - B30 0 (smaller 3) 4 AT B
smaller 3 4 o SR FIRER 5 EHIF S E—BEEERAS curried R

S—FE » MRFPESEH double IR 5TE xBITUFE » BEK double (double x).
2 double double x » BHRER (double double) x — double TERFEB S Z L -
ERRAEEI AR -

REE—EEEHA currying B4R :

Bl 1.4. %% a,bye, x, BR B poly 5T H ax® + bx+c:

polys:Int — Int — Int — Int — Int
polyabecx=axxxx+bxx+c .

w8 &% — T B9 poly,, 1% poly; x = x> +2x+ 1. B poly, FAEA poly.
% —EEER

poly; ::Int — Int
poly; x=poly121x .

BIBARET poly, x = (poly 12 1) x — poly EF x 18 » SLZVIE x 48 poly 121
EERE - A poly, JEFEEHERR

poly; ::Int — Int
poly; =poly 121 .

MEREMEAER - ARENREEZENREZZ2H T REHTET
TERE - MER MBEANEERBNERLES  AMEER—ERE
RBIE poly, o BREREZHER ? 3% poly £2] 1,2, 1 21256 oy A0 & B

SCurrying RENEE » R FBIR curried o WERBHGEEZ K Haskell B. Curry R - 5 R
SRR
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WMRFPBH poly EBE B —EERE poly, abc=ax2>+bx2+2W?
IR R N EERNNEE

poly::Int — Int — Int — Int
poly,abc=polyabc?2 .

BT — R I5(F o, b, M AHBEERD - BUHESIHNEXRLER
EEFE - 0

“niEETF HEAHMIEBR AR LB IEME o Haskell 5% E
currying FUfE R » HIB Z T BH FEBRRFT AL curried B9 © 1§Jﬂﬂﬂﬂ}£ﬁ’]§=nﬂm
Int — Int — Int. Haskell tBEe BT T BER N T EE FHRFHKEE
REMESH - BELEERANGESERATHERMSL (IEEJ:)
FERNER > MAZRIEEARA ~ ERRARE - BEREZTERET () EI’]
BRZa—b—e, (x0) BBET (D) E’]% BE2HEREIIAIRE ; (oy) BlE
MET (0) NEZESHEFRINRE

(x®)y=x®y {(x®) WERRb— ¢}
(@By)x=xdy {(oy) BB B a—c}

fign
o (2x) A (x2) HRIM—EHFRIAZMRE ;
. (/2) BIIBE ABCFRIAZ
. (1)) FrE®SAFHIESL
BFURXFREENRETER BT o G190 T EREANRE mod 5
RS ERK mod 6 4 - HHEMTE [EIS]5% (backquote) | H » RoxAFHE AH
F — IR HFILL B EEIE mod WMEIRE > AJAERL 6 ‘mod 4. BFITIEERLF
BRRE (W (+), (/) %) AEHBEIRRFN _TEET &HE—EHhFZ
TTERETFHARERT  RNTEBRRFEREF - (1) 1281 +2ME
BAEE -
TE Haskell (5% ETH > REBERMELRIBEFLLAFERE TS o Btk double 3+
4 BWARSE (double 3) + 4, MAE double (3 +4). #HFBEFHAESEHHE
EEABREFFEETF  RRE—KHNF MER - U8 +xh - f
Fx2PFEET (+ )E’]@%l BFEf (+)xH > (+) M x #2128 (EE
RFALAERR (f (+)) x) °

MIERERSE TR square 5AEBMANIET

square:: Int — Int

square x = x X x .

BT B ERE—ERE quad : Int — Int » 3B square AKX » 58 quad x EH

X,

"¥R3E Hudak et al. [2007] » WLF& T3] K | (sectioning) 3&& T R David Wile RITE L3 - %
FR#EEFE Richard Bird ZERAY IFIP WG 2.1 B{E{#F » 3H David A. Turner BfEEMMAIZES Miranda
Ao



26 CHAPTER 1. . ®#¥. #HE %

quad ::Int — Int

quad x = square (square x) .

B TBEEREAMAK] 2EE RHREEN o TPIBEREEE quad B square
HEE > BB THRX] BHER? TERE mwice TEQ%Z]‘ ExztH
MR -

twice ::(a—a)— (a—a)

twicef x=f (f x) .
BT twice, BB EESRE quad:

quad ::Int — Int

quad = twice square .

BRE twice RAEHRE—E MIRBESH] NRE - HMTEER IR
AERSE HINHRLEEEM - P MmR] EHFEBEHK
B0 40 TR SR o

TREAUUEESH) ERERPITUERERAEA R ENELET o rwice Bt
EEEZE—EEHETF EE—ERE/ > BEMI—T  HES—ERE (EE
HERZE f AR -

SHALE KRB rwice BRAEFE—ES BRE - 7 Haskell FIELFIH
BEBENFAF (WEFPR ) 2R ABRHN2H - EE BB wice E’]F” J
ENBE—EABEN Vo BRHER, wice WREBEAFZ Va (a—a) — (a—a)
— AR o, twice HAIE—@E AR o« — o PIRE > RERED—EE 7
Ba—a IR o
T twice BRI (@ a) 3 (a—a) H »
o B c 228 NER
c HFEZfla— o Bl 2SE AR
- BTE« AIREERESERNER -
S NBRNBER o — a MBEABRRKE—K BAE/ NERLATEES
HEMEA -
& twice TR » BRI o SRR £ T SCH 4 1b (instantiate) BY R HY B
Bl o 20 rwice square B » R B square BB BIR Int — Int, & — 18 rwice BIE I
BT (Int — Int) — (Int — Int) —a BAFLAL Int. HRRE kK FEFIZ Float —
Float, TE twice k H » twice 9B B (Float — Float) — (Float — Float) ° [&—1&
R rwice ATREMKE E TXMABAHZABNEA - BEZ (a > a) — (a —a) 1
50 o —ERREXREFZAEEA ) NIEEBIES A (polymorphism) » % Fl
XEHZER  WERRHEP—E - FIER... [todo: ]

B 1.5 — BRI wice BLBIRTTLARZ (a — b) — (a — b)?

5 1.5. forktimesf gx=fxxgx .
& R forktimes f g x 18 f x Fu g x W& R T4 Ko
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1. A forktimes B9 R B 54 = A E?
2. RE R BB compute : Int — Int, B forktimes 7TH x> +3 x x+ 2. BR:
K H3xx+2=(x+1)x (x+2).

&. QR rwice, forkiimes AIVABIRZ B R » (BEBEZE (@ — Int) — (¢ — Int) —
a— Int BY45) © TE forktimes f g x ¥ » f Fl g BB BRI A Z a — Int, E A ¢ ATLA
BAEAER o » T x MEBIRBENRE—E o RE compute JEERIT :

compute ::Int — Int
compute = forktimes (+1) (42) .

B forktimes BIRIHH o WAFLIR Int. O

WIBTETIL » forktimesf g x B f x Fl g x G RFERK - B —EBEFTE
15?2 MAERTUABZ MR -

il 1.6. ZREH lift, hf gx=h(fx) (gx).
1. Lift, W B A 2
2. R lift, & % forktimes.
3. A lift, 5T E X +3 x x4 2.

% B ifn, RIZANBERNEEREEWNT ¢

lifty::(a—b—c¢)— (d=va)— (d—b)=d—c .
lift, hf gx=h (f x){gx) .

BT lifty, forktimes Tl B -

Sorktimes:: (a — Int) — (@ — Int) — a — Int
Sorktimes = lift, (%) ,

FEEEEE it BRI a, b, c EBEFELRL Int, d BINE R a.
FMth ] B lif, ©FE compute:

compute:lnt — Int
compute = lift, (X) (+1) (+2) .

R i, AJABEE—BEREZcEREF LRERF DRI TER
T T1EFH) BIREER - B0 [BA (<) RAEZMME Int EER8 - (F: 1x2
2 T4 | F2 FelAk]) - BIRTE lifi, (<) TSR (+1) F(12) E2HT 0 &
BB T (+1) A (+2) FEERFERK] - |

—

4 HBREER

ZR—ERE > BMEMNERRIEQREE ERERE28 L B/ #4
RUREREL.. o) S—EE AMERRIER / FBINERE S K (compose) K
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—EFERE - ¢ &) EHFE Haskell FER (). EEEHEFHERERMN
T (BB ERARE  FEREFEH) !

f-e)x=f(gx) .

ERORER [/ M cMERE TERER) SRR @Ak
Ein o REEHRNGERBERS /.

5 1.7. square - double ¥ double - square #5F d Int 3| Int WWEH. HEF L, WH
LN KL double, H4ERFE squares H%AH ARBR. WA T HEEFINATH?
BEACMZRE, RUERL M —E28, FFCRAKRMTE! MEL5E
BAm T

(square - double) x (double - square) x
= {()VHEE) = (YRR )

square (double x) double (square x)
= (x+x)x (x+x) , = (xxx)+ (x xXx) .

Frbh, RN A x, (square - double) x 3t & (2%)%; (double - square) x 8| & 2x°.

B YRR ERBEAUBE—RL : /- ¢ < ¢ NEHE BRI A
BRLA—HATT - BET () BRAINTEERR

()i:(b—=c)—=(a—=b)—a—c
(f-8) x=f (g)...
IS ¢ MELBIR o — by f FELBIR b o, PRI - EEF—EEA

Ba— c HREL -
BT (), B twice AIAEFRIT :

twice ::(a—a)—> (a —a)
twicef =f-f .

FEET  ARYE () BUERRE > twice fx = (ff) x =/ (fx) » F owice FRARHIEIRARE
BT HEBARNME - REENQ—ER
id::a—a
idx=x .
CXBME R W R % o R EMTREER T BN R A EAE
A id BEHREIBT X TR — St RREMNER o — o« b o SERY

BEEEMRE? RE () mEGEERE  XAMNd REMNTER (BHRE &
R BSRFHEE)

d-f =f = f-id,
(f-g)-h=f-(g-h) .

®Robert Gliick SR AR E LA = EEARIE - RBER - REAK  URSK—ER B R R
o MEDLIRE - F=HBRKREBHFS KRM -
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B2 B R ANEE » id B () TR — 18 £ ¥ % (monoid) > BRE id NEZE
MRANE 0 EREFHWEZEN (08 (+) thR—EXFE) - HMEFZHE
FRARHERIE -

ITE MR EER () NEESE - RPEWHE (F 9 h=r (g ) BZW
ATF?ZEXANERLEMETERE - ERFRMMERKESE  ERRE
® . MREFRLER)AEUREGUNRALER |, AEDLE 1. ERMERE
M%) 2EERR?

EF 1.8 (SMEFETF (extensional equality)). # < /18 2L 5 A8 F 8 & Bk f Fog, &
A ©MIMEMESE (extensionally equal), & B ZH(EM—HE# AN, o #E
ARSI, W E: (Va-fx=gx).

AEY, RMEWERBME =) b, IWHERIAEMTE, BRI
HH.

ENLEHEENBERT  BIR (f9) h=f (g-h) BEFEEREEAT—E x,
((f-g)-h)x=(f(g-h))x IR HMHERWOT :

BER (f-g) h=f(g-h)> BVERTHR—FBR /¢ -h ARAMERT -
BE16— FBHid f=f=fid

& () LE—EhFEET - MR FEET—H > RELMHERENE
o F  BRIE S o IR [ (¢0) — o0 B—EEE F/ AR A
(o) x (BEBRE()HESE 2/ (g1) e

1.9, THREKXF, FLEEEWN Haskell RT HLAFEFI R HEME
BX, WREEGEN, FRECHAER, PRAEZEAMME. BRAH
FlsksR, MR AR,

1. square - smaller 3;
smaller 3 - square;

smaller (square 3);

A WD

smaller - square 3.
Z. BI=FEHRZ Int — Int o

1. 1R¥E () NEFE » (square - smaller 3) x = square (smaller 3 x). Bt square -
smaller 3 —ERE > FEEAT 3 LLE » BEB/NERIFEF -
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2. (smaller 3 - square) x = smaller 3 (square x). RILEEA x, LE 3K x 12 Z
FREERU N ARE -
3. smaller (square 3) =—ERE > A x 218 » I « B 312 T B/
AR1E -
4. smaller - square 3 BE FIEEER © square 3 NE2—ERE (M2 —ERE) -
AR smaller SRR °
]

RHEREET AEPALBBREHTZRBEESR—F B square -
double - (+1) -smaller 3 - HIRREEANERIEFIL-R_TERETS €L
X FRERAESHE S < LSRN

(square - double - (+1) - smaller 7) 5,

GEEXTFHER 2x(5+1)) ) SRFMBEM—EIEHRUFELRE - Haskell
SE—EEET (s), IB1E “apply”, RFREEER :

(s):(a—b)—a—b

fsxMfx BER—K - BERMAAZTESEEE TR ? FRZ—Z (s) NE
SR ()& Rt LT EEERBLFUT

squaré-double - (+1) - smaller 785 .

BET ) NE-—REEERLE  [RBER) SESHEE TR AR
AR EmEOE) o I - (s) ATIAE 28 - —EEEMNfFEEE 1.1 -

HEEERH BRANBT id AEOIBENB—ELEEFERZINEREST - 4
Ex 2% BB const x 18 Fow & BT F B3, #EE HIREL o REL const
MERWT :

constiia — b — a

constxy =x .

B 118 BAGERIEE Y] three R] BER G three = const 3.

MR AT EER ) BERGFEGE2EEANRE - B8 id —& > RFIBES
EICHEE - ERFRERL - FEBL > HAEBERERAM : AR
&R LA id, const, T B subst = BREAHE 3K -

subst::(a—b—c¢)— (a—b) — (a—c)
substf gx=fx(gx) .
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1.5 A B3

HRREE—RTR  EAE2H > Balklt ME—BEIKESHME FE
B RYABREEN  BEH—EAa 4 NENE S - BH - EBRESERE S
2~ BERBEENH 5l BANYE smaller (square 3) 4, ﬁﬁTﬁgf’EiE%ﬁ

numy,numy :: Int
num; =3

numy =4 |

ﬁ'ﬁbaﬁ smaller (square numy) num,. {BfE FAREEF » I FIE/EBKBREF » F
BEEATE :

square :: Int — Int
square x = ... |
quad = twice square .

MRBTHRERA (B0 ﬁﬂ%*ﬁ:ﬁﬁﬁ'ﬁiﬁqﬂ square SEHAR—IR) » K&
PR square —BEF » RIBETEERICERHERE ?

A ﬁf@mﬁﬁﬁﬁ'ﬁ%@ﬁiﬂ’]m /5 NEBNGTERE Ay~ E2—E
R Hf x Z28 ¢ BREAR - B2 (Ax »xxx) 2 @RS > fTEH
A () BETT o ARBPIRIEEE square —BRF, AT quad BRE :

quad = twice (Ax — x X x) .

B BXMRBHATEREERESEL > fII0 (A — ) e - EEXFER
HNFERBERTR o o/, BERR o) ZHR xRV B o] - BT &
N (Ax—xxx) (3+4) AIBAR 344) x (3+4).

Bl110. UTE—2 A HRAAT
c BB (M~ T hx) BMAEE —F (1) HE. HEFE, £ (1+) WEEE
LHEE, FENREER L HER.
e Ax Ay »x+2xxxy) £—HEE L £ EH
- Ax— Ay > x+2xxxy) 3+4) HEHA Ay > B3+4)+2x(3+
4)xy)e EEAxARLT, BEABPE x RBE3+4, Ay — ..
Al % .
- Ax > Ap—E+2xxxy) (3+4)5S HEAA 3+4)+2x (3+4) x5.
o W AMEE B SE R E R, Haskell (40 A-calculus) 32 B3 48 By 58 3% o
LRAFFHBELTEHE R (Ary = x+2xxxy).
R UG A M, Flin, Ax—x33)(+) TELA (+)33, H3+3.
« WTR Afx—fxx) (Ay —2xy)3 W REAE

AMfx—=fxx)(Ayz—2xy+2)3
=Ax— Ay—=2xy+z2)xx)3
=(Ay—2xy+2)33
=2x343
=9 .
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s T Ax—eZH, xRHERBS e WERHN T, Fi:

(Afx—=x+fx) (Ax—x+x)3
=Ax—=x+Ax—=x+x)x)3
=3+(Ax—x+x)3
=3+3+3
=9 .

BT LERE > B¥ smaller XBRS—EBEEX :

smaller::Int — Int — Int
smaller = Axy — if x < ythenxelsey .

FEL LV EXUTRAEERNEET — BAIRLERFANT BNEEE LS
BEER L EXXNEERE > MR - B2 8 L B - Haskell B 1 EIURR
—EBR L EH (A caleulus) WEXES —E—BERTHRAHEAEMER
HHER > BRREESNERZL BMFEFENESPMEFINNT
48 o [todo: which?]

16 MEEREE

FEH—LOF  RPSLEER Haskell FI—EE{ER A : Int, Float %5 » f£4<
R R P EREN BRI ARN—EEmAE R -

1.6.1 Fik{E

Fo#k{E (Boolean) FIRTET FRRIEE MR o 7E Haskell 1 > RIFATRIEHIEE
H—ERAIESR

data Bool = False | True .

Hrh o data & Haskell EEHMER B RMREBF - L ERT A OBHEEK
[E#H—EBIE Bool FIFTERER » EMMERRERNE 9515 False 1 True. |
False 1 True 2B A Bool B9 — M E#E 4% T — £ E AR Bool & » WIRA
FRE > REECPMEZ— £ Haskell 20 » BRETHBUAXBRELFER
B () B -

HREH BTER BRPEREEEEERZEAN LMRE - AR ERRA
E"JIT_’I%U:F' ’ %’%ER%FHE’\JEI@E% not:

not :: Bool — Bool
not False = True
not True = False .

EMBPINNE BB 2 not False & True, not True & False. Z A& Z|
EEEEERMIT (EXRAKREME Fa1) » & F 4% 5 H &2 Bool
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—ET ey 1E - AT RIZBE LM TH) 0 M5 (DBIBE (V)E (V) KE
"’

(A), (V) :: Bool — Bool — Bool
False Ay = False

True Ay=y ,

Falsevy=y

True Vy=True .

BEY (NVE (VHEEREZEESMETA  SEFAIL2EEESE—ES
HEVE - Lx Ay B IR x Z False, Tim y BIERIT » x Ay #BRE False ; 2
R x 2 True, x&y NERN y HHE - (V) BITEREELL -

Bl111. UTERHABS TS0y REABFS,

leapyear :: Int — Bool
leapyear y = (y ‘mod‘4 == 0) A
(y ‘mod‘ 100 40 V y ‘mod*400 == 0) .

HIMREFE leapyear 2016 - RIBERRERE
(2016 ‘mod‘ 4 == 0) A (2016 ‘mod‘ 100 /0 2016 ‘mod‘ 400.-- 0) .

ETRZEEME ? K& (n) NEREMETA - FBERE 2016 ‘mod"
4--0 EA RESENGZER AR E o F itk LEFF5E 2016 mod 40 > BE] True:

True A (2016 ‘mod 100 +#0 V 2016 ‘mod*400%:0) ,

SRIBIREE (N) IERERAA 2016 ‘mod 100 /0 V 2016 ‘mod* 400 -- 0. $E T3k
WKL FEHE o

MBS T 18 TR R K E BT« BPEEESHEL
FREEE T RIMAIE o BB not, (1), (V) EBRHFZETFH SEBITHE
SHENARNE  BHUREZEEE - EEERTXABIER AT H (pattern
matching) : IR FIBM False, True FHFEILEIKI (pattern) o {F FE LR EL
B > a0 x Ay B x BEREIATIAMEEEREE FRRE - TRIREET
AR B UNATEST o

HRARHEOITAERLE—E28LE - 51 UTHEHT () HIEmER
WEREHEE -

(==) :: Bool — Bool — Bool
False == False = True

False - True = False

True =: False = False

True == True = True .

R [ H | XBESH (conjunction) ; e 3¢ | XFBIEMEL (disjunction). 7€ Haskell 7 - [H |
BT BAREM (&&) 0 (|) o ANE IR AR RBEEHREFHN (1)E (V).
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BEARIRIHMATE—ERR () RERBEHEGMENBES AR -
FBEAEHES 0 1818 Haskell BREFXATESME—EELHM (-) KL
R BRI AR - 315 [todo: where?]

Haskell 3B —EHE FARMIEXECE I case EI - 20 - (1) LA ERLIW
THER :

(A) :: Bool — Bool

x Ay = case x of
False — False
True —y .

H7 case BEI > WME let — XA HREHMEXH - BRI HEARLER -

B 1.7 — A case EXEFE nor, (V), F (=2).
HE1.8— 5—fEEZ (--) :: Bool — Bool — Bool I &

x=y=(xAy)V (notx Anoty) .

¥ (x,y) := (False, False), (x,y) := (False, True) ZFPUfERI 843 B AL R -
BERTNAGHZAIN () EHRMHEE -

162 =T
FAHAIIE (27t EEEFER —ERRMN data B4 :

datdChar = 'a' |"b' |..|'z' | "' | 'B" ...

HBEREFE ~ F97 ~ ©H... BATH Haskell EE B EIHE Unicode FITHI
BB o (BRI » Char THMFTHERERM - WP AKARHES
FIL LIRS - AR FILLAESSRIEERK -

Bt ABRERF TR IEFN > SEFTHES—ERH o B Char NE
FEREH - ord §FTTHRAEEEE » chr B RBESFT

ord::Char — Int |
chr ::Ant — Char .

Bl 1.12. TF & isUpper ¥\ 8 — B F TR & &/ KEHEXFH; toLower AlH K
BrHERNE T, ERANSEXEFFAFTULD.

isUpper :: Char — Bool

isUpperc=letx=ordcinord 'A' <xANx<ord 'Z' |

toLower :: Char — Char

toLower c | isUpper ¢ = chr (ord c—ord 'A'+ord 'a')
| otherwise = ¢ .
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1.6.3 ¥

H§E L FMEE (N3 a) ME—L  FWT —1@8HFH (ordered pair)
AIE (3,'a') o ZFTATEIE TR & RAETRMETRNIEFZTAZ
BERY — (3,'a") B2 ('a' 3) RTEINEFEH - 5S—HEERZZE T8 - AR
BPREBENARERT  NEFZEHA [FH -

HMERE ATMB A ZHER—TR x> B ZHBER—TER) W
ENFE () EFRHNESBIE A R B HE F 2 (Cartesian product) * B
A x B:

AxB={(x,y)|[xeAyeB} .

Haskell Z R BEEPIRIEE - AEEF o B », EFINFEHMEFIZ (axb).
10 F{P9 ] LAAER Haskell BiEE—ERFIES :

data (a x b) = (a,b) .

MOERNE  (axb) 2—@HER mMEALIUANNEERRSL  VER
(x.y) T R MERIZ o,y NERFIZ 0. " FEHNEBITERX (1) 27l
Ba—b—(axb). FE ()40 =4,'d").

MBS AR RS for B2 snd 43 BIERH FPEfFp A9 S5 — AN T -

fst(axb) —a snd::(axb) —b
st (x,y)=x snd (x,y) =y .

R for B snd MER DT XM ESHRAEY - MABELALAER () BFK -

Bl 1.13. LU= — L 38 AR B s B T o
« (3, 'a") B— BRI & (Int x Char) /7 ¥ .
« fst(3,'a’)=3,snd (3,'a’) = 'a’
- BB swap R E T TR AL

swap::(axb) — (bXa)
wap (x.) = (7,7) -

% —BEZR T A& swapp = (sndp.fstp). BEMEZRLTEALMERE. F R
% 1.7

Pt mT IASRAE AR o B0 ((True,3), 'c') & —EERBIA ((Bool x Int) x
Char) IS » M snd (fst ((True,3),'c')) = 3. ¥£ Haskell ZH1 » ((ax b) x ¢) B
(ax (bxc)) WRBAEMNEF - B2 F#EMN — R ER—HREEE
M EE B 2 [ e

assocr:: ((ax b) xc¢) — (ax (bxc))
assocr ((x,y),2) = (x,(y,2)) ,

05k > B TRERXATBEARLE ] EERKRER  axh HTRAETER - H (NRBHESR)
MERRME - 5 R [todo: where?]

"EREEERLARFE Haskell IFEE > AN AR HEEBRMNER - 5 BA (axb) &
Haskell FEHRK (a,b). WAV T » BEFEENEEAEL ) RPERERX -
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i

MBS A B [ 4 (isomorphic) » BEZE A ZH K & FTREBE — HEEZ
BZHH—HITE » RZIFR o

—EEXERE : A BEBEERMAEKIIMEZE (total) BB 10:: A — B F
from::B — A, i

from-to =id
to-from=id .

HEMNME id BRIRFARIABA - AMB - B - HERERN > WEtER » BT
B A from (tox) = x; HEFH y: B, 1o (fromy) = y. BEERBELHSE « HEE
—{EME—H 10 x, RZIFR

BMEAEMEGIF : (axb)xc) B (ax(bxc)) B W (axb) B (bxa)
WEHE BB swap - swap = id.

WREE AE BEE > NMEA ZPNESETRAEEE B ZHHEHNTER 4
EF—EERE A Z EHRE /, RPLTEEL—EB 2 RS > AFM/ HE
BT o Bt AR BYREIEHES - RMEATIBREMRBEA LZHZHM - &
AE AR T1% ] MEEh  BBEMN ME% ) Hu—RmNEE -

assocl::(ax (bxc)) — (taxb) xc)
assoc (x,(3,2)) = ((,¥), )

I B iR assocr - assocl = id, M assocl - assocr = id:

BRE 1.9 — ARBERBAEREE » Ml fsr T snd EFE assocl F assocr:

assocl p = ...

assocrp = ...

BHNAT—IZRYE » Haskell SLFFEPI7E L EXhiEECE - a0 s MBS —F&
BiEE

fst=2A(xjy) = x .

Haskell 3 ERBEZBITREBMERFHE > HII0 (True,3,'c') 2 —EE A
% (Bool x Int x Char) H{E - (BARZERFAE At -

DREE ARMOETENELRARATD  UTREELEFENERTHE
FH - FEEERTHAMERSEE —EFE

(,):(a—b)—=(a—c)—a— (bxc)
{f.g)x=(fxgx) .

MEMMBRE fa b Mga—c (fg)a— (bxe) 2—EHKRE > 41
¢ NERBEE—BFEHD - RFEHAEERNAR  FHBES R (split) —
(f.g) PIRERL T/ B g U ZE] o
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WRHAMELET —EFH BT (f < o) BHE—E#FFH

(x)i(a—=b)— (c—d)— (axc)— (bxd)
(fxg) (xy)=(fxgx) .

BREL (f <o) #§f Mg DBIERERY (x,y) IWETEL o SEERERE 1 #
g BISRAR (product) | @ Rk G AEHEBRAIEE -

H BT Haskell F91Z 22 B & pR 70 B A5 43 S4B SR FE UL 87 7 Control. Arrow H
(fo)BfE £ &t g (fxg) BIBIEL *xx g

Currying B2 Uncurrying BT ATt » Haskell W EERHHM I E—ERE -
%y@ﬂiﬁzﬂ’m%ﬂu%@m%wm%&zkﬁ%m TBAE currying. BT FR¥HZ
% S—HEERZSHNFAZHLEH O —EBFHEFH - Gl BakL
(axb)—c) MRBAIRAETMERAE « B » IS -

R B curry B uncurry BN MEEMERINE Z BB — curry FEFE
B BR BRI AR curried BREY @ uncurry BIFE curried REINEFHEELE -

curry::((axb) —c)— (a—b—c)
curryfxy=f(xy) ,

uncurry::(a —b—c¢) = ((ax b) — ¢)
uncurry f (x,y) =fxy .

Bl ANR (=) BB FIA Int — Int — Bool, uncurry (<) BB AIA (Int x Int) — Bool °
mERE—EFHEPNMEERERE (B uncurry (=) (3,3) = True) °

BE1.10— FE L curry B uncurry IFEEEBRT (axb) > c Bl a—
b — c 2EIEH 3B curry - uncurry = id, AR uncurry - curry = id.
BERE1.11 — B map (uncurry (s)) B BIEINEE - BN (s) B2EH
30H o

1.7 B[EER

RMBEAETRE 11 HPREMRKERSERREEFHAL - FXEEMNE
ATHEAEIBkE o BIEE fsf fF AEREERESR fit (x,y) = x. BRI swap E
BT :

swap p = (snd p.fstp) .
EE fst (swap (3,'a")) ZEEKIE :

Jst (swap (3,'a"))
{ swap HIEFE )

fst(snd (3,'a"),fst (3,'a"))
{fst NESR )

snd (3,'a")
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= {snd WEE)

'a' .

EE—HH BN o FRGERERS - BASEIEswap (3,'2") BEHEK - Fit
swap (3,'a") BEE » BENERZE ('a',3). BUNE—FHHER MEEHN
HEEBTERS (ry) EEEFR  BPEARFEL swap (3,'2") B > REETF
(snd (3.'a").fst (3,'a")) BRI — x AT HERY snd (3.'a"), y ATEHHER] for (3, 'a"),
fot st EERTLUEIT - ET—FH - FEX fr (3, 'a") BHEET » WREY
EHEEEK -

HiF A EHF - Haskell REHEEXFLAZIBT E A EERRE EMEE -
EXTXHNARERE—E (W (xy) - BErRENXFERBOR —EBIES
Y # A (weak head normal form){IFE R - SSEHEBEX AEHBEKER » BAEE
REMNE : ERXgWHOTNEH T ER T (FEHAIRRWEFLIR ()
M) » REEETEK -

5l 1.14. EE swap WA E R TN, 8@ %A

swapy (x,y) = (y,x) ,
swap, p = (snd p,fstp) ,

EERTKLNBZH, WENTAHAELEZRMEE E &K three (x,y) =3,
B LR B RRNAT — — ERBE R, R TR, B
three (swap, L) F three (swap, ).

%, HBR three (ERRECE » 5TE three (swap, L) BB swap, | BHIKESHE
#X o FHE FHE swap, L B BE—FLELAAEL L HARBEHNL > A
BEETRTIRT

ZJA three (swap, |) BIFTATRHISKAE :

three (swap, 1)
= {swap, ZER}
three (snd L, fst 1)
= {three ZE%E
3.

F—FH > swap, | ARBERIEFRENRARRAL (snd L fst |) —ER—
EFsE ARZFHREMERAHANTE - ZFETHEIERK (), B
HEEXFHELE 3.

MEE—1R » three | B—EANFILENFTE

O

1.8 &7

— & & 7| (list) MRMRERM EE RS EEEE L2 R —F - B ZERE
EEEHALLNETERNGE  RHRNREEES LISP {£2 LISt Processing 1 4g
B o Haskell FREFIZ T — @RS : HHFHNEETRLEETREMNER -
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(:) 8 (=)

RKELBEFIMNEHEES (W ML, Agda F) ZzH> (o) i‘%ﬂ‘i—ﬂ}”ﬂﬁﬁ% s (:2) Al
S E 5 R EHETT o Haskell N1 B 2z —=& David A. Turner fI5E S Miranda. f£H
Hindley-Milner BUBIZRAH > Miranda EFEZF AT HHELXNER] — B RIATH
BB HHEE - MBS EZEREE - EMERRABIAR  FEANRFRER
B PNEREENRET -

Haskell #7%& T Miranda FI5E% ' #2 Haskell B3 5138 RS EL1EHE -
ﬁﬁ%ﬁ%ﬁ?ﬁﬁ%%tﬂ*”ﬂ*%ﬁj}ﬁ%aﬁ BRI FIME - 2XEE R EE
HRBNEFIEHRTEE - mBIEETHEREXRRFBILERAEFRS - 8
WERFE PRt REFERR T ©

AERH TTREFNINE o BT PNE AR List a. '? Hasekell LA FESRER
RERT  HAPITRLUER SR o 130 0 [1,2,3,4] 2 —@E F)A List Int HIER
5> HARBMNMEIITE ; [True, False, True| & —EEL AR List Bool E’J$§'J 5=
BxE - Z5 [ AIRRBETERNZE EF GEERME “nil”) - BRANEAE
Lista » HA o ATRLZETELF] »

EHIMTEBATLEET o HE0[[1,2.3],[].04,5]] OB FIE List (List Int),
2BH=ExE > 25k [1,2,3],[], F1[4,5].

FE L PN EEREEENRE - MIITER Haskell BEFNEFIER :

data Lista = [] | a:Lista .

GE—ETREMNE BRI ERMETEEN SR  TREEHES (| e
—BITR (o) B LS —EEF] (Lista) - BERERAF > TRXMEFZHEH
fé (1) 7%z -
FFIR (2) BR1E “cons”, B T[4 (construct)] HIFH - HEAA o — Lista —
Lista — BRI —EERN A« BTRES—E Lista 2 & > #EH5—1E List a.
LM (1,234 HEBR 1:(2:(3:(4:])) NS : AZHES [| MK HxR
—EEELE - BT TE  Haskell #§ (:) BHETHRMAEKEN » R FIRT
FHEJEE > B 1:2:3:4: ] - SEmi{a > EHFENBIRFEZR 2N —
TRABAERREERA > REENTRUEEZE - MR—ERINTE2EM
HELZENTERBEZRIINE (head) ' R THITEBEHE (tail) - B0 -
[1,2,3,4) MERZ |, B=(2.3.4].
Haskell P FEREEFITHERPIERT] - FERKEFEEERE :

CT% ?v”@ fﬂlﬂ

type String = List Char .

R 5B String Fi & List Char o T£ Haskell A » data AR ERFE A » M type I
REEA—EFMER  AZ2GREMNELN—ERSEXERLE TEENZ
F o A > Haskell ZIRFE—EEZNE - AESIIRKRETFTR - AL > "fun" &
e RORES ) BRI 1 || HORR -

Zl-‘ﬁ?t‘l‘ﬂiﬂ%f\ﬁ AL EBTI TR N R

"Haskell FRIEER (o B > FEIMBEBLERT - A5 PIEsE R AEERE A LSRR
DR o BINERAETTRER R [1,2] IBBIR [Int, Int] — REREZR [Int].
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1.8.1 HR7IfEE
S CIRBE TR REEALE © R head F tail D FEVE—EEFIHIEEFE -

head ::Lista — a tail::List a — List a
head (x:xs) =x | tail (x:xs) = xs .

FEREBA : head BB —EITER » il AHEE—E&EF] o 5] : head "fun" F0
tail "fun" S RIEFIT £ FFE "un". BREY head F tail FA HEREEEESE
EHENFNIERTE  EER || BB - MREERFEL head 3K 1ail > R
EHIBHITERERR © BRI > head M rail R 2 & B (partial functions) — €1
R REE GEEMETS)) HESRnE  FEE (285) RE -

BRE null PIET—EEINRERERT - e AR EEHERWT ¢

null:: List a — Bool
null [ = True
null (x:xs) = False .

AE KT Bird [1998] ARIE S ZEE » FEARERTINEEL s EE - 5
W xs, ys FF o B TTRBBIMET] | BISGZER s, yss TF - BERRA
FEER MR ZIE - Haskell RFEEILIRE o

BT head ¥ tail » WH B —HERE last B2 init 2 FIEE —ESE 5 & 4 50
TR UERFETHERT

last::Lista— a ,
init ::Lista— List a .

B : last "fun" B jnir "fun! S FIABFIC ‘0’ BAFER "fu". {8 lasr B inir PIEFE
LERE head B2 il RIGEH @ RERPINEIRREZRBO—BHN » KAERF
NTRAT S REEFENTRBRGE - RITFTE [todo: where] Z HEFRE] last
B init FIESR °

1.8.2 HFFER

S BIE R REINT B - AEZ PIPIRE—LERBTINTGTE - W
RTRPERZBIEFE (B0 Int, CharSBIRI) » Haskell I 7 —EHER
PR B FIRIEE A o MUBIFRRAT -

51 1.15. PA T % Haskell W 7| 538 3%ty — 2] F -

oA A T A R B E. B [0,3..10] = [0,3,6,0]. % &3 & 71
L E A R0,

CAE[10.0] 2%, 10— HH4RBATHR 0, HhEE [ wEREEL E
10 Bl % B 0B 7, TEAIEME: [10,9..0].

c FUHUERAEFH, A a2 | TREASFHENG FRHYE
7,

c ERUAARM (0. Bl EERAS (0,123, WERE®Z.
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R &Y iterate :: (a — a) — a — Lista AR BEEERRIES © iterate f x Al &
BB [x.fxf (fx).f (f (fx))...].

il 1.16. — & iterate W | F :
. iterate (14+) 0 & B % [0,1,2,3...]. £ % [n..] THA iterate (1+)n & -
o T 1.24F KAV EEE| [m..n] W irerate FEH A B H
- iterate not False ¥ 1% 2|4 %5 &% 7| [False, True, False. ..].

HEDRERESREFA—EBEESEBER (set comprehension) RIREIX ©
Bgn > {xxx|x €S, oddx} RRWERRE xx x BHHES  HP  HEESH
B - 3 B AERZETE o Haskell 35 8E1LAYRE %ﬁﬁ?‘%ﬁlu: B LABIFRRER

B 1.17. & F|#EH#E X (list comprehension) B 7] T

o [x]|x<=[0..9]] FARTH[0..9]Z FEH x, e E x ), THRHE % [0,1,2,3,4,5,6,7,8,9].
e [xxx|x«[0..10]] B x RIFEAZ A AR, ERENE xxx, 73
[0,1,4,9,25,36,49,64,81].
o [(x,y) | x<10..2],y < "abe"] BBRAFE [(0, 'a")(05'0"),(0, c"), (1, 'a"’),

(1,07, (1, '¢"), (2, 'a"), (2, '), (2, 'c")]. T EFHEAYEF: LE

Eox, #yHi—&, BRET @

o [xxx|x<[0..10],0dd x] £ [0..10]Z B H x, {2 Rk Bi#E odd x # A

s 127 [1,9,25,49,81].

1’5']1.18 T B R E L 5 & A2
1. [(a;b) |a < [1..3],b flm2]].
2. [(a,b) | b+ [1..2],d< [1..3]]:
[Q)Meﬂ,ﬂdeu+0 A ER—ERT i . 2, i WAES
7 B W
4. [(ij) i< [1. 4} eveni,j+= [(i+1)."4],0dd j|.
5. ['a|i+{0::10]]. EEBAFHEF i WX —EFFHAEHUETRE F.

% SRIRBFMNT :
(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)].
(1,1 ) (2, ) (3,1),(1,2),(2,2),(3,2)].

(1,2), (8,3 ,(3,4)].

2,

3)l.

|
2. |
3. |
4.
5. "aaaaaaaaaaa".

1

O

BB EESEXREESH  BEMEREEEE - MENRYER
REPATER BB ENEEHF T BI map, concat, filter ERBPIAE ©

1.8.3 =% ERyEEH A RE

RS ERSNBREREBTERANKE - EFEWBMALYE (combinators)i
- 5—EAGHEaE—"EHE— - BRABAMMBZERNING - EFfIERK
HtEE AR ERHER -
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NBELREEMBERER - E5% > EMATARALHFZEBNEL - JM
FF—EE—NBELRE > —BUGFRE > ERFOEETTEAEXEN—E
HHRAEERN - S—ERRAREH RN ESH PR MO HFUELEREERDG
%’*'Jtnﬂﬂ (B RARA R E IR A -

—REENEEVRTR . BEZRE EELBEEFEL  BLHE
TL'Fj(%BEI%TEﬁEE’J%E*ET%_EE-’%—iﬁUﬁ/ﬁHT%ﬁﬁ55 i s e
% TESHREMEERAE  ERNRMARTHEMEXtEE -

RE B¥ length::Lista — Int FFERIINRE - ZHRF| [ WRER 0. §:

length "function" = 8.

Z5| R (1) WBIRER Lista — Int — a. BEET) o FBE , R 0 <
i<lengthxs,xs!\i Byxs FEEE i BT » B 0#HE - ] "function"!10="£",
"function" 13 = 'c'. AR i > length xs, M@ B ITHAER - F X MR
length xs =n > ﬁ*ﬁﬁﬁ%ﬁsﬁﬁn]?’% 0,1..n—1.

HERORESY  ROIZEEMEIIEANEARE - EEMEINERER
ERA—EEH BB EHREERENTR  FaiWEBELXBE  REEHN
ME - ERETERNHFZHGT  BESRRAEREHRPEREME - LA
I (1) EARERFEANEERS -

I R (1) :Lista — Liste — Lista #FMERFHEEE - B [1,2,3] +
[4,5] =[1,2,3,4,5].

R (+) A () LR H 2B RFE LR - MEAHERER? ZRL
(:):ia — Lista — List a KER—ARXREDRFINEE > T (+) FEMESRS
BE—B MESRIHETESESERSZMEITE 6l : [+ (4.5 =[45. =
BE ()25 () EERRNIRE - £ 2418F > HPFED () ZH ()
TEFRMAHY o

F— 1B R EIZERI R ELE concat :: List (Lista) — Lista : BMA—ETTRE=Z
RIINRIEREA - FEPREFEE—RE o 6] : concar[[1,2,3].[],[4],]5.6]]
=[1,2,3,4,5,6]. EM (+) WAB ZEBEWIE ? B8R > (+) BEMERIEE
—i# M concat NSEHA2EZERZ @R - 58 241087 > RAIEE
& concat ZF (+) EEMAH o

ENEEE . sake BYBL R A Int — List a — List a. take nxs B xs B9BT n fHITTER - &
xs IREARE n, take n xs BEELFEMELME. 6 : take 3 "function" = "fun",
take 5 "ox" = "ox".

A » drop nxs EI8 xs BT n BITE & xs WREAE n, drop nxs BEE
LEMELE. B : drop 3 "function" = "ction", take 5 "ox" = "". KB drop
RAEBIHRZ Int — Lista — List a.

R rake R drop BEA B LR - BE MR EEAERBME TRE ? —
ErTRER - BETEM n 0 xs,

take n xs Hdrop n xs = xs .

FEZTUFESZHIE - BEEMEEEMBIE ? B ESE 282hawmE -
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BRET  map::(a—b)— Lista— List b 25 E—EIREZMNESHERE : mapf xs
1 ERE s NE—@xRL -6l

map square [1,2,3,4] =[1,4,9,16] ,
map (1+) [2,3,4] =[3,4,5] .

EER P AR S RENR > 5—EERELTIR @ nop 2—ERERH
FIRIE - 46— TH§ « B p) BIREL S 2a — b map HFiEERER A ZIBT
g » B2|—1@E T List a A% List b1 BYBREL map f:: List a — List b.

Bl 1.19. R — 1 & 5| xs T MR ys+zs, RAIF ys & xs 8 — EHTEE (prefix),
zs B xs o —HEEL (uffix). Flr, &7 [1,2,3] W Fca$E (], (1), [1,2), &
[1,2,3] (EE: [|2—Ew&, [1.2,3] AH#42) , REAEHE [1,2,3], (23],
3], % [].

B € & B B inits : List a — List (List a), 5T & 8 X\ 85 8 P& ol . ° B3R
E 77 A T VLR map, take Fo E b BB ALY inits. £ E 268 VR ENE 7 —H
Bk

%&. —FEER map N rake WRTREMESRAAT -

inits :: List a — List (List a)
inits xs = map (An — take n xs) [0..length'xs] .

K EF A HBFREBRER [1akenxs | n <+ [0, length xs]]. BE RS ER :

x| x < xs] LR map f xs. ]
f x| ] p

B 1.12 — EFEE rails:: List a — List (List o), s EBMARTIRFEE

B

BiE —EEAE «— Bool IREMBIE—E T#ZE] (predicate). 4 EM:E
p, filter p xs #F xs ZHmE p T RBHE o R filier IELBIR (¢ — Bool) —
List a — List ae i : filter even [2,5,1,7,6] = [2,6].

Bl120 ZEERR AT EFARTENER? RASTHBREK, #H
P e sl REZ Mo 0T A

numUpper :: String — Int
numUpper = length - filter isUpper .

Bl121. THERKE 0% 5150 WP 7% (RE & 2> WHT) F, #RA 25
EOE

filter ((:25) - (‘mod*100)) (map square [0..50]) .

VEERZRRENBTRE nits, MZ BTN BB init RE © 52 Haskell B ERFEHNG S -
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B #1447 3 [25,225,625,1225,2025]. HHF (-:25)- (‘mod*100) o EH T % 257
PAREMEE. WREFLCEE, &TA L EXE K.

Silter (An — n ‘mod* 100 == 25) (map square [0..50]) .

B2, R LR, FA—EMREEELBIEY [FHIRERRK 25 HET,
BEE LB T0F

map square (filter ((=25) - (‘mod*“100) - square) [0..50]) .

EEER A E R AR [25,225,625,1225,2025)¢
R — S, 5B 1 F 8 R A filter p-map f F8 map f-filter (p-f) W F &
EfHdh, ERETWLE? RAGKES 25 Pl

Bl 123 B LR WREMTEFLZREAGRR 25 NPT, wF2wiE e
PRGER T, —BREEWT:

Silter ((==25) - (‘mod‘100) - snd) (map (id, squaré) [0..50]) .

KA map (id,square) ¥ B EKFEZMPIG-FHTHKAE—BTFHFY, 732
[(0,0),(1,1),(2,4),(3,9)...]. T filter &% % T — M8 snd, &= &R EA &
(BB TRFEHE) . EXUHETRE [(525), (15,225), (25,625),
(35,1225), (45,2025)]. EHETT (-,) By & F % 36H -

W (--25) - (od 100) - snd 7 AR % (A(i,n) — n‘mod* 100 --25).

HY ~ E ~ BELBJE  BREY rakeWhile, dropWhile F filter B—1RRIELA o

takeWhile ::(a - Bool) =sLista— Lista ,
dropWhile :: (a —»Bool) — Lista — Lista .

EfzENZERCHFRGTRESRERE

filter even [6,2,4,1,7,8,2] =[6,2,4,8,2] ,
takeWhile even [6,2,4,1,7,8,2] =[6,2,4] ,
dropWhilé even [6,2,4,1,7,8,2] =[1,7,8,2] .

filter pHEBERBEME p WITE ; takeWhilep HEFAZE—RETTER » EFE
EE—ETRE p BTER » LA THIERTIESE ; dropWhile p BIB takeWhile p
B WREE > BIBLE—EARNREpMTR - BB L BMELTFH
FERZm & takeWhile p xs -+ dropWhile p xs = xs, {BiE {58 {5 ERFE o

Bl 1.24. 2 EH m B n, [m..n) TRA takeWhile (< n) (iterate (1+) m) B B .

il 1.25. 3 & W3 %1% takeWhile =, dropWhile B Fu38 B A F41 B F. #HE,
Kl iterate & dropWhile, AP & % W 8L while 38 B B 8 1E -

until:: (a — Bool) = (a - a) > a—a
until p f = head - dropWhile (not - p) - iterate f
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untilpfx @ x EH fx, BMfxEHF(Fx) ... A2 p(f(f..x) RLA k. Bl:
until ((>50) - square) (14+) 0 3% 8, H % 8> =64, B % @%ﬁjﬁﬁ}‘ 50 A&
B, wRNEWRME, iteratef EER LHEKRR 1@]?&?5@'%5 8 R & AT 2
dropWhile (not - p) ¥EE# & & & 1k o

TABHAEET ARBMRBERRAAERNE LTI E & minus
TE R RBOR =/, HEIWMHATER E:

ged:: (Int x Int) — Int
ged = fst-until (uncurry (==)) minus |
where minus (x,y) | x>y = (y,x—y)
x<y=(y—x1) .

B uncurry 5 7% 378 o

BE113-RA EE — B R 8 squaresUpTo :: Int — List Int, {F &
squaresUpTo n BEIFTBA KIS n FIEFHE o Bl : squaresUpTo 10 = [1,4,9],
squaresUpTo (—1) = [].

ISR R zip::Lista — List b — List (a x b) HITEFR] H Tt 5] F7 &0

zip [1,2,3] "abc" =[(1,'a"),(2,'b"),(3,'c')]
ip[1,2]  abc” = [(Lamip(2, b))
zip [1,2,3] "ab" ={(1,'a"),(2,'p")] ,
zip[l..] M"abc¥=|[(1,'a"),(2,'b"),(3,'c")]
ap[l..] [2..] =[(1,2),(23),(3.4)..] ,

zip xs ys #FERF x5 B ys HHEH TENEFEHF - IRMERIIRERE -
zip FEA—ERAZERMZLL - Zip L REARRASRT - AREEEEER
BRI B B ER SRR (8] THRB2R | » Wt AR SRAIARE R “zip” & o

THEH » WE—ERE unzip : List (a x b) — (Lista x List b) » #§ THIER] FI
B o Bt umzip [(1,'2"),(2,'b"),(3,'c")] AIBEI ([1,2,3],"abc").

FEZERAT > BT EEZEMMEHEBENTERREFEF  MaEshliRE—
BTERETF - &0 B S —EHERE R B ipWith, B : zipWith (+)[1,2,3][4,5,6] =
15,7,9] B zipWith ATVUS 1 EE

zipWith:: (a — b — ¢) — List a — List b — List ¢
zipWith f = map (uncurry f) - zip .

BRE1.14 — A zipWith B zip.

5l 1.26. = &R B I positions :: Char — String — List Int, 4% positions z xs & H
cfExs PHBEWHAMLE. Bl: positions "o’ "hoola hooligans”=[1,2,7,8].
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% —HERRERAWT :
positions z = map fst - filter ((==z) -snd) -zip [0..] .

I zip [0..] REIABFIEENE » A filter ((-2) snd) RHE_BTES
R FE o B map fsr RBEFTBNE © AREREE L currying BIfEM -
O

Bl127. BHEH. WREMELE  HAWE—FELER? KT UER:

pos :: Char — String — Int

pos 7 = head - positions 7 .

B R —HW B, poszxs [BE positions z xs WE —HER. MR ZHEHH,

positions z xs 8B [], pos zxs R B BATH R R HHFA s, HAER

KME, pos REF —BMLER positions EEFT, T EEEFIEREEL,
WRERMF L pos £ z XA HEBEE —1, 7 s B

pos:: Char — String — Int

pos 7 xs = case positions'z xs.of
] -1
(izis) =i .

1.9 ZELREE

BEEZNESERIABRANFHRRIEERRL - —RREBT  KRGEER
EREERIERBIREIMESESBT (linked list) - NMARELFBINNEHFHERXKRZ
BB SR EEHEERER  —E—EERERTPHNTER - ERRSKBSHM
RSP BIRYIR (ERY - WEASHEIEFEREE BRI TR LE—EEEF
S EERIRESH - B RPEERSHENGER  ARFHPTE
—(E(EE SRR o BAZEMHOEARE © BB ERTIRA—[EERE > HE
BB FIE map, filter, dropWhile EEIE > HAFE TS —BEFIEE zip K. o

ERERE A WBIEL L4 (wholemeal programming) » 56 1. 11§ fRTE
WA - 2ZHFENREEMDBA - —EEMEETRARE Mm@k
R EREN  UERRNEESELNEE -

S0 map, filter, iterate, zipWith FEEHHBMEE RPFEER - MY
WARR A T A B AR WO E - FebEREEREEREZR  SLEant
RERGHBEEREASAEIRER  SEMNEFERZ—Z : W map, filter, zip
FHEANERBR  BEEANERCLRARSILERTAEE S —EEERE
TERFAEFER - FEL > SEMAINERRMBEREEZNHEIE - —L
FRNFEEEARERFEZFTH AMEEEEABFUART - MUMEE oF
Frift - MR RMMER - B REFYNEER X - BABREETES
AREEE  FRELEREE  TEEEREEZRBERZLAME nap » IBER
concat IR » FREM filter...]
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EAEZHMEHPRMEEER  SLEHRLCFERMERE - HikiE
N - AEMRK  MREXAELAGEIEN - RMEELAGMERNEEER
BERMPIMER L - Fl0 > WRIFRPIENE map f-map g =map (f-g) » BFIHE
IR A BRI map, AT HE MM MEEIRBMEFR—E — S18E
REHFmERE o SERPIALUFE—E map IRRME > LG ERENEME
H -EBXANEELEFEEXSAELEN  FRMEELTRENEM -

2EEREZFTUR AR  AREEXAZBSHZIE - fl > SEREFESH
e AF EL 45 E R BEARRA I ER 4> (W0 map f B2 filter p HRY £ B2 p) MR ; 1B

MREERMEREARRIEREIIESTEE - TRELCEMEILE
WEEHL -

5 2EFEELFTELENAEGRTE - RFTRFNAHHBIRTERN
WERX > BT EMIET > RPNEXTSEERBR —AEZRREBS
IR EBREB R —1THREM “one-liner”. {8 » ELEAHA BRI ANREE
B  c BMMEFTEETHESERY - R 2XFELE  EETREERH
B Bt EesEHeMaSsEEmY  EHERERNAEREEL - Z5td
ATE ARAEH -

PEEERBHZEANERN 1 11EFERLAEMBEER BN &
DTN BEBEANEBET o £ - BHMAERSE—EINKE : BT
Z FHEBHHEF (merge sort) ©

GHHEF BERBMPCSE —BERE merge : (List Int x List Int) — List Int, 205
xs B2 ys BEEHEFLT » merge’ (xs,ys) FEMEHE—EEEFTFHES - ' KE
merge’ AT FASE 2. 138 M A RN EAL > LA AAFE S [todo: where]| ERREHY
FAER L= unfoldr i - FP9anar merge TR AE R B HEFFLFIE ?
—REPREREBLETHNESHEEF W ASES (SFEF]) IR
REXRHHEZNME  25F5F  REEH - AHAUBETE LB AR
RE - MBWMASEFIE [4,2,3,5.8,0,1,7] » HMEIESHETEEEBE R S
5> Wit 28R [[4],(2].[3],[5].18].[0].[1].[7]]  RIBICMEEBE BT M &6 -
[[2,4],(3,5],(8,0],[1,7]] > BB MM SHR [[2.3.4,5].[0,1,8,7]] » EEIRFT
—BREF|RLE -
MRKEFIERM EFHBIRE : wrap F—EITREBR—EERE] > isSingle #
BT —ERIEERAF T —ETE
. isSingle :: List a — Bool
wrap ::a — List@a isSingle [x] — True

wrap x = [x] | -
isSingle xs = False .

ARE LB & GHEEFF AT AR AK
msort = head - until isSingle mergeAdj - map wrap .

BHRTAREOFRMAZROE | LIESETRBERES]  REM mergeAd)
B RFT—ERES > REGPEREFEHZK

12 BTVABR &R merge’ » RIRTESE 2.128Fh B P95 58 A — (B4R L EAERA AT R EL merge : List Int —

List Int — List Int.
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T—IBIERESR mergeAd;:: List (List Int) — List (List Int), EINBEZAF 188
RETIMMmAE G - NRBFIRERTE —BREL adjs :: List a — List (a x a), #§FAHB
RITTERMIEFE S » mergeAd BEAT VAR :

mergeAdj = map merge' - adjs .

B adjs ZEEERR ? BRBHBERSR > RERNATRALHEHE 28
A5 & 5 B9 B8 40K o 151/57%71%@ BB RAREMNAGHRE £FER
B adjs MERTF © B x5 = [x0.x1,x00,x3 ], BB E adjs xs = [ (x0,x1), (x2,x3)].
BE s BFBETER B0 s = [x,x,0,0,0], RE—BTE o %
BT MREBRTAMEERF > HABHETUIE o M BE—E » adjs xs =
[(x0,x1), (x2,x3), (s, [])]. BRE adjs MARESZHER » LHFRMEZZ
EEE—E2E BEZENTERNRS - AT s WE KR
a— Lista — List (a x a), HE adjs zxs = [(x0,41), (x2,%3), (x4,2) ]
B EFEEETWNAHE
_é'f"[: » zip xs (tail xs) A —ITE xs MBETRMET —BEREFHF - F:
B x5 = [x0,x1,%0,%3,%4 ] BF + zip xs (tail xs) BUMERZ [ (x0,x1), (x1,x2), (x2,%3),
(x3,%4)].
« MRFME zip NEZBSEHL—8 2, BB zip xs (rail (xs+-[z])) > &
ATERANR [(xo,x1), (x1,x2), (02, X8)(x3, x4), (x4, 2) T
cBERVE (HOREE) REHMNITREZR AMESIREFEN
[(x0,x1), (x2,%3), (x4,2)] T !
BEURAEE ﬁﬁiﬁl@ﬁ?ﬁ#ﬁ"]’%ﬁ o #87 » adjs AT EFE :

adjs :ia — List a — List (a x a)
adjs 7 xs = everyother (zip xs (tail xs +[z])) ,

Hheveryother ys 8 ys LB BB BRI TTEEE -
& ERWARERIPUERTEMNTRESE - —EHER . —EHIKH
FirhEREMETE  BEFHES AT

everyother:: Lista — List a
everyother = map head - takeWhile (not - null) - iterate (drop 2) .

M=z > HTELNEHFHEFTER

msort:: List Int — List Int

msort = head - until isSingle mergeAdj - map wrap
Hrf mergeAdi NERE

mergeAd;:: List (List Int) — List (List Int)
mergeAdj = map merge' - adjs || .

MERPEEINEHEFTRITNE LT > HF msorr (WL iterate B
dropWhile EFRH) B until 205 iterate B2 takeWhile:
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msortSteps :: List Int — List (List (List Int))
msortSteps = takeWhile (not - isSingle) - iterate mergeAdj - map wrap .

BI40 > msortSteps [9,2,5,3,6,4,7,0,5,1,8,2,3,1] AI53Z|

[[[9],[2],[5],[3],16],[4],[7], B
[2,9],[3,5],[4,6],[0,7],[1,5],[2,8],
[[2,3,5,9],[0,4,6,7],[1,2,5,8],[1,3]
[[0,2,3,4,5,6,7,9],[1,1,2,3,5,8]]] .

XEMBERTIEHE[0,1,1,2,2,3,3,4,5,5,6,7,8,9] » Bl& msort HIAER -

(0], [5],[1],
[1,3]]
J

1.10 BEIEBREA

AEERIRILAEERDN data ERHEEEE Haskell EMBNER] - EHE
AT B EREREA - FI20 - BT REE R — @A Bl EMET @

data Direction = North | East | South | West |
REER —ERTERENER - A= EFIHEREA 4 -~ BALLH
data RGBColor = RGB Float Float Float

B tHHEE (turqu0|se) AT B RGB 0.250.875 0.8125. T 5 R # AR K —
1IFE@E’J A

desaturate :: Float — RGBColor = RGBColor
desaturate p (RGB r g b) =

RGB (rpx(gr —r)) (8+px (gr—g)) (b+p x (gr—>b)) ,
where gr = rx0.299 4 g x0.587 + b x 0.144 .

BT ER A List —BRAREERZLR - BN EREEEH AT REREIM
Bk S —REENBEHEERR (FBIE internally labelled) » 5—7&
BREEHEARR (BIE externally labelled) ~ EMFE TRl 2 AIFRRAT ¢

data ITree . = Null | Node a (ITree a) (ITreea) ,
data ETreea = Tipa | Bin (ETree a) (ETree a) .

BERSEEEMNEE LMNENLR ? HMFET —EPRE -

1.11 2E&R
AZBRRFZEEEE Bird [1998] @ 22 2R AAEHER Haskell 241 o

PER—EBENKE  BHZACHKE o, RETESERCEZKENRMENE T2
ERIEEIERS RGB AL HSV » MIEEBAEMME -
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Haskell &Y Haskell?

1980 ff—ﬁqﬂﬁﬂ *i—tﬂl:l = %%‘-'ﬂ}qa%g Eﬁé%l':lentF_’?@nn/ *ﬁﬁ*ﬁﬂi'fe ﬁl]ﬁél
BARE - RMBRAEBERBHRERNEEEREES - /xﬁ B35 = BUS B 1%
FI’]TEéjh REBERE URATEEEEEEEAT—F k%ﬁ?n%&ufﬂﬁl@t

HIBRIE AR EEE S RIS 0 1988 F—H » FirB s 2 s/MAER & K6
=i 7~|7~$‘7:IT RIEE P EEEESIERT o LUTEEHSE Hudak et al. [2007] .

B R EIE H B2 18 8 3F Haskell, Vivaldi, Mozart, CFL (Common Functional Lan-
guage), Curry, Frege, Peano, Nice, Fun, Light... £% - RELEFEINZFE
“Curry”, #T #8822 R Haskell B. Curry — i £ 45 4+ #B 8 (combinatorial logic) »
Curry-Howard FEEEENMRA —EREXEREES 27T -

EEXRE LHAANBRSERTERERNLEHERE - RTMIEZ 4 - /NER
EBEEENTHE : TIM (three instruction machine) =R EGFE S AN —TE MR
25 1B Tim Curry BIFX T &8 ERZ M3 (Rocky Horror Picture Show, 1975) K13
TH-

REMES N BFHMBUK Haskell T o

INERR & Paul Hudak F1 David Wise B{544 Curry 1Y 1E 15 Virginia Curry > Bk
WHIERE o Hudak 3k BEFIFEER ¢ Virginia Curry Mt T ZAINFIRE (B8
Church B Kleene) FUHIEE ; BRMMEIET Hudak B Haskell (FES) HIERS -
KRB THKE - BHIAT - 1R - THELF > Haskell —E#HASEMAIZF

Currying Moses [Schonfinkel, 1924] $2 i} Z 2 8K A HE S BRI FRE
Haskell Curry TEFFZZ&1EH (f1 : Curry [1980] ) £ FH currying 'TEMH%‘FII':/xﬁ
currying — &1 o B LLHLZHEELL Curry 75 &R ? David A. Turner  (Haskell
B E MBI 5 Z— Miranda BIERETA) TE— X #EEETEm [Sankar et al,, 1997]
3K currying —zaH Christopher Strachey BN - 7% 1967 FRIEFHER &R
R - EERIEE HlJi%?ﬁj(%?i:: B E R AR AIEEN ERER -
HHR M - Strachey [1967] Z R ER#ER KB & currying B 2 A Schonfinkel
M AW Z A [Schonfinkel IR E ] © '° {B currying FIBAATE WS
Lt Schénfinkel % Curry B35 © F. L. Gottlob Frege 1891 £ Uber Funktion und
Begriff (%52 Function and Concept) [Frege, 1960] %% B £ B HIHE-SEDZ currying.

ZRIEE [ZZEERE] —AHRGEKRE Geraint Jones BLE » HRAJ LIRS
BERYIMRE o 20 Bird [2010, 58 19 B ERE > [2XFEEFEZE > AITE
B PZRSIEED (indexitis) » EXEIE AR XNERE o) FEFZZEZH » Richard Bird LA
AEFARFBEHFREPN 2 ERFEEZHEEY L EEE N ERMBREBNRE
I © Hinze [2009] A2 ZE4RFEFRTE - '~ 7 NEERIRE (Tower of Hanoi) BIEF
ZMHE  URHBESBEERE (Sierpinski) ZAFMBR - HPEE [REES
EREZEFRE - 5875 H Geraint Jones 8% - TERIEZEBHANEERE | B
HEERS] > MAT—ERNITER ; TERUBERZINED - MAZE A
Z; BEEAER > MASE MK - HRENWREE  2EFEEZHBH
ﬂ%‘%%ﬁﬁﬁgﬁﬁgﬁ o] Hutton [2016, 38 A E] RIDUAR ~ BB RG] - Jl#nE (Caesar
cipher) B—REEEMMEZL R : FHREXHHNESEFIHTNXRBREBREEN

132 : “There is a device originated by Schonfinkel, for reducing operators with several operands
to the successive application of single operand operators.”
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2 PINERBER 2K 'a' 8K 'c' v ‘b B 'd' ... —EEIREHN
BRAXBEEXHESEFENSH » I—REXXERHFIFZLMHR
LE&: - FELUBH R E © Graham Hutton FEZ2 R REE N AEHFRE ~ T2
FRIE@ih S B ARBAERBREN - L LEBREEES —ENGITF -

LISP BI85  FEAER 1958 M LISP 2B RIIHREAMNSHEERFZEPELRSE
ISR — BB HIZ FORTRAN. {8 LISP £2 FORTRAN 2EEEHARATRMEES -
HREABLREIEANES  LISP NDHREEREES FISTEE -

LISP & T BRI BRI (list processing)] FIAEE  (BEE L - LISP FHIREER}
18 TS B (S-expression) ] NRATFHRFKELF] - CONS HEUHZE—1E
F¥ > R E—EITEHEBIE CAR (contents of the address part of register), 5
Z{BFE1E CDR (contents of the decrement part of register). 1R CDR BI&EBAM=
—1E CONS H R FE » 2R ENIL, BEEEEZEZENME—EES -SE
B AT PR M Zooist ~ SB7AR... 55 o Haskell BRFIERETT | AIRRAK nil,
(:) BB ‘cons”, 5 W EFA S ERIE LISP M2k °

ERTRARATEEHER  AXBRATREBENEEZEATIEENE
i BERINEXB S KL HEHEERT MR > FEERTIA LISP EHER
ARBEEMAREENES - |AIEEHNES] - 5—E@#EA TALE
EHMHES | NEERENMEBEIEELS (resolution) A1 PROLOG. S HEFIA T
HERITA SRR AEE [ \IEE2EHES ] BEEETAIA T Python o






CHAPTER

I
2l
=1
s
ol
\

/)

alil
k

e

[2EREE] B SSEIEFLUNEGES T KRFEN - B @ R4 A%
BER? %% > RESHNAMRZEER ? RATURZIEERENER - B
K8 (recursion) EZREM - HEE | BEF—EENCEXHEIEDRS  2# 24
ERNERAR - ERHNGAEEM D > REEHERERMN - BE - ERMNE
B BERHERD  BREERE A FEATEXBMEE —EFENE X -
—BERTME  REHEEISEREN - @RMEREENATHK -

HRNEE > FZYEE—FTEAEE  BEUHEREARER THE] -
S—HETARN  LECERES @ SRR EER ? EmEHERL S KR
THFREIRE - HREIE MR ELER LS| SR MERRDEXNEE ; FE
BTEERAE  EFSEEERESSEEMBER - AREE > HEXLIEMEE
EERHE TBEE] — AL T NEETESEERLRA - FARwIED
HERRFLAREE 5] 11 BEENERX L - fFFETABREARMSL
RYIR I E R TR -

EARERFF I m B ARELLRNIEE : 54 (induction) o ¥f it /i &
B AEREER | A EHNERLNERERE  BRNEZEREERE
BRERNRER 2 EEE AEAMENTSE e —EERIRIERE
XMFE R o o KBEERERT AR ERERZERE ] B - RIFKEERES
MEHE > BREREMEXEF2EMNENEUE - SEXANEREERRE
AR9SEED -

ANE D Haskell RBE TR - BEZEMEE » AEEFA Haskell F9—/I
B4 o Haskell XIRMR AW EREE  BAFEMAESEASRLENELX - B
B BRI EERNEEBBEERN BRIEFFAIER)  FTAREE FFFR
1IE (M RBREREERZ [ 2 @ ¥ (total function) ] — E—E{E @ S FFHhE
H—EER > AgRkEETE  UFAgXEO—EER) - EEMNERSEAR
B o

53
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2.1 HEBRWE

EmEEEREAZA  RMSAEE —THELEN L —BRERMMNEHE
A - ERE: EAHERENZ0,1.2. SHEIIFEEY - BRYERRZ
& ESEERBBEERAN - BREWEARZAE N. Ha—BEA,
L RI#FE (predicate) TR E BIA ¢ — Bool (IR EN » & FRFB IR T EH T
ER =B - BRELEAMEEFR N — Bool - BUIBRERAT FREREM
HHFTH EREE AL ¢

4 ERFE PN — Bool. &

1. P¥O KL, ¥ EH
2 FEP ¥k, P¥ 1 +n R,

BT R 50 P HPTH B ABE KL

R LR ANREE R E R ? I 2985 IR (H— EfR R - [BIERI IR AR
H—EMEXRABEINERLT N - BRBWHER I TN —EERHERE

dataN=0|1; N .

ETERBAEERE  BRIHMERED—&E — ZEREFREM

1. 0 NERFIZ N,

2. MR MBREN 1, n BERHBE N

3. A R BEEMEFIE N FIRE -
EREEHEHTRBIER A E & (inductive definition) - i M EEMAFIZE N K
Rt —AUFEREE - EEWNET—EERBATER 0 5 —EERE
n— RBAMNAT A - EF—EEARABEBEEEMERN : HOMK  ELAR
fE81. - RBK#R BEE—EERE  HAFEBENN 1. —EEiFE &
AREMA—EZME 0. HAERE inductive definition BB B4 £ % > &
BEMER (WERO0) Bl —EEEELE (WEAREL1) X -

AEF - RFIEEAZE 0 EMEE - RIPESERERT ; 8 1. AUk
BN 1 BARRE - L& [i—1 2EREET - 2 —EBEARTSEH
i (MBPIZEENBA—MBEREINE (+)FRE) - &F2HEZ 1, (1.0
MEEIHEZ1 (1. (1,.0) BB -

BANERLNERERAFRMEFAFEN - AR P 2 N Z Bool IR
B PHORMN] AIGcEBPO TEPHE AR P | +n IR’ AIREE
P(1yn)<=Pne? BMBEMEBSHER > HEMERP3:

P (1, (1, (1, 0)))

< {EPALn)<Pn}
P (1, (1, 0))

< {EPAyn)<=Pn}
P (1. 0)

BLHEIRA TERE 21 1 FEH - sERNB2HAEEEEN 08H -
P=QBEBE MEQAIPI - KIMIEFE - B REM P - FMEHIER Q il HRE -
HAEZAFBERATENEE  EXHBRLHABEED  EHREEANRERERM -
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< {EP@Ain)<Pn}
PO .

E—Lh RMBLEP (1, (1, (1.0) RIZ> R\FEP (1, n) «Pn RE
P(1,(1.0))BIR] « BHH - BPFHEP (1, (1. 0) B3 > EFREP (1,.1) <
Pn> REP (1, 0) BMBIF].. &% > REPORIZ > P(1.0)BIRKIZ > BEPO
ECHR - Rt MEmE® P 3 Kz !

B EuHERP - HARIR . BEBWENMERIRPOEP (1.1) <Pnff
THEM—EHE 8 KHom, £ R—1HPm ZEANTGE - E2HREREY
AHE—EFMERLNERER  FT—EER#E nHE2ERE 1. EE O
THER Ait RERBAP (1, n) «Pnif  BEWEPOKN—K - BA
B m, RIS E—1E P m MR > BB AT RO ARIE P BEW B ABE AL
hvAN

RTZEFWREE RN SEENERFER kL
BRE EZEEMLE: (Vn-Pn) <« POA (Vn-P (1, n) <Pn) .

BARBZAINX FM SN i EE B EREL  8E P, MR E
RIAEHMABREEML > AFZERBPOMP (1. 1) <« Pn MERR - &
i POREEP ¥ 0B K (base case) » P (1, 1) < P n BITEFBIESR 44 5 B
(inductive step) : TERBRFIPn R IWART, Bz [ZH—F ), wEP (14 n)
%L o BR TR I SR IR B RIS EZRIB T »

22 BAREELZEMNES

HBRWENFREETERERE? ZEE—@EH T : 8T b.n:N, RPIHEEE
R exp sTERE  FB epbn=0". HMELBEAET :

expieN— N—=N

éexpbn="7

Bt EER ? REAMGRRIEET  HRERMEE : » EERE > M
EABRBATRER 0 501 B - RYESBEWEARLE BIE :

exp:N—N—»N
exp b0 ="
expb (1, n)="?

Heh o b 0 BHE - BRREZE N — . B epb (1. n) WEFEZEER?
BERE—SEHER - BEL expbn EENEFREH T b7, BF b = b x b,
exp b (1, n) Bz NEIER R

expb(lyn)=bxexpbn .

it —RFMETE T — B EERENERX
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Haskell v.s Math

R » Haskell IR 2.280H expfIES ©

B 5 0 Haskell LR BB BERHER - RFITESE (LHFHEER Num
BRI—E8) » EEEMEH Haskell REERT Int BLH o HIX » Haskell RAS AT
PEEENEFES epb (n+1) > BEERBIE 7 +k pattern” FIEEE B2 £ Haskell
2010 RHEFBER - BRTIRAFISEAF cxp BAK -

exp::Int — Int — Int
expb0=1
expbn=bxexpb(n—1) .

n-+k pattern B[ I - TFEFTEERNEEREZ LNHE : EHER
TR BB R AL ~ MRERR ~ LB MERBEME L B ASEE T FAELIE - &
HEAHFIEHE type class FIEZR - BREARTEHE

FL Haskel| R ERFERHENERXNBEREAE BT —EFHBAZE
BENAJ#ATHY o AERENRILIE Haskell E#7 @ MRRBAREMSHAME - BB
B BRMSEREESBEWMREWRS - ZRE - BE - EBENT®R - m—ES
FAEMRESSETZHR T LZHESRTE  BERNEEEE X FEERERRN
ERBEER M CGEHRMT2ARER) - A AEHRRELFEBTEZH Haskell
EEBFARE c RMERERPEEAER  FEESNENMEFREPHNEXE
AR T Haskell 383% ©

exp:N—-N—=N
expb0 =1
expb (1 n)=bxexpbn .

BB — TR R B P —SERMEET » BE exp bn, BEFIR
Heophb0ZBHNE LEBR apbn EEHZENENRIRT &M —
BEMIT~Z28H—F BEMHE epb (1. n) ZEWNE - SMATRAEHZE
WER—FN ! BENEXFERFHEARREVNNTAH. FREZENE
EHPHEERH—MEEEPOMEMATH P (1, n) =Pn BRERERXD—
BeoefepbnNEEREFT  BEEReop b0 SBASHAZER cxpbn 858
expb (1, n). BEMETHE > BPOEET —@ERETE K n, rEEH epbn
77 ik o TERBIF - MBEE ep 23 BEEHREHKL :

exp 2(1, (14 (1, 0)))

= Hexp 2FHNTER )}
2xexp (14 (1+0))

= {exp ZHWNTHH}
2x2xexp (14 0)

= {exp ZEFAALER )
2x2x2xexp0

= {exp ZEE)
2x2x2x1 .

BE—H > BEE exp2 (1, (1, (1,0))), BFGEEL exp (1, (1, 0). ZHE
®E > EE"THRMBEEL e (1, 0)... ERIFMREE] exp b 0.
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BABEMBAESE B BE MEHER BB op b N - NEE
EW - BEBFAEEE

fu:N—a
5o =e
fAin)=.fn.. .

ERREMBAZ N HERP/ (1, n) ARRLLf n BH - VL BEME /
AOREN o E—ERBFEEENERL > RMRNE2E 8 R B LEHE ZHr
He 70 IMEBIEREE > / (1. n) IMERBIEREATE - RPBERIEEZNT
ZRABHFEEERL -

2L AEARYEAHESIANSEERKE —ERHL - HMHRER
{82 PR 2] (total function) » &5 B E &P 4 BR8] (partial function). 55 £ » B3 M
RE—EEZRE BRERE  UREREATHELE (o EREKLETELE—1E
B AEXRABTE BAEELER -

WA - EERYLELERAERN S2EREB? 5 TWERK
#HAHFB OHZE 1. n > MEMBEEIEH  IMITERER > FEHERREMN
$HaR o HUR BRI ED - A2HEH LT —E 1, RIEUE  TR=WAZ
R BEE-XRGBIERE /- BREMEREHIZK 0BG ELARMEL..
REEERRM ¢ UREFWNSTD /7 sIRIIFTEEESK L > SEA@mA
[ ERKLE - Fitf EZKEE -

rElaglt] 2REZNME > RMBFERD - EAEBERTRLLRE
MR AT —ERFEETUED  RtGEE/\NWL2E SEEMAESE
ERERE (FIF (1. n) MAFEUAMEfn, TRERf (1. n) K f (1, (1, n))) °
BIELEMEEXERIE  MESE [todo: where?] B H » HIHFIRT)SthHE
RZBELOERZ 4] B> BEEN -

IBE—1R : £/ (1. n) MBEFER [ JUERAE R -EER /..
frn BB (Ax— . x.x.) (fn). E£fn BIBIE .. OMAPATUHIE n — FES
60 FHAT AR PE 8 ok Bl 2 — EiERM Bl F - BEBER TRMAAF » HIRE
LR R ERSVARAR o

Tk~ iz BROZE-LEBRERNGIT o £ op RERMAEIFEE - BRE
HMNEXFESREAEE  REFER ? RATEHCEEE !

(x):N—-N-—=N

mxn="7

EREEY  RFENENERERTERERME  CREERTRARET -
B (x) BRBLY  BIFZIE (1) N — N BA—EEY - SREE 20
® 1. R BRI (n) N o NRBE—EER EE B 0K 1,
R 7 BREMELT » LEEAMHER - LERERMPHNRES LS|
ZI5ER () BB EES (R 238) - AShHBEERETENSY -
BRI 3 P38 1L T R AB IR -
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(X):N—=N-=N
0 xXn=~"7

lim)xn=..mxn...

EEMRAP > 0xn NEEREREZR 0. FATHP - REBEEEL (1. m) xn,
BIRMAERE < n EKEHT - MIERER > BERBUTERUATHMEE

(x):N—=N-—=N
0 xn=0
(Iim)xn=n+(mxn) ,

WREB mxn > ZH—1E (n+), MAIEE) (1. m) xnT o
MRIFMRXFE S PEMMEER B ? IAR B A=A 1,

(+):N—>N—=>N
0 +n=n
1im)+n=1, (m+n) .

WE (+) BRAEREN - JHETEWEBE RSB MAMNE - M1, 2 T
— 1 BREAMERNEET - BR—% > BPRRELZENSH EHER - &
EBARRAE 040 REZ 0 B5E (Lom) +n, RBEREm+n BEEE  BZE
—f@ 1. FEELEn+n 2B BRER ENEAELnE1. HER

23 HAH LZERNE

T—EHHRMEEETEE cp - MRERIERE > expbn EWIER b, HIU0 - F
Pa%NE 7 = b < b B PIEHRIRE exp REEFILEER ?

EIE 2.1. #EM bym,n:N, expb(m-+n)=expbmxexpbn.

HAZERRCE 21 - H2EAEZERMETE—HNIE MEFHRE X $
—EfEE : & b, m, W n I —ERMEF AR (EENEH—ERR) ?

BREE P FERXNERMIE 2B oy, (1), B (<) NEE - F5
EFBWN epbm+n) 2z LB ep b IBFEm+n REEOEBE 1 koM
Rig (+) MER kB n -+ AIFHNEnRES0EZ 1. L BEAEFE R
B (<) NER » B’ expbmxexp bn BHRACHE exp bm, MEEBLBEE m 2
fHEE o« SRR © FPIRESTE m MERAR |

RESHER - RIERREE !

U € thmeexp-plus-times. BREEER exp b (m+n) = exp b m x exp b n, BANFE m
Z EWERAR o m BRHZ 0, BERHZ 1, L
&R m:=0. LEFFHERERR exp b (0+n) =exp b0 < exp bn. FERAT :

expb (0+n)
= {(+) ZER)

P ERMARRIENS 7) 28 - AEMBERBFRTE - URES | RHNERTHTIEEFER
EMEE > MEERIR - TEMZERFATESREFE TS EERMEEE AT RKILHEL Sk -
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expbn

= {HAlIxk=k}
l Xexpbn

= {ep ZER}
expb0xexpbn .

T&R m=1. m. WEEFHRERR exp b (1. m)+n) =expb (1. m) x exp b n, (BORER
expb (m+n)=expbmxexpbn B3 o HFRAT :

expb (14 m)+n)
= {(+)ZER)
expb (14 (m+n))
= {exp ZEHE)
bxexpb(m+n)
= {BMExR}
bx (expbm x exp bn)
= {(x) Z&EERE)}
(bxexpbm)xexpbn
= {exp ZTEE)
expb(1ym)xexpbn .

O

HIEEER > BESTRMMRERE ? AR AT B eapb (m+n) =
expbmxexpbn B3 | EAE - ERMERFEZEANMEEN ? 5B B
BRI UFERZEEECEEBAD - S UM ?

RBREMA > BMEE—T 8 1SRN EBENE (LIEEEHERN TR
k LARESRIRIE)

BARBEZERRE : (k- Pk)p< POA(VK-P (1 k) <=Pk) .

FERH 2ABREERIZ exp b (m+n) =expbm < expbn o W m LMEFLH - Br5HEM
o BMEERT TR P

Pm= (expb(m+n)=expbmxexpbn) ,

EERHRLENEm > 0By 2EER - BREMNENZR (V- -Pm), RE
HBIER (Ym-exp b (m-+n) = exp bmx exp bn). TARBBEBRNE - RIFTRH
Po (Vm-P (14 m) <= P m) BYEEAR o

SERE 217 TER m:=01 HIERS > T2 PO RUEERE o 1 MER m:=1, mJ Bl
2 (Vm-P (1 m) < P m) BFBR o TRER exp b (m+n) = exp b m x exp bn B3]
TR REBE Pm R MPENATIR TEREREH P (1. m). Bt - 3883 2.1 3
BE THZMEEECEBAC | - MM —ELLE/NISER (Pm) EBRFEX

HEEXEBE T - (=) BARAKR [HAEAREL - BRRESENFR - AEHER
(=) UF (=) BI=45 -
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—ERER (P (1. m) - RUEHMEENELE - BR/« EEELH - o{F
REZEH f (1, n).

HRPzH MpPm BEARNSRERFR MM E SRR ER B
(induction hypothesis) °

EXEEFERE BR2EF LRMERMZE - FF > BHMBEE epb (n+
n)=expbmxexpbn RENEZEFMEFZR  BETREEZEF " EEEE
TV E A B R M 2

BERZ otz EANTE - BXEEFRESE > RMEZWAHIE
B - R EFEMARLEANME  BRAASERE T HPTEEETHN
Rs - [EEANGEEREEANGEE] 2HSEBHAMR - LIFMAERE
AT TE R » BEARRRIERZIER TE °

BEBop, (+), (x) FRENER - RIS L 7T RERBR 081, »,
B 1, NERERAZIZREER » NE? BRERBNER BRI EEE
B! BRABRATER O 1, n> MEEZH » BERN - it Bin s -
FEXNEBREREREENER R R 4518 o

A 12X - MEBREREEERBER B R R A,
T A2 X AE A UK 5 SR AL R B A - BRARERE T —EEL I8 - BRME
BEAELEBSHMEL ) BAEXET  BRAMEWNABENELREXNER
B - —IHEREREEHIR - ZREBERE > AWSNERRTSEHESE -

EHRABMRIE BEREFR 21BN m=1, n. BEHREESEER
BE—1Tepb((1m)+n) B - BT RZEREEST ?

BARMERITEERHERENE > EFPNEELEGER expb (m+
n) =expbmxexpbnisEEFMBRH - Atk - FRATRITHWENELEIE
AF exp b (1o m)+n) BB 1 FENIR #Fepb TRAIE FEXFHHEIR
expb (m+n) o =BT SMATERENERSE > SEKXEK cxpbmxexpbn!
ETHREEM R ~ S FEER expb (1, m) xexpbn T ©

ST RERIZE 0. 28 FTRR Y [BRFRAMRIIE] - XKBELE - BT ZER
BAT exp b (1o m)+n) BEFAEF exp b (1. m) x exp bn. BFFFARMER - T
MABREXFIEE  BRAEEER ) RPNBEI2RIE BEELRR
15 E MER R AT S ABRERNER - Al - BT RNERESEGTRET
FEBET  CHEERBERFEIINRIERNE MR ATSH -~ FHTE
FILERAAR R - SLRAIEFBEHRBNER ~ RN RE S EBE &
AEFEYHBME - ARMAEMR T —EEZNME  BFAIIBEEES R
BHERE - FFREBIRM > ERMNBEBMMAELD -

B 21— BRI <k =k SEEPLETNFTERR -

BrE22— 5B () ZBEEBE m+(n+k) = (m+n)+k LEBBARRER
Ryt RE = ?

BRE 23— B L+ 1 =k RBEEBABNES 7 B ERE ?

R RIBRMENBNESR > DLFRERRWE (factorial) - FAIFEXM
B factn=nx(n—1)x(n—2)x...x1. BFRILWEBNT :



24. BFIHREFHT R 61

fact::N — N
fact 0 =1
SJact (14 n) = (14 n) X factn .

MR 25 SR EIRE ERBETINE R -

24 EHBRIHEEBMHER
RS 1.8FTH - TTTREAR aMERT] | ATERMI TREREA @ °
data Lista= ] |a:Lista .

?Eﬂﬂfi%ﬁﬂlﬁﬁi@%

1. [| 2— @R

2. Hxs m—ERRENE BT x BAIE o B v R —EITREA

p=el=0 ==L

3. WAVEBEMITREAR BT -

WA Lista N EHEBUMNERERE - [ HER 0, (o) BIFELL

L ARERMAR Tmn—1 /J\HHE’J%BTIﬁlﬁﬁ:;T LEH > =—EEANE
aEl’]Tl:% c REH MU RIBARR > B [RE] EFME 1, LERT —LEAN
R | BMABRYERTIBHEUNEE  FEEGHFZER RS - BR
HHMEE - ARV ERFELRRA

241 FHEZERMNESE

MBEREBFED  FZ R LR AR N ERE 2R - EEIE’\$§|J/ T RE
(O - ERBY EHREEDSRIEEESHMAERER - BEERE (],
Ff (roxs) IERF > AR f s BEEHRT -

f i Lista=>b
FlF =e
f(x:xs)=..fxs..

RELGITIE | THE—EREFINM] FTEERFZ ABREIRGEAIELELR
BERX - RIBRMOAMATIAEER

D

[ ]3k
axE

sum:: ListInt— Int
sum [ | =0

sum (x:xs) = x+sumxs .

EEAMRRH - ZRIINFEZ 0 - HBRASEH - HAEF o 1970 —HE”*’L
S EE s BIF - BINL x BIF o St HEBITIREM lengh BRALHE

length::Lista — N
length [ | =0
length (x:xs) =14 (length xs) .

“Haskell  [TTEREFIE «fIERF]] B [« AREENRFRERZHBEHFZRE » AEF
B List a.
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EHFRTED > RPEAHHE o IRE > AEBRZRMEM o WRE » K&
M— o BB L » length BIMFEEIR T A7 Hk rLlsta ARESE 1. EATEINE
RE —F : length TBEFIEB—E > #F [| R 0> LAFSME () FHINAY
BRMEE o R 1, -

BRE map f +: List a — List b » WELE map A ERE f R - WAl ESRS| L
BRAER

map::(a — b) — Lista — List b
mapf] =]
map f (x:xs) =f x:map f xs .

ERMRANAEERE || BRLHD » BH oo RS ETEREREHMS /, AT
R B IE o MRS ETRESMS /, BEEREL /BN -
R (+) EMERIEER - MRPPEHTEN 2B EBHBRER - 7

CERE

(+)::Lista — Lista — List a
0 Hys=ys
(x:xs) Hys=x:(xsHys) "

EEIEL v R ys. BASHR > B o BE v, AT ERESEIET
xs ¥EE ys, RIERERLE x BIF -

FRBALLR—T () EBREINE (HER > EREMENEBE —1E—
%! WMREFESESE L PN EENNBRE  (HMERIN EHMET -
AHEW IR List o, N, (+), B (+) ZELRFR > SR ONERRZ lengh
—xsHysNRE BE w8y IREZM ! Z0:

length (xs + ys)= length xs + length ys . (2.1)

B 2.10 FAFRE AL -
=& () BRREFER (), RE concar QIR RBFER (+):

concat :: List (List a) — List a
concat [] =]

concat (XS ZXSS) = X§ H-concat xss .

242 B EZERER
R List o @ BSRMER LSRR » PR UL List o Z EBER NS
B - #EE - B EMNBNETRRK

BY EZBME . (Vas-Pxs) < P[]A (Vxxs-P(x:xs) < Pxs) .
N FHRPIEE - 88— EMEE P List « — Bool, BEER P xs BETH x5 &3
BRI RFEFERAP [ F1 TEFTA « F s, B P s BIP (x:xs) ] o

SfKkFR Haskell EBERETTIBRIER » x: (xs+ys) RERREMR vxs +Hys, —RUBEULE - HEE
TIERm N LR -
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THH) map @A € (map-fusion theorem) ZRBAHY map 1BE AR EEZ — °
s TRE] R EEEME gy BER— HMEEGERIESHMETE
IE o

EIR 2.2 (map BREEIE). HEAT f 8 g, mapf-map g =map (f - g).

ER—AGF RMAZBWPEE 22- RPEAEHAEMNBH, B2
map f-map g =map (f - ¢) NEGBMBEREY  RELBRIIMREHEER
B o ZEMERTERET AR ?

OEE/ A% (B 1.8) 1 B 1k IRERE  h = NEBEREEMSE .,
hx=kx AL HEFERELHELHLLE ¥ () BF > JEAEERE
EHEAT x5,

map f (map g xs) =map (f - g) xs .
HAPUERTLATE s ERERANT !
Proof. & xs:=|[] > FXAMEBERENR (| B xv=x 0 BIER -

map f (map g (x:xs))
= {map ZEZE)}

map f (g x:map g xs)
= {map ZEFE)

f (g x):mapf (map g xs)
= {()ZER}

(f-g) x:mapf (map g xs)
= {BMEx

(f-g) x:map (f+g)xs
= {map ZEFE)}

map (f -g)-(x:xs) .

EfE 24 — FEPRYEE o, x5+ [| = xs. LEEARFEE BRE 2309550

ERE 2.5 — EFREE reverse :: List a — List a, #F 8 AR B 5 K& o 520
reverse [1,2,3.4,5] =[5,4,3,2,1].

ERE 2.6 — BB £, length-map f = length.

HEE 2.7 — BRAYFRSE x, sum-map (xx) = (xx) - sum.

ERE 2.8 — FEEHEATE xs, sum (map (1) xs) = length xs + sum xs.

EHE 2.9 — ERYEE xs 8y, sum (map (const y) xs) =y x length xs.

AT B REE > Bl 28 EEEENMET MRS SR o RSB HEMN
EEHIERFIRR :

EIE 23 (W) BMEREEE. BW, BT xs, s, F zs, (xs -+ ys) H 25 = x5 +H
(ys +H-zs).
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Ll ATk
AEPENALNSXZRAEN : S AERRATREBINSR - 5=
RTHZ2ER > BB LA —EGUWY - UHME » BEWMAFRHIUESHS
RESEAA ARRSEMRHER  LRMOA (IRFRELTTHATNAS)
ERFME LT XNER T EH RS S ESR - BERXT  RRREE
R REERERE XERENENEER  BRENERTRSERTASZ IR
B L WRAME AEHOADRERNSBXRPE TS o B8
AEREEETNAERBIE - —RRK > ERAEENSHRASHETEY
W2 BEEVEBHEN - RESHNSRATRSREREEHEHBH - 7
ZUBMREMSEARSREERN - £F - SR GREERAENRRNBL
S8 RS RIS 2RS « U0 » VLR 216088 b BB B P AE AR A T
length ((x:xs) +ys)
=14 (length (xs+Hys))
= {EMERE]
1. (length xs+ length ys)
= length (x:xs) + length ys .

Proof. Pt XFhAE=EE2 » RMEEESMZER— B EMERAR ? It
FHBE RIS = ESEERE - 8RS E\ERRT - B MREFIER
LB (xs+ys) +Hzs 0 IR () WER » BE o+ ys MRS ; BEHD
xs+Hys 0+ XIGE xs AR ST - Bt BB () NER > EHAERAE
B x5+ (s H-zs) BB x5 BRI AT - FaRA RS RERHNELDZE o Bt
HAE s Z EMERAR ©

ARIL x5 = |:

([]+ys) H-2s
= {(+) ZB’FE)
VS +H-2S

= () 2 E=}
[+ (ys+zs) .

AR x5 :=x 1 xs:

(@ xs) Hyz) H-zs
= {(#) ZER}

(x:(xs+Hys)) Hzs
= {(#) ZER)}

x: ((xs+Hys) Hzs)
= {BHEx]

x: (xs+H (ysHzs))
= {(#) ZER}

(x:xs) H (ysHzs) .
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EEMRTNERREESE - ZXNBNTHE Bt sImSHERET &
Ho (s +Hoys) Hozs, UMEFHBABRZR - BR () mESEEE HERME
x5+ ys Hzs BEAT AR INFESR T o

BRE 2.10 — FBRRMEQR.1) : HETE xs 8 ys, length (xs H ys) = length xs +
length ys.

HEE 2.11 — FBHRYEFEA S, xs, B ys, map f (xs -+ ys) = map f xs -+ map f ys.

25 REH - EX - 2EN
AEHEA—EGTF s TRERARMIIE] - TRERTRMEE
sum - concat = sum-map sum . (2.2)

RIENEIESE - SHEREBRE A xss, sum (concat xss) = sum (map sum xss).
B owss:= ||, FHRMIEEHE A 0. FIE xos:=xs:xss FIER

sum (concat (xs:xss))
= {concat Z7EE}
sum (xs -+ concat xss)
= { & sum (xs+ys) = sum xs+ sum'ys }
sum xs + sum (concat xss)
= {B#RER=R}
sum xs + sum (mdp sum xss)
= {sum ZER}
sum (sum xs : map Sum.xss)
= {map ZEFE)
sum(map suin(xs: xss)) .

BEHERAZHRANREB AR MMEEEMBEZA sum (xs+ys) =
sum xs +sum ys W ? B EE BB E sum (xs + concat xss), AT ZH xs
BIREMNE > EEL o iIfH ? ERETZSGEETENER - 5L HMTEE
BEABMNERR - RILERRTLS M B NRIE sun R concat xss 2 » &1
B sum (concar xss). BRI FIFRA—EEHS : FAFTHFRTZEFN,
2 A H W o AR - RBFEL un FHE - AR MPRESK
RETTEEBEME -

HR > HU AR IEE R X NERE o B concar ZH (H) EEH » §—
BRAR concar NEIR > WREVHEEE—MERAN (+) WEEEEL - BT
& A — B sum B concar NRARINERE > BRI seEHE— BRI sum B
(+) BIMEE -

BTHRERMPNEMERE  HPETLUEARMEZTENT H © sun
B () BzgmaetEEE? MM B REZE sum (xs -+ ys) = sum xs +
sum ys — NRIBFFEAVE sum B (+) WEBEERLWIER  EMERIHAESREK -
mE - SEME TR sun HEEE -
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R NERBY T IR - MR EEAFA A ERE AR RIEE L > £
HEEFZ RN RFEZEHNFEEEN - R LA - BRFRG T HMFZ 5]
B @NRMBEEBERNEE -

EHY sum (xs -+ ys) = sum xs +sum ys %S ERS AR ? NEZZET x5 B ys £
B - BIREHREREZNXF > BRE (1), (+) Hsum EE - MERXFHE
KEZSH s BIFBRAHT o RIRPIRTHZFLE o5 LERD -

U A AR IR R R A — SR MBI EE I AMtES| - FRXHW
E2EMEFR > RAMERRRERES B LHMER - K8 ARE ¢ B
PR f MMEERRATUTERERE—E ¢ NS - WIEFTAERERA
LAt i BEEREGT SR TEEA -

M ANFAPIFT AN o A2 R A U M 2 AR i 454 - Blgn > BFIE [ Rl xxs
MEER » BPERSRF LNEXFRSLEMEER 0 B/ (r:xs) FFATLL
R/ xs E - EREE B2 - HEBERARSAZERNEERRG  BATR
H—EENEE RERE T —BELERAERERNGE BTEAES
MR BPEMEEEMEARCRNEMNER - — YR EREEERN

BRE 2.12 — BB length - concat = sum - map length. FIE B EH ER I
(+) BIFERBE R ?

EHRE 2.13 — FBHAYETE f, map f - concat = concat - map (map f). FESHE
ZHERR (+) NIEREEE ?

2.6 FEEZEMESRLFR

RBEHEENE  AHPRMZE-LBERYRET LNBRER -

2.6.1 filter, takeWhile, 88 dropWhile
filter TIPS RIARIREL filier AIBHINTHHANESE

Sfilter :: (@ — Bool) — List a — List a

filter p [J7 =]
filter p (x:xs) = if p x then x: filter p xs else filter p xs .

T filier NFFZMHED > PR FIZRTREEERHIF
EI 2.4. filter p-map f = map f - filter (p-f).

Proof. MEME 22— FREAMNEAEMERY - RFSEHRF > HAHEE
AR LESH o WE o LR

filter p (map f xs) = map f (filter (p-f) xs) .
1ER =[] PEGBEAILER || RPIEE o =x 0 PHER :

Sfilter p (map f (x:xs))
= {map ZEFE)}
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Silter p (f x:map f xs)
= {filter Z7EE )}
if p (f x) then f x: filter p (map f xs) else filter p (map f xs)
= {BMEx}
if p (f x) thenf x:map f (filter (p-f) xs) else map f (filter (p-f) xs)
= {map ZEHE)}
if p (f x) then map f (x:filter (p-f) xs) else map f (filter (p-f) xs)
= {[Af (if pthen e else e;) = if p then f e; else f ), B UL }
map f (if p (f x) then x: filter (p-f) xs else filter (p-f) xs)
= |filter ZTEH )}
map f (filter (p-f) (x:xs)) .

N

#IEBEEER EAFERANEEBE T RIS map f REISVE 0 BT — @R if B9
ME

f (if pthen e else e;) = if p thenf ¢; else fes . (2.3)

EMEEHE?Ep R EAFECER ¢, & p TR ZEFEE
LA [ er. BRI (2.3) BRZAIAL - 215 ?

BERE  URBMBROH AR EREENEL > Q)EPERET - G0
& [ 7 threex =3 T p BEKERIT ~ FRLEPFERX (F 2 let b =notbinb) :

)
three (if p then ef else e;) = if p then three e, else three e;—" ."—

Lt FREFRERER 3, BEFEAFERIE - BAif SHE ) NE -
BMEET (23) KRB !

FEAFAJREPEILNEAFENET D - (23)F S LM - BERK
ERMRE f R E A B, R f I A B AL fERERLE - B23)3
TRE—TERMEENMEE - 5725 BIEE SN EEUAM e o
ARADTMEMEERELIEEREE > Gl BREERT 081, 24 &
ZTEZTIEN [REIE o7 HmBEERESEER - FEARREEEHS—
&g« FEREREL ZRABMARESRIENERL  Er RRAEEEER
AR EBERIEMHER S

REX v.s. FHEAZ BEASERRELTEESR filier

filtlerp[] =]
filterp (x:xs) | px = x:filter p xs

| otherwise = filter p xs .

FENERTEPEE 24 K TRR\NEBRELXNEEARE] MERR - JIE
HERLEEH » FAIAE xs = x s RS p (F x) BSZEARLSZ O EF AR

Bird [1987] SLER FHEEREIEIE -
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AR xs:=[]: ...
AR xs:=x:xs: ...
AR p (f x):
Silter p (map f (x:xs))
— {p(fx) RLL)
f x:filter p (map f xs)

AR not (p (f x)):
Silter p (map f (x:xs))
= {(notp(fx))}
Sfilter p (map f xs)

EEERPAA I RERFPBATR L (2.3), BZERER M DAERR ﬁﬁ'ﬁfi
REBEBLIE - HMLET M@ Ip (Fx) DL NIER (MHEE - FEIE
T3)IEARALL) - SEFAMET X4 BEARLT -

BT ZTIRIBIY rakeWhile E& dropWhile TR BREIE BIEL filter FB[E) o fL{PIR] BAY
MTHSENES

takeWhile :: (a — Bool) — List@— List a
takeWhile p [ ] =]
takeWhile p (x:xs) = if p x then x :dakeWhile p xs else |] ,

dropWhile ::(@=»Bool) — Lista — List a
[

= (]

dropWhile p (x:xs) = if p x then'dropWhile p xs else x: xs .
WM& E B A R EHERR - mE O AREXFEES -

ERE 2.14 — BB takeWhile p xs -+ dropWhile p xs = xs.
BRE 2.15 — VIRERXEEES rakeWhile B dropWhile, VALY EF M ME S
7 2.14.

dropWhile p

2.6.2 clem EARZEZET
TENEE BATEUTHER » elemxxs FIET x B HIRESRT 1 -

elem x [] = False

elemx (y:xs) = (x==y) Velemxxs .

EH I R E M R ()85 B N % R - LT
clen B RS —E RE)

elemzxs = elemz (xs+ys) .

MOEMENEG: T BRE o o o BHIRE o+ ys o é’XEﬁfHHJ:‘ﬁ
ZIEM—RFERR— RN ? —RBRUEXFRER  HEBEREN BRI LA
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ERRRESE ~ BEENBR - SREFZHN - LR MELNBARESIZR : B
elemz (xs++ys) B4R » SHEZBIIMGEMT » LH/E clem 2 xs ZRFIM o

Proof. ¥t xs LAERAN o BIK xs:= || R ERE » F xs:=x s BIARR

elem z ((x:xs) +ys)

= {(H)ZEHR}
elemz (x: (xsHys))

= {elem ZEE)}
(z=x) V elem z (xs +ys)

< {BMER®
(z=2x) V elem z xs

= {elem ZEFE)
elemz (x:xs) .

O

BEEE 1,24 SEANEBRERE (=) » F3T4E (<) AL
ERERRIENL Y 3 elemz (x:xs) » Bl elemz ((x:xs)+-ys)] e

L HE 2.16 — FEER not (elem z (xs +ys)) = not (elem z xs).
ERE 2.17 — FEHH elem z xs = elem z (ys +xs).
ERE 218 — B (Vx-px=qx)=allpxs=allgxs. EH all NERS :

all:: (a — Bool) — List a — Bool
allp[] = True
allp (x:xs)=pxAallpxs .

EHE 2.19 — B all (€ xs) (filter p xs). HF x € xs 7& elem x xs AP FFEE ©
HIATAEREERE 217 M 218 AR > U THME :

if p then x else x = x . (2.4)

263 HBIEE

A EER AZEHAALFRNEAERBREZEENER . iER
fulista—b, RER B f (x:xs) REEE - EEREER  AEERLEH
Fas B f (xoxs) NEE—F - BATBLE  ERE—FHEMN— ~ ME—ET
REHENEE - MERPIRBLEERENGF -

Bl 119FFBIRE - MNR—EEBT xs AT DR F ys -+ zs, BAIRR ys & x5 F—1E
T (prefix), zs & xs BI—E% £ (uffix). B0 > 8% [1,2,3] METEREHE (], [1],
(1,2], B2 [1,2,3] CEE: [[2—@Eak 8% [1,2,3] £5HE) , RERIESHE
[1.2,3],(2,3], [3], 8 [] - MR EREEFR —MBERE inits - List a — List (List a),
SEAERIINFTBRIERE ? 6 119N ERE -
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inits xs = map (An — take n xs) [0..length xs] .
WMRA AN HARRERE ? RAHASEF

inits:: List a — List (List @)
inits [ =7

inits (x:xs) =?

BEARD inirs [ | WATRERER [[|] (RER) - ERNERATRBZEES ? (M
FABIFHREE o L& inits [2,3] B inits [1,2,3]:

inits [2,3] =[[],[2],[2.3]] .
inits [1,2,3] = [[],[1],[1,2],[1,2,3]] .

BERBMESER nis [2,3], AIREMITERR inits [1,2,3]? FFEEZEEFE—T »
BREFEF!

—EREZ MR [[],[2].]2,3]] S EEIIEEE—ME |, HPARE
T, [1,2],[1,2,3]). BEFD inits [1,2,3] (L8 > SAZE—EZEEHT | JI inits
F—EERTRE

inits :: List a — List (List a)

inits [ =[[]]

inits (x:xs) =[] :map (x:) (inits xs)’ .

ENRIRME . HEEERBEENRT s || WEES ()] 2ERBERMN
BRIE List(Lista) (EEMIBEME List LR —EhIEE %Rk (||| 28
B List (Lista) MSEEME) - OBELIML : BB || NEABTUR
List (List a) | Beffinirs || = (|1} OB R 2227 | f [FARR) A5—8
BISHE [ - RMEEEAM LNBARRESS  GEEERRE 0, Hi
21, BEERNE  RERPOARMPOER  2EHaENEEE -
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R 2.20 — FESR inits" :: Lista — List (List a), 5T E—BERFIFFE E =
B o B0 inits™ [1,2,3] & [[1],]1,2],[1,2,3]] - BR » HP—EEEH R
= initsT = tail - inits. YREEVATEABFRER D initst 15 ?

inits™ [] =7

initst (x:xs) =?

ERE 2.21 — FPBREE—F inits 6 119 FRAH ERBEAEZNFAESR
ZMHEMN o B2 upro::N — List N:

upto 0 =[0]
upto (1. n) =0:map (1) (upton) .

518 upton = [0..n]. &% inits SUMAH —MRMEFRES » FBPHEEE o,

inits xs = map (An — take n xs) (upto (length xs)). IEAJRERHBE map BEE
B (EE22)-

EREEZE AR E rails R AT IBER VN AEOE © WMATHE rails [2,3] = [[2.3].[3].[]] 0
T B8 tails [1,2,3] = [[1,2,3],[2,3],[3];[}]? &2 : Nk [1,2,3] BIFT o
HIFE - BBFI xoxs IBELEIE v BC » AR s BIFEEL -

tails :: List a — List (List a)

tails [ ={[]]

tails (x:xs) = (x:xs)stails xs. .

TEERE 2.44 PEPIEERB—1ERT inits B2 rails ZZ ERIEINEEE © #F inits BEIKN
BIERER rails {ERINEZRIBRIEFEHE - SEEEREBERKRNET -

BHERER ME—MERT > FEEARECEENBEFERFERGEENE
BIE B (78 TIERERD) o Gl [1,2,3] WEEEE [1,01],2],[3],[1.2],02,3], )
B [1.2.3|8 5 - BAVET F inits B 1ails BE—ERFIMEREEE

segments :: List a — List (List a)

segments = concat - map inits - tails .

1B segments FERRAEBIEETEANBAER - L EURNESHR

sE| segments.
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ERE 2.22 — REF segments BRI THISFMNES :

segments :: List a — List (List a)
segments [] =%

segments (x:xs) = ...segments xs...

ERBNS R FLEH segments xs B segments (x:xs) o BEBEEREHEA
B3 (BAIA Lista) BUYEMAREIZ TRESIFE 2 INRBAE] > BHE?

2.6.4 HHA ~ HEF ~ FET - HEHE|H

HEF BB fan x xs T8 x FEA xs UG —ERTREZERR © BI80 > fan 1 [2,3,4] AJ1RE]
[[1,2,3,4],[2,1,3,4],[2,3,1,4],[2,3,4,1]]. BEFHBLEZEEER ? — &7
BEARAT :

fan::a — List a — List (List a)
fanx[] = [[x]]
SJanx (y:xs) = (x:y:xs):map (y:) (fan x xs) .

BT fan, BIREERR perms:: List a— List (List o), 5T E— B 5 Fr A 0 GEAL
HF| o HE0 > perms [1,2,3] = [[1,2,3],12,1,3]5(2,3,1],[1,3,2],[3,1,2],[3,2,1]] :

perms:: List a— List (List a)

perms [ ] =1[]]
perms(x:xs) = concat (map (fan x) (perms xs)) .

EETEERARPBRE concar? INRRE > LI EER?

it perm FNEEER > BMEHE—EEE : REA n WEFH fact n FEH
7| - SEREAAFRAZFZHEEHES | AR ERRMZAERBANE
B BEAREAE TR ERE - £AERZ R MDA EFESN R EER
flg(hx) BRREER g hsx UAFEAE -

REIB 2.5. LA xs, length (perms xs) = fact (length xs).

Proof. TE xs EMEFHN -
BRI o5:=]:

length (perms [])
= length [[]]
=1
= fact (length []) .

ERANTEE s =0 xs:

length (perms (x:xs))
= {perms, (-), ¥ (s) ZEFEK}
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length - concat - map (fan x) - perms $ xs
= { [ length-concat = sum - map length (28 2.12), map #LE }
sum -map (length - fan x) - perms s xs
= { & length-fan x = (1, ) - length (B 2.25) }
sum-map ((11) - length) - perms s xs
= { & map length (perms xs) = map (const (length xs)) (perms xs) (B & 2.26) }

sum-map ((1) - const (length xs)) - perms s xs
= { & sum (map (1) xs) = length xs + sum xs (& 2.8) }
length (perms xs) + sum (map (const (length xs)) (perms xs))
= { & sum (map (const y) xs) =y x length xs (=& 2.9) }
length (perms xs) + length xs x length (perms xs)
= {PHAEEHE: x+yxx=(1+y) xx}
(14 (length xs)) X length (perms xs)
= {BHMEx
(15 (length xs)) x fact (length xs)
= {fact ZEFK)
fact (1 (length xs))
= {length ZEZ}
fact (length (x:xs)) .

HRE 2.23 — B mapf -fan x = fan (f x) -map f.

HRE 2.24 — B perm-map f = map (map f) - perm.

ERE 2.25 — B length (fan x xs) = 14 (length xs).

BRE2.26— B perms xs BEINESERII A o — KK LHE

map length (perms xs) = map (const (length xs)) (perms xs). EH const BERR
%630 B — const y —{BKEERE y BIRE -

F 5 BREL sublists:: Lista — List (List o) 5FE—ERIINFABE T £ 7] - &
ERRUTFEREIMS > RRBIEFRERESE : s v BFHF > MR
xs HZERBETRBRETEE ys: GIA sublists [1,2,3] FIEERATRER
11031021, (2,31 (0L [1,3],[1,2],[1,2,3]] o 'REEZESE sublists e ? FER MR A
ZBRIDE—ETES [ BRLESD oo WTFRINATDEME: T8 />
ABRE x B o AR x BFRIIMZ o WATBEFHRT AT yss) - MR i
FEHRIIFRZ vss PFOEESRTIEL « RERMTERS :

sublists :: List a — List (List a)

sublists [] =[]]

sublists (x:xs) = yss-H map (x:) yss ,
where yss = sublists xs .
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7588 2.27 — EF splits:: List a — List (List a x List a) » {# splits xs EEIEFH
AR ys+zs B (s, zs). B

splits [1,2,3] = [([],[1,2,3]),([1],[2,3]), ([1,2],[3]),([1,2,3,[]])] -

B—FERRIERR splits xs = zip (inits xs) (tails xs).

ERE 2.28 — FEHR length - sublists = exp 2 - length. MR RE B n B
FIRFERIIBER 2. REHFENME TR ETE (2.1) (length (xs+ys) =
length xs + length ys), VAKX length - map f = length.

B BERF xs::List a. TR yss: List (List a) e
1. concat yss = xs,
2. yss FIBESRFEHREEMN > HPUERR vss & xs B—EF 2 (partition)
Ban > [[1],[2,3].[4]] & [1,2,3,4] FI—1E&% -

KPR EREERE—MERE parts:: Lista —» List (List (List a)), st E— BB 5 T
HWES?ATRENARERS  Hh—ERBWT - 5t ZH5 [| RE—
ErTRERIEIS » BIZE []. R xoxs, R s SREBWE DT E > HRN « HMEW
B2 . FERBEBEBIIERT > HEH o MAREZEBNET - ERENER
WM

parts :: List a — List (List (List a))
parts[] =]
parts (xzxs) = concat (map (extend x) (parts xs))
where extend x || = [[[*]]]
extend x/(ys.:yss) = [[x]iys:yss, (x:ys):yss] .

I parts xs 3 xs BT B 815 - B BN R 8L extend x :: List (List a) —
List (List (List ) BIEFIZER A—ERI | - BAVES HATERS -

1. MNRZBIDEE—MEET] ys FFITH yss, FPIRNEEEZE » BR—EHET]
HEMA ys o FPREMERBEEREI—ERIIH » Btk exiend F%
BE=E List °

2. MRZBISEZEWN > WA x NEISBER [[x]] » BIHERA—ERTIH
x [RBE—(EEE] -

BE map (extend x) REERBERA—@ concar BEE—E -

2.7 B [RERBIRIME]

BETEESHEMER  RPOBEREENRE LA RGIERZR [BRERR
RIVE] - AEEYDIX EERFATHE B o

AT RIRES ins i — BT RG] — BB TN ZEPRF - EFEE 2.6.48HH fan
HOBEHERE — insxxs NEH x FE xs FIGRE o I :ins 1[2,3.4] =
[1,2,3,4],[2,1,3,4],[2,3,1,4]]

CREAER fan TIBHNERT ins NREERRBMILERSMEE 25) BRELTMSERMN -
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2 RS

BE ?ﬂzﬁ’ﬁ’ﬁ ERRRENEE T BEfa— b HREH /' WEFE
b—Listaef 'y iR EFEEfx=y K x 4&%&%5‘]43 E'J parts (]I E—EEE
ITARE R X F A ESR

parts = filter (all (not - null)) - concar™" .

& parts xs B » B concar ! R HEFTAEME concat yss = xs B List (List a),
It B RRHE R 2RI
bl E SR AT SR B AN B R BR AN E 3R © AERARFIE AJ2E Mu and Bird [2003].

ins::a — List a — List (List a)
ins x || =]

insx (y:ys) = (x:y:ys):map (y:) (ins x ys) .
FRe ST x, ys, B 25,
map (-Hzs) (ins x ys) H map (ys-H) (ins x zs) = ins x (ys+Hzs) . (2.5)

BE:Eys o ZHBEACHERE 1.1 EA s 2 LIRS ELE
RHEEEL o UK 2 B A s 2 BIEGEEGRNLEEL i

EE—EOAETRAXTF RPAZOMUEF? HMATBEOHEEN
HEAMEFTERNER  BEMESH LMERE? BRLS5) FRA
FEFNENEZEFZE (1) 518 (+) B REBEER > AHEXREHH
= () ZEMBE - WELR map (Hzs) (ins x ys) o BR » RIE map FIERK
map (+-zs) (insxys) NERBEFER » S5 insxys FHK - H1& - RiF
ins MER » &8 insx ys BEIFH ys. AR M".,Z"L?i%ﬁ’]ﬁﬁ%ﬁé?ﬁ
2 ys B - EMEFENBRE—%F : RE i 8 (1) HER » EFtE
ins x (ys4+ zs) » SB—EMIFHAIRE vs. BILL - ﬁAEﬁ‘EH(Z.S) EENBAZE s
s !

AR s = | NIER > BEEHEWNER 5=y ys o BREBENAFZ
map (+z8) (ins x (y:ys)) Hmap ((y:ys)+) (ins x zs). FPFRENRI SRS FNFE BR 22
B 2BE—1% L BN map (Hzs) (ins x ys) H map (ys+) (ins x zs), A EE
F B R - BILEREEIN T (:J/%E%ﬂﬂ_tzﬁﬁﬁuﬂﬁﬁﬂﬁ)

map (H-zs) (ins x (y:ys)) Hmap ((y:ys)+H) (ins x zs)
= {1 ins B map ZERK }
(x:y:ys+zs):map (+zs) (map (y:) (insx ys)) H map ((y:ys)+) (ins x zs)
= {2 . map @&}
(x:y:ys+zs)imap ((+zs)- (y:)) (ins x ys) Hmap ((y:ys)+H) (ins x zs)
= (3 B (42) () = () (+2s) (R 230))
(x:y:ys+zs)imap ((y:) - (Hzs)) (ins x ys) Hmap ((y:ys)H) (ins x zs)
= {4 map BAE)}
(x:y:ys+zs):map (y:) (map (+zs) (insx ys)) +H map ((y:ys)+) (ins x zs)
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= {5 B ((v:ys)4H) = (») - (ys+) (B 2.29) }
(x:y:ys+H-zs):map (y:) (map (Hzs) (insxys)) +Hmap ((y:) - (ys+H)) (ins x zs)
= {6. map AE}
(x:y:ys+zs):map (y:) (map (Hzs) (insxys)) + map (y:) (map (ys+) (ins x zs))
= {7. B mapf (xs+ys) = map f xs -+ map f ys }
(x:y:ys+Hzs):map (y:) (map (Hzs) (ins x ys) +H map (ys+) (ins x zs))
= {8 BRHER)
(x:y:ys+zs):map (y:) (ins x (ys+zs))
= {9.ins 8l (H) ZEFE}
ins x ((y:ys) +Hzs) .

HATRZ  AFR BREHEEE BEZHOREBEREE -F137

SHERTAEESE 8 SEAFMNMMANEM o BRiFL map (+zs) (ins x ys) +
map (ys+) (insx zs), 36 2 B8 4 HI map (Hzs) FEHE » BE—ME map ()
TN 5,6 TABRHE S — 18 map (vi) o NFEERK map (v:) ... Hmap (y:)...
R - B/ map (v:) ATFESE 7 TIRHER - WL - KR AIFERHBRERER
T e %4@%&% H, %Eﬂﬁf"ﬁﬁﬁ@ﬁ%{ ERFHOGFREER ZBE, HUL
RO EETMALZRTE. BRPABINMEMEE (Hos) () = () (+Hzs) H
((yrys)+H) = () - (ysH) jijlfai'ﬂﬂ&k memizTBEE  BREHEXK (W
FE D RFRIAPHE (+2s) B (ys+) G- B () FLHD) mRsT It S9\E
MR -

M2EBLHN—EERE: DEREBRIT  FENEHBEEERAR
HoHEL BENRARHENAEN P& LZH 20 o FERBZR (25) 0 &
REH v ME > FRHBRERERNNESLKES o MR s T 25 F
A E > R ERBIREIER © ys,z0:=],[].[], ys,zs:=[],z: 28, ys,z5:=[],z: 25
ys,zs:=y:ys,z:z8 o —EFFRBBARMEEES » BFRF] - LLEESSE 2" BIER —

REERSERMBAZEEM -

BREENEBEIAEFEREEAS  MEBENEXEEHKIE T HHNG
1o MR o MECE » B2 AZRBAMIEIE ins x (z:25) BH - BAATREN
I ETT -

map (+(z:zs)) (insx (y:ys)) Hmap ((y:ys)+) (insx (z:z5))
= {#F(+H) NEFEREA}
(xsy:ys+(z:zs)) :map (H(z:zs)) (map (y:) (ins x ys)) +
map ((y:ys)+) (insx (z:z5))
= {EMinsx(z:29)}
(x:y:ysH-(z:zs)) :map (+H(z:zs)) (map (y:) (insxys)) H
map ((y:ys)+) ((x:z:z5) :map (z:) (ins x zs))
= {map MESR )}
(x:y:ysH-(z:zs)) :map (+-(z:zs)) (map (y:) (insxys)) H
((y:ys+(x:z:28)) :map ((y:ys)+) (map (z:) (ins x zs))) .

ZROERMNTFAREBIEL map (+(2:25)) (insx (y:ys)) +map ((y:ys)+) (insx (z:
zs)) WMEMER AR ?*ﬂF'hﬁEHjﬁDﬂTE (ERAFBREB) insx (z:25) Y
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B2 - XFHEHBEEWRIE - RIEERNBEFEAKNRST °

BRE 229 — B HAE y ® ys, () (ys+) = ((v:ys)+).
B 230 — BE WAy B s, () (1) = () (+as). L EEHE
TEEM ~ HRBRR AATHI AL -

2.8 HFRMEREE

NMEBREERET] > BAXNRBEREIZHA AERERAERNELEHE
£ o DI 1108 E I ME T A G

data ITreea = Null | Node a (ITree a) (I Tree a) ,
data ETreea = Tipa | Bin (ETree a) (ETreea) .

BB ETree AIEME—ERMNERLGEE RMUTEECZ EUBRREERRE -
Blan - TRAYRE minE 5tHE—18 ETree Hi/NHIITTER » mapE f BIAFREL f 1
RESHNESETRL -

mink ::ETree Int — Int
minE (Tipx) =x
minE (Bin t u) = minE t fminE u ,

mapE:: (a — b) — ETreea — ETree b
mapE f (Tipx) = Tip{fx)
mapE f (Bin t u) = Bin (mapE f t) (mapE f u). .

Bt BN THERRRE
ETree LZEFME - (Vi:ETreea-Pr) <
(VP (Tipx))A (W u-P (Bintu) <Pt APu) .
TERGIT » HAREATEIME !
minE (mapE (x+) t) =X+ minEt .

EFEFEPNSEITRE ML », RENS/NH - BFEBRIEFREMABE
ERRE - SeEUE/ING o Bk x BpES

Proof. EJEARIR t:=Tipy RBESHHAL » BRI 1:=Bin 1 u, FEZHIET
BHEERMETSEZRE (L) F i x+(vlz)=(x+y) L (x+2):

minE (mapE (x+) (Bint u))
= {mapE ¥ minE Z 7}

minE (mapE (x+) t) L minE (mapE (x+) u)
= {B#RER=R}

CBHEERIN 2019 FRARMNBEXBSRENIIRERE - ETENAF s x (2:29) REANEE
o RB— hﬁilﬂiﬂzﬂ% Bl T E5k -
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(x+minEt) | (x+ minE u)

= {Hifr: IESER=E () H}
x~+ (minE t L minE u)

= {minE ZEE)
x+minE (Bintu) .

HERE 231 — BEH ITree HEFHER ?
BRE232 - AEBEE rags |1 Treea — Lista, BAZE ABEIBRELZ I Tree
RIETB1ZE - flan - &

t = Node 3 (Node 2 (Node 1 Null Null) Null)
(Node 5 (Node 4 Null Null)
(Node 6 Null Null)) ,

Bl tags t =[1,2,3,4,5,6].

BEE 233 — SEREE size:: |1 Treea — Int, BEIBER ITree 2 IZHEH
— 53 size Null = 0, size (Node 3 Null (Node 4 Null Null)) =2

BrE 234 — BERIWE - B length (tags 1) = size .

29 HESHWEBRME

BNERAMRL? AR B RSHRNEEERENE BRI ZER
& BHMMRARNE TBRAER 1 EERRCEAGREGBNIR/NE
B o MERZRITAREAERREAZHERERTENEINTE - &5
INIINEE RIS

FEmEE ATAEMNTEN  RMESREDELERZESR  HBBFE
MR RBAIEE RS U THSERREE - MREEFRBELER A
REMERXBSEETERER  BRCLRFHFE -

EE26HIF RF). 2 EL AL AS N —H_THGF. R ()&
JE

- BRE: HFAH xS r<x

 EBE: HITA xyzeS,x<yAy<z=x<z

H (<) #AA S LB —{EBIF (preorder). 0 R (<) B £ 3k W E 43 6 2

. RETE: B A xyeS,x<yAy<x=x=y.

Al (<) #AEA S L8 —ERFF (partial order). R S L H R F (<), RF
L —#®, B (S,(<) A HIRFES (partially ordered set, #, poset).

EE27®&NLEFR-BRATH). HERTFTES (5,(), TERETETCS:
s MR e SR (VWeT y<x), {8l x £ T #—1{H LS (upper bound).
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 WRT WA LR HE RN W, ZEBE T HHR/INLESR (supremum,
%, least upper bound), 504 sup T. REEZ, sup T i & (Ve T:y<x)=
sup T < x.

s MR e SWME (VWeT: y=x), 8l x £ T #— {8 TF (lower bound).

s MR T WA TRAEE &AW, ZEMBET HRARATH (infimum,
greatest lower bound), 5.4 inf T. KW E &, inf TR (VWyeT: y=>x) =
inf T > x.

R 28 (1~ AR, HEBFES (5.(<):
o WRBAA x,ye S, sup {x,y} Finf {x,y} HHEEILHESZF, B (S5, ()
& — 184 (lattice)o
c MRBEMTCS, sup T Foinf T HHFAEELAE S 2%, Al (5,(L)) £—
i 52 24 (complete lattice)o

EARSHZHARMRAGE R —ERK - S D RKRABEHRX (W0, 1, 0, True,
1:2:], (Ax —x)...) BERE > BRMERNEZ 7D > Bl D W EFEEHNE
& HEMNRFHRETFERRZ (O).

R BOER—LREE B AERENER -

EFE 2.9 (EH). #ER2%H (A(L) FER A A,
1 R fa<x, KR x 2 f B —(ARTEEL (prefixed point).
2. R fx=ux, RV x 2 f 9 —(HEES (fixed point).
3R fx>x, B £ 8 —EREE (postfixed point).

T 2.10 (R/NATER xR AEER). HE T (A (L) MEBEH A A,
R WA EBZ R A ERNME, RPKEEA uf RBWER, uf i
Rfx<x=uf<x
R G EEZPRERAE, R CLA v RBEER, v/ #
R x <fx=x<vf.

EE 211, BETAK (A(L) MEH A=A,
o f B/ NED R L MgE /b B R
o f AR/NETE B v R Rk E

BaER DEBRABHER:
dataN=0|1, N .

£ 2LIHEEITERNBER

1. 0 BIELFIZE N

2. MR n EFIZEN, 1. n NBERHE N;

3. kAt R BEEMBEIAIE N R -
MRBME—ERHNBIE—ERE  LREUEELTEEGNESR? " A
N RRHPELNE@EHER - Ll 1. BEFRBMOZ2 NHPHE > B2

VEER  MERAIRARS | EEGENERZPHIL - FERFESIAREEMNER > B
BRI R ARES -
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{0} CN. B2 BBIRR X NEEESEFREE—EITE, ML 1, 5E
MERMEENZF - BHMER (1. n|ne N} CN SEEREBEFKM
XCZAYCZRMXUY CZBZE » Bl - 1

{0}Uu{1,n|neN} C N . (2.6)
BRER  URMMERE—EE S 2 & S HIRE NatF:
NatF X ={0}U{1, n|neX} ,
HBEE (2.6) AIAKE R
NatFN C N,

R 0 N2 NatF f9—ErTEZE !

ER3MEPESHFEMN EFBRGREME L M2 NTE REZH - X
Bl NREE L2086 R/I N BEES—EBEE ZHmE 1L T2, K
PUREE NC Z. HHER N 2 NatF IRNBIES © N = 1 NatF!

BEMEE P, BMIEHRAE ME P NEFRINES] Hick P. ? B25EH
FHERNEERREEREBMEP -8 T[MEERYHRE PI HEHRE
N CP.

WARERR N C P? Z0BIATIE - N2 NatF R/NETEE: - R P IRITHE
NatF FU—ERIES » NC P —EBMIZ - BRIERIT :

NCP
< [N Z NatF /Nl ERL - 3 2.10)
NatFP C P

= {[NatF HNESH

{0}u{1lyn|neP} CP

= ((U) AZME XuYCZ = XCZAYCZ)}
{0} CP A {1 n|jneP}CP .

HHER > WREBE (0 CPHM {1, n|necP}CP» BB NCP - Hrp >

1. {0} CPEIOERER TPH ORI

2. {1, n|neP} CPRIZ TEP¥H n B » P¥ 1, n JRARAL] »
EREREMEN M ERR !

JRER » BB EAEZ TR, RE A B ARBE R A K By & A E
BoBEL BERMRELUSZ BREE] N ERESEREERENE
/INHIERE -

EBFIRG - REMARER - AEBTRERNMWERT - MTHER

data ListNat = [] | N:ListNat ,

TR ListNat = p ListNatF » T ListNatF A :

IXCZAYCZ=XUYCZHEBE I(U) RZHE] -
EHE A, RELP A — Bool F1 HE P I A RMNES ] EAHEYN - ROTIECMEER

pa



2.10. BN R &R E RN 81

ListNatF X = {[] }U{n:xs|xs € X,n e N} .
ERMTERN ~ BERHHIET -
datalista = [] | a:Lista ,

BIRTER R List o — 1 (ListF a) — List a 2 ListF o FOER/NETES, » HA ListF &
== .
EUT :

ListF AX={[]}U{x:xs|xse X,;x € A} .

MERBR A ERMEBPEME P HIE List A HRZ > EE LEEESE
B List AC P (Bt - LR P REFAEFEUE P BAHNBEZES) o HHE
AT

ListACP
< {Lista= u(ListF a)}
ListFAPCP

= {ListF Z &%}
{[1TU{x:xs|xseP,xe A} CP
{[1}CP A {x:xs|xseP,xc A} CP .

Hep {[|} CPEIRAORBEIZ P[] Azl ; {xxs|asePxeACPRIZ A
Poxs BL » $HE{A] x: A, P (x:xs) BRAZ] ©

Bz AR B AR BTN ERER > RAEMBSHMAERLNE
Al — EER R E R A R B R/ N ER o EHIEWM  BABRARMTBEAT o
BE - BIAZHRMNERLE RN ?

BEWRIRE AEVIERRIIR/NATERRERETE  BEEK
AFmTHE -FEL BMACLATUE—EERENERRERENEARE
TBh o SRR PR E R B B2 8ER 44 (coinductive) BF » INILET HAVE B
BER®RER (codata) o FBMERLNERFEBZ AR > MERBEANERME
MTREBERRERNENEE SHRENEENEDR S5 ERIERER
(coinduction) M 737% » MERER ML LT R AN FHEBRE LA E - 88
Br AN RIS AN AN ARRR IR SR B 4F 2 R B o FAPFFE [todo: where] 1T 4BERER
4 o

8 2.35 — EIEESE 1.105 T B ME ARG -

data ITreea = Null | Node a (ITree a) (ITree a)
data ETree a = Tipa | Bin (ETree a) (ETree a) .

RRECMo AR ER BN R/GIER - LHHEMHNBERRA -

2.10 FRANERAIGEE(L

BRIRLE - MAFRE REF) NRBERZESELR
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VA = ...
fAin)=.fn..

BMMEESRERLNRERBEZRY - HERABIRLE NEREER
DIEAA... - UEMMEEEST - MAEESRRRTY) - A EEEENREE
FEIN - MR REN LR BEMNELRES -

HERRAOL BERSNESE TESM 5 AR b REY) - 2R
SRR T AT PRI SR

hl =e ob =e
fillyn)=. fin.., fh(Ayn)=._fynad .

WA/ BEA : BT T —ESEREA dataNT =11, N5, L1 AEE
MR A RN ZERNEZRE -/, WIEREEL - BER N RNREUR A -
B ESEEMEERRz BIEER - SHEENRRES [ NEATERR 18
B -BHELRTHE  RAEMAR—EEIIEBENEN, iUEEH LA
Int BfEN —#% -

BIREEOEN AEREERRIERE [(TREMES) £ HESR
BhREE - BRNELRE HAUEREEE—@E FEEHT] SR E 5
data List" a=[a] |a:List" o » AZRRTHE  HMAEERIEEE -

B 212, B xty BE x 2y PR AHME. B maximum ™ EE —FEZ 7|
FHRATTE:

maximim™ :: List T Int — Int

maXimum™ [x] = x

4

maximum* (x : x§) = x { faximum " xs .

Haskell 4% 3 & 2, J& 9 75 & — 1 & # maximum :: List Int — Int, 1237 & 8 F R &
Int #H —HHME N o WEFE, UEEHE maximum [] 8 R

maximum [ | =

maximum) (X : xs) = x T maximum xs .

1 2.13. EJE 26488 %W [ |5 (partition)): 4R concat yss = xs, H yss #
WEEBET L E =N, B yss & xs 9 — 3 oo WREMRE xss AR &
7|, stE P #2808 B parts™ ::List™ a — List (List™ (List™ a)) ¥ L B3 £
H:

parts™ [x]  =[[[x]]

partst (x:xs) = concat (map (extend x) (parts™ xs)) |

where extend x (ys:yss) = [[x]:ys:yss, (x:ys) :yss] .

HREHE S — T RERET, extend TFEHEMNA [| R

PHE-LHRRAERANEZE P  ETETEERNRERR  REEHRAS N H List”™ 6
H N List REAZBIRRETRK -
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ZESEHERMNESR RE take/drop WITNEEER takeWhile/dropWhile 1R FEL -
EBEEERFRANFLERE :

take ::N — List a — List a

take 0 Xs =]

ake (L) [| =[]

take (14 n) (x:xs) = x:takenxs |
drop::N — Lista — List a

drop 0 Xs =xs
drop(Lym)[] =]

drop (14 n) (x:xs) =dropnxs .

FAGATHE take/drop TEREB RB BN ERBN SR RE : wake (1, n) B{ERE
—1@ List a — List a FIRREL o EF take (1, n) B » HPVBRK cken BEEE - H
—HRHRESR MBS HEMEFIER : 855 (], HEBFNR x:xs.

R [MERANEEFEREANGE] NERA MREMER ake/drop 1Y
FH O —REAREMERBIKEEEMNGEE  AFEERE T =1, 1B
MABELTERIINE - tERHIF » MMRBRESE LERIMNESEME

T 2.14. HETH n # xs, take n xs H drop n xs = xs.

Proof. T n LAERM o £ n:= | WIBERT  FRMEHCER [|. =11
RIERH - B L WFEEHR
AR =1, n,xs:=|]. BERFRMBELER [|.

AR n:=1, n, xs:=x:xs

take (11 n) (x:xs)+Hdrop(1y n) (x:xs)
= {take ¥1 drop Z 7F% }

X .take n xs -+ drop n xs
= {EwNEx

X1XS .

O

R AEFWHNEFAENGEBTERENER TARHEBAZZRY
AU 5R o AIRIMPIPEFRPERRERIELE > EXBERRERILT -

BE236— m R —EEARF AL LEE XM Haskell F - rake n xs +
drop n xs = xs NI RIBIF o

B 237 — EEMET x5 head xs: tail xs = xs EBRILE ? FR—EK
IR

HRE 2.38 — EHAEBERE m, n, take m (take (m +n) xs) = take m xs.

L8 2.39 — R B RS m, n, drop m (take (m+ n) xs) = take n (drop m xs).
EHE 2.40 — FBEHEBERE m, n, drop (m+ n) xs) = drop n (drop m xs).
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R zip BB —EBIF o AR zip xs ys /B xs Z EHIBRAER ©

zip::List a — List b — List (a x b)
apll oy =[]

zip (x:xs) [] =[]

zip (x:xs) (y:yz) = (x,y):zip xs ys .

EHRE 2.41 — REFE zipWith:: (a — b — ¢) — Lista — List b — List ¢, I FE A
zipWith f xs ys = map (uncurry f) (zip xs ys).

211 EZERH

MEIEEES - EIKEL (Fibonacci number) @& E RHNBREFFZ— - M
B2 EZEERHSE 0, F—HEEREE |, 2RSS EEREEZRIMERN
e BREEERWT

fib::N — N
fib0 =0
fib 1 =1

Sfib (2+n) =fib (1+n)+fibn .

BEMBMZAIHKIINBNERHERE - KBS HERE / (1. n) BAMERE /
Enz FBBESR - B fib WEER - fib (2+n) BEIT fib WBTHEE - S
HIE 2T AR 2

R fib ERAURR 24 (XBIEREH) BT - EEE : LN
BNEBERRET > P ZMATIRZ—2 T8RBE 1, B P> P (1, n)
IRREAZ ] o SER B RITEE ERTIRIESR T

4 ERFE PN — Bool. &
e WEHE/NAnE I, Pi¥ &k, Al PnJrpkar,
B %A ¥ 15 %0 P ¥ AT B A K S

MERERLM T AT ER
SEBRHM: (Vn-Pn) < (Vn-Pn< (Vi<n-Pi)) .

AR AR Prne= (Vi<n-PHBEPOWKIM » RAE n:=0, HIVZBBERH
imEi<n &R (Vi<n-Pi) A{LER True.

HEREEWEZP > B PR RFIARER P H AN NEHDK
N7 HBRAMARR  BTZEHEMNE  RARMAREREBRY NS
BN ol @ BRIVABBEER AN A Z EHE -
L fib (2+n) BJLARRE fib (1 +n) B fibn, RBn<1+n<2+n.
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Bl 2.15. WA R2H4, BUBEANETIN—EE LO0TE AEAFAE
KU B RAAR I R BN F), Flin50=27+2*+2. BT F R BMH
B, REUET RN T RBRIT: 4 Pn A T % K— B A Fl 8 = 8
Bt HIE n, RPOBEEA P« Vi<n-Pi). Enk0,E—&HFH
BT En ARNE,
c R TREARKBEEnEFBEn W2 FE, BzAm (LHEm=2F
MEm<n<2xm) .
e AN AR 0, m MAE 0. BE W n—m<n
- REEMBFE Vi<n-Pi), WEn—m<nP(n—m) KiL —n—m 3 UE
Ji% AR R B = B SR o
c MEW  TE AT ZWRENF — 0 —m Lt om B,
LB OB, B AR AT TR SRR
HERBHE R — B W RENER, PHAHEENE! TREHK binary HERK
Wy EE s, B, binary 50 = [32,16,2]:

binary::N — List N
binary 0 =]
binary n = m:binary (n—m) ,
where m = last (takeWhile (< n) twos)
twos = iterate (2x) 1 .

B3 binary £—BRAWMTH, LR B BEBEEE: &5 wos
1248 | SEHHWRE, m RAPRELTAAE 0 19, BEiEFe
binary (n—m) ZFH A H, BRHn—m<n TRBZ2EH, BMATBEXHHIH
i<n,binary i B E Re

BTRERWNE  HMEEREBRMLNRER T AT EEENREES

fu:N—=a
fbo= { —LERIER }
frn=.fm.fk.. {8ARm<nBk<n}

fnNAFETUEREARNRL—FEE@EEN » IELEE/NS 0. (BERPINBEE T
ERERPHEE T REUES AR, %A RRBER - G0 > FRMEE
fib EEHR fib | = .. BEARRER  st& fib2 =fib | +fib 0 BEZHE -

58 2.42 — BB sum (binary n) = n.

B 243 — BBEE > 1, fib (24+n)>a", B a=(1+/5)/2. EEEH
=1 Mn=2ZFEERRT -

TEFEM vs HERH TE2HNEERFATEIE - %4 (strong induction) °
RAR) BN ERIAB S WA R 0 B R A 5 M - SR/SSRAMMTBITE AT BEfEA
AT EEMLEERNER — B EEl —EEEREAFPRNEE -
FEL ZR2HEMNEGERAESEEN R —EREFENER A5 —E
TEtmeEREE - Fit - EAM—EEEIZHERNEE -
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REEEXZSL GE—EXEERERIE /=N - A, FMEEME
— B EFNERAIRE f5:: N — List A, & fsn=map f [n,n—1,..0]. Bl
W > R fibs n (B [fibn,fib (n—1)...fib0)].

fibs::N — List N

fibs O =[0]

fibs 1 =[1,0]

Jibs (14 n) = (x; +xp) :x1 :x0: xS
where (x) :xp:xs) =fibsn .

H fib B fibs NEIR T S HEBRBEEZPMN T A B (dynamic program-
ming) » FAMIEE B 12X TS ERERE -

B EHTRER HRIEARYEREUNEREE - B MRS HRREA
B 0 Rk [, #F 1. Rk (v). BR TN HEE TERE:

VS < XS =ys € tails xs N ys #xs .

BHER s 2o B—EEE EFRE v B AT ULES  £7LHRE
ERANEAE

BITREMN 0 (Vas P xs) < (Vs P xs < (Vys<xs-Pys)) .

ERERIEL - BER/ (v) By » BB AT EATE o MEMERRL -
BHFZ R ENREME » BEMNEXERIHEE - HMEAT R
FNRERMR -

2.12 RERH

R ZL B 4 (well-founded induction) AIfR BT R BFMHIEE - MRRT2EH
HNEBEERE  FHRNRERH LN /N (<)) A% RESMHANFEE
BEEMER]  fFRE—@RHE)TF -

EF2.16. R FEAH AZ LW ZTUHR (<) WREEE a0 ARK, #
ZW?E@’%PF(%@J%E%TEW%% ap, aj....

e<laxy<ap <ag ,
Al (<) T8 A — 0 RERF (well-founded ordering)o

oo BEER Th/NRal - PRERFINEENEBIER  AEX—E
ap: A WK —EWE a1 <a) B a) © 578 o) AIREE N @ BUNREFE >
BPBE—ERRE v <a Mo R (<) SEREFNEZERAEBRERA
KR T X BE—REMASEE—E 5/ MEELK 0, A

BN - BRE LM VR (<)) BEREERERF - BEH LR (< BE
ARE - HRBENEE B8 LN (< BFREIAZ  REFLIESEZEZF
(total order) o 530 » AT EFRFH FRILLERBEEFRNT -
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(x1,51) < (x2,32) = x1 <xX2Ay1<y2 ,

Hehxp, y, 0, HEBRE - EE—K > T m (1,4) < (2,3) 3% (2,3) < (1,4)
#ARRIL 0 B (<) MRERERF — EMMmEB REF RN FEH R mIATER
IER - REEREEE (0.0).

MR (<) 2EREF > BRETEE EBHR - IEBRERNE R
ERHFEEMIHNEL (BRRELEFISKEESBNRAEREER)

fiASB
fb=.. { —EEEEIER )
fx=.fy..fz.. (MR y<axHz<x}

B /2 Bt B x ARERBRZ—  RATEEWM fy Mz By M
(<) BEFLELE x /N 7—36 - WWREEBHEEAN Y > S XEANSE
NXENT—Bh - MHER (<) ERERF  f MBEARTEKE [N TE—-/3F
BIEEREERBEANA - Bt f BAREBZIE - BERNRRDBESZSHL

BEAREP:A > Bool MAAZEWERF (<), &
c BPTAWME y<ax Wy, Py ¥ Rar, Al Px FHKaL,
AT R P P AW KIL.
FEABHBA TN :

RERH . (WwPx) & (Vx-Px&e(Vy<ax-Py)) ,
He (<) B—EREF -

RIFFERERERER HMASEASHIEH  HEEALERILEERER
H e Rt AELHERARTEFAERENELIIZTELEERIEN - B85
MIERNEBNRFRS - ERBAMSRTHZOT  MELEXEUEAE
IR ERARIR T - HRZ T - REBAWRETS - Ao MEHM ~ F&1E
MEXMBAREARERAES -

& LHlBREBZRBRR - EREERT  KEPREELERNE
Harit  ZFRERNTEERZREEEGN YEE A2 HEMEREE
B g/ 7 MEEEEXAAR-EE/NTE - BAZREERSUE
BEEMRR - RAER > ZRBERXEETUHNSEFERERERF ; & & M
REA-—ERRERL, AERHE R EREZ BN —EAREFMNER - &
EOXRETENRORERENMEEELN - RERN T ARERZAREE
ZHIT R REBENSE/  MZEBERATHE B2/ - LEERE
LEEEESHERNTRNERFERXERER -

UTHMEEREELQERNG T - FEZMER  GERBESEER
LIS 2 B ? IREMRREHH - FRANREFIHE?

Bl 2.17 (PRERHEFF). VAT & K K A%t REHEFF (quicksort) [Hoare, 1962]:

gsort:: List Int — List Int
gsort [] =]
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gsort (x:xs) = gsort ys H [x] +H gsort zs |
where (ys,zs) = (filter (< x) xs, filter (<x) xs) .

FEIROEBHFHN. ERNAEZTET xoxs, KU s 2B DBER x
B, URK®xs 8, R REHT, BREREE L.

B gsort FEF# L, ERAGREE T, FHZBNETHMERDIE
HS—EmE (EHAx #HBET), WHEFHRESRT AR 0. FEMEH R
WIREHE, TREXENNBERE. wRT%:

ys <xs = length ys <length xs ,

T gsort (x:xs) FAH, ys<dxs Fzs<xs HPME, M (<) 2—HREF. B
Wogsort R—EELAE (<) Z LB REFRHE R

Bl 218 (BHHHER). £E AL, AHHEFARREERANE TR KM
EFIGF R BEBULERETAE K. BTELEGHHETF. WEANE
FUNEBRAR MW 2 —HREAHET, H20HARE
KBAn/2 hWE, 2RHFZGat. Bk, BEARMEA & HK
merge:: List Int — List Int — List Intpdn & xs 82 ys & HF I, merge xs ys 6
Tagta—EHFEHET. A0HFTE K:

msort :: List Int — List Int
msort [| =]
msort [x] =[x]
msort xs* = merge (msort ys) (msort zs) |
where (ys,zs) = (take (n ‘div:2) xs,drop (n ‘div:2) xs) .

Eipimsort F EFE L, RER, TN msont WA —FREFRHTE, RN
AR 2174 — R R EF (<).

B0 RFRE N : 7 msort xs FA F, ys <l xs T zs < xs B Bk RE?E
lengthxs =n, B3| ys 8 25 & E DR n'div'2 o n—n‘div:2. & lengthxs =1
B, ys B s WREDFR..0F 1 —zs SR A B!

& & A R FE msort [x] E1E T AL lengthxs = 1 B2 B RE. 0
REAEMETA, msort HAAFKIE —FHILHARF

il 2.19 (R AFE). B 243 (Euclid) Wy <EATRAY RERTTH ZF 4,
Hofd (FAERALAEH WHETREZM R LREEZNESEEL, UTEH
FTEMMEE R (mn) WERAAEH. WRWHEMHE, CHANKALEIHHZ
BH. EMBFME, HRAAEHERZ [ REGB AT 2 T S wxAL
B #

ged::(NxN) =N
ged (myn) [m=n  =n
| otherwise = ged ((mtn) — (m{n),mln) .

R ERLLE? A
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EFL, EmEnEFZ %0 gcd (mn) RFAEHELN —FXE 0
AE Bomn HAEEHRR? GRRMAHL: WRAIEE mn HAHEEH,
ged FBREEF LW LB AR EEY —#E ok, BAWRm>0,n>0,
Hmofn, WE (mtn)—(mln) Bmin BT ELERE . BT RENT ek
R om,on R EEH, BREEFN &, WSEPMAE N T — L. BEH:

(mTn) — (m )+ (m in)

=mTn
< (mn3¥HIEEH)
m-+n .

Bk, HPITAE5 god £ m,n 2 EERE & EH K L. R gcd E1E—1H
RERA, RMAATwTHRIEF:

(mi,ny) < (ma,np) = my+n <mp+ny |
H oy, ng, mo, ny B EE

5l 2.20 (Curried FREY). T3 & H interleave KRB L2 HFH TR XEHE. B
4 interleave [1,2,3] [4,5] =[1,4,2,5,3].

interleave :: List a — List a — List a
interleave || ys=ys
interleave xs [] =x8

interleave (x:xs) ys < x: interleave ys xs .

EAAMAE RN ERE? EH interleave A 1R E & B0 5 W@ EE A,

RMEBREFHCRERENTER LT EW. B35 interleave ¥ W0 % % —

BER, ROTHEEHMAEZEREETNE T8N T MESHEKEN M)
NA2E B interleave 8y curried %k, A% % & €8 uncurried AN :

interleave' :: (List a x List a) — List a
interleave' ([], ys) =/ys
interleave (xs, []) =xs
/

interleave' (x:xs,ys) = x: interleave’ (ys,xs) .

B interleave RIARE EEHR — 2B PR MEEFEARKRLE, ECMRE
WA e BN, Rt BB interleave’ TR A E RESME B LT L8 @B H:

(xs1,ys1) < (xs2,y85) = length xs| + length ys, <length xsy + length ys, .

FL& interleave’ WY, FEER W interleave W AH $JERR A ; 35 W interleave
WM R, W R CE AR Y interleave’ WA B MY . BB E LB E B
# interleave W& (<) Z Ly R AT E &

Bl 2.21. T 7| e WAAEAE [ McCarthy 91 B %)
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mc91::N — N
mc9ln|n>100 =n—10
| otherwise = mc91 (mc91 (n+11)) .

EBELHREREE mc9] ©HREFE? EFR, mc MUTEHESEN:

mc9l'|n>100 =n—10

| otherwise =91 .

[todo: finish this.]

2.13 FRHFEH

BIPENEERSE 1988 2 28 hEMREIR T &0 R EMECBEFTH
BIEMA— o RE merge XBRMNEATRER :

merge :: List Int — List Int — List Int

merge [] ys =ys

merge (x:xs) [] =X:xs

merge (x:xs) (y:ys) = ifx < y then x: merge xs (y: ys)
else y: merge (x:xs) ys,.

MEMEERFIZHE—BRERT > AHNERZES—E - MERBEHBLIEZE
By RAEREE—EITE  LWEREHEHEE S HENE—EITE -

B merge RE—ETAMNE —BIEEFEUF > vy RESE ; F_EER
EIF e o REERE - EEEAEKRLEE? NRE > EWEHHERE ?

—FEE LN merge FRIEFE 2.2000 1Y interleave LN SFMAESR - MEL
HHREMERE I RE/NT o S—ER EEATREL merge TR )7 57 44
(lexicographic induction) Ff5lF — FAELFr B i th 2 R A ER AN — B4 51 -

HNBHANLT - BPOEEREMBERCEFEARPPNARIEFRE? 8%
ERIEBREE—EFE  WRFE—FEFRELSH T K/ AL KNEBE  F
wWEHTHFEAM WRF—EFE—%F ERE_EFIHRLEE BE
MER N AERETREFNES > HFEE—EREENRR - WaLLE
oy Mooy MBEREHNAEZHNFER? IR (<) RUERE—FIX/NIIERF -
M EFTHARFER (< <) ERUT :

i (<<Dxyr = x1<x2 V (x1=x Ay <y2) .

GRURTIE - SEEEER ) B vy, INRAETE - FBELE ) H .
AT LABHEMER % 8 &2y, BRIAENER

EFE 222 HEREANAZENF (<) AR BZ EHF (<), B8R
FF (lexicographic ordering), B # (<;<), & (AxB) Lt —HF, T&A:

LY (<=)(x2,2) = x1<x2 V (x1 =0 Ay <) .

FREROAERB =16 WE.. TRNFHL - LERENEHMAREERT -
MRARFNAEBMHERES  KERERT TS
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EE 223 R () B (<) HRREF, (<) WERHEF.

Hit > (< <) BATARMEAEE - ROEERFAEFAIREFHENBIE (3
BFFRERAN] o
EEEE merge FIER  FLEB T ~ £ 1,98 HIRAY uncurried ARZA :

merge’ :: (List Int X List Int) — List Int

merge ([], ys) =ys

merge’ (x:xs,[]) =x:xs

merge’ (x:xs,y:ys) =if x <y thenx:merge’ (xs,y:ys)

else y:merge' (x:xs,ys) .

MR (<) BEERBIIRENRER - AT merge’ B (<) Z ERERH
wF o HEH

o (xs,y:ys) (<5<) (x:xs,y:ys), BB xs < x:xs;

o (x:xs,ys) (<) (x:xs,y:ys), BB x:xs =x:xs B ys <y:ys.
EH merge BIRZ merge’ BY curried AR » Ikt R ERRLFH o

WRIETHE > BRE merge NERF —ESERFAFEMN — ST
interleave —tRERZ—BEEENREARMN — LBXMBBNREZM -
TRIBIFRSEHEFMFENT

5 2.24. %04 ¥y Ackermann W ¥ (Ackermann’s function) 5= — 1 Y& ¥4 /% 8 & B iy
B H o

ack::N —-N— N

ack 0 n =1,n

ack (1 m)0 =ackm 1

ack (11 m) (14 n) = ack m(ack (1. m)n) .

ZEY T R ENERIRZ — & ack (1. m) n &R X WEAE ack m ¥ 28, &
BB LL R AR interleave B 77 AEME. EE T URAFLF (< <) LWEAT:
d(m1) (<;<) (1L m,0), BAm<1,m;
e (Tpmn) (<;<) Mymydyn), BAn<l,n
o (myack (Ly m)n) (<y<) (1ym1yn), B&Hm<1m.

2.14 KEERMN

A TEEELZR —ERBEL TN 0 MHETSRBIWITN o REZEHKHR
BRI B4 (mutual induction) B © THIREERH » even FIETHE A
EEABH - BELEFIEREM : R 2FH > 1. FEEH - Bl
B—EHFESRTH? R 2B 1 EEFH :

even::N — Bool odd ::N — Bool
even 0 = True odd 0 = False
even (14 n)=oddn |, odd (14 n) =evenn .
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SREUHNUNERATUARA—BEKRER - REEEEE » AL cven
8 odd NERBER L HLH case:

even = An — case n of odd = An — case n of
0 — True 0 — False
1. n—oddn , 1. n—evenn .

TR ERTUAEHE—M@ : cvenOdd 2—BFE > EhEMERE N —
Bool * EHE f5t evenOdd Fi= even » snd evenOdd T odd:

evenOdd :: (N — Bool) x (N — Bool))
evenOdd = (An — casenof 0  — True
1. n — snd evenQdd n,
An— casenof 0  — False
1. n— fstevenOddn) .

ERE 2.44 — FBHR all (xs =) (zipWith (+) (inits xs) (tails xs)). (unfinished)

215 BEER

R HEFFER W1 Hoare £ Communications of the ACM HITEE A B PR
RWEBIAVREE | TS BAKR ~ N DEEE 63: PARTITION |
[Hoare, 1961b] » LA K FART 4t & EORAFFESIHEFF R [RE X 64: QUICKSORT
[Hoare, 1961c] > 27 [EE L 65: FIND | [Hoare, 1961a] RITHEERIZ : 48 %E K »
SR—EMEFIREE L /NETTR - ZBEEEMFEAT PARTITION, H\REEEIE
TR [REERE (quickselect) ] ° ZBEMEKIEEEH Algol F5E ° Algol XX1E
%38 » Hoare th XT3 7 IR3E - ERFIEE{DEFEE > Hoare £ S — R X
[Hoare, 1962] B (LAIREXF) it RREEAPIEE -

Bl 2 17HAREFBEFEHEE RBERERE (K Haskell) FERNXEZ] #I6)
7 REFFAEMESSERERER - A Haskell IEM=1TAFEBME
5¢ o (BIEFMERLEARRAF : 6l 217 FHIEHE7 » MERIEBRHNERES
ERFEFHMHEFRESRESER - REFFNEEREZ — - thE DEEZE
63: PARTITION] MIEE: > 27 O(n) MR ~ O(1)EEN 2= B 2 A ST P 51 Y
IR BERERIIMARILRE (HARE) RELK -

Manna and McCarthy [1969] Manna and Pnueli [1970]
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L)

REFE BRG] - REEIREE LN ENEE - AR YIXEEE S -

HAEZEATENENRRERERE TRE8) NEMEED - MHEaE
WHRIERSE - SREFEIREENETHEREST ~ MAREHER ~ MERF
EER > FF - FEREABMBES LR ERERRMWEE -

BT ARIREERE  EE—RNBEEET > ERIIFSHE
xR T E R BT RERIELLHFE - HRESPHERERLEX/NG - EH—
B 53 A TR AT - I A TS AR EREASHRELR - BER
Bl e in A B B 7T 3R th 2R 22 BR P 5 R FEE RRAE LL A B R 48 LH SOBRR 2L

FI - FFZ S IR AR AR ER LR -

3.1 S

Z T B (binary search tree)i2 —IRIEHIR B RHEBANAR - BEMN _TESH
M I Tree M (BMATIE  BPEEPHTRER Int) ¢

data BTree = Nul | Nod BTree Int BTree ,

BSEEM MRS : B RNIPEIE Nodrxu B> r ZHBIFFBITERI/NTL 1, u
ZHHFBITRBSARR . UTEMSLRFERE (EF%] - AE—EEF
i E6 1 TREE search kt PIET k BEEHIRE 29 -

search ::Int — BTree — Bool

search k Nul = False
search k (Nod 7 x u) | k<x=searchkt
| k== x = True

| x <k =searchku .

93
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ElR—ERMNER - HRNEFM » §BE—1E Nod 7 x v 1% » FRIPIATLLES £ 57
x BIR/AN > FEUREEH—EFREE -

MR_THE TN — BIEERPINEE Nod rxu ZH > 1 Flu FITTERE
BAEMEE  AEBZDHLILFIABEEEE > search k (Nod rx u) BREREDF 1 3¢
u SR HR—ELEAIMNITR - Mtk—k > BE—EE » ETRIETE
O(logn) MFFRIASTAY ° AT - #EFF T2 EAF 5 RSB SR
EEEMBZE -

UTHMZE—LESE  UMEER MR EFMHE - ROBZEERR
B T&RE] BRlSeta. BB—TR MEEEN  MESE (L), LAFES
B RMEEMHE o THREE clems BR—ERPIAATERE GEUKRE 2.32
FH rags) :

elems ::BTree — Set Int
elems Nul =]

elems (Nod t x u) = elems t U {x} Uelems u .
BFMRIRRR T HREEE soried:

sorted :: BTree — Bool
sorted Nul = True
sorted (Nod t x u) = all (<x)\(elemst) A all.(x<) (elems u) N

sorted t'/\ sorted u .

Hrall:: (a = Bool) — Seta — Bool @BE—EAEEHHNTREETMEFR R
B o R all MBI TS !

allp 0 = True

allp{x} =px
allp (sUt) =allpsiallipt .

E-ESHPEATTRNRE T ERNT

insert ::Int — BTree — BTree
insert kANul = Nod Nul k& Nul
insertk (Nod t x u) | k <x = Nod (insertkt) xu
| k==x =Nodzxu
| x<k=Nodrx (insertku) .

R insert T search MAEIBRIALL : EBFEHLLE: « B v REZEMRIBEATE ;
PREL search RFAERMEE] Nul BEABER[E False, BREX insert k 1 23§ Nod Nul k& Nul
WERA Nul EIRZE — FEANSEKIRERIBGAVEEE -

BMBREHE insert REFBAFM : MR 2BFH > insert kt BEZE °
RRABEEUWT

EIR 3.1, #PH t & k, sorted t = sorted (insert kt).
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Proof. £ t Z EHERMFERR - BKIER 1:=Nul ZH > sorted (Nod Nul k Nul) #8
SARLAL © SFARIEINA k<o, k-x,x <k =78 o LTI RGN HE—FE -
AR r:=Nod rx u, k< x:

sorted (insert k (Nod t x u))

= {insert ZERK, k<x}
sorted (Nod (insert kt) x u)

= {sorted ZEFK )}
all (<x) (elems (insertkt)) A all (x<) (elems u) N
sorted (insert k t) N\ sorted u

= { %R 3.1: elems (insert kt) = {k} Uelems t }
all (<x) ({k}Uelems 1) A all (x<) (elems u) A
sorted (insert k t) A sorted u

= {al ZMHE}
k<xAall (<x) (elemst) A all (x<) (elems u) A
sorted (insert k t) A sorted u

& {k<x BB}
all (<x) (elems 1) A all (x<) (elems u) N
sorted t N\ sorted u

= {sorted Z7EF}
sorted (Nod t x u) .

O
PR inserr LIRS MU FYIRESE T — tRta AR » B —F/IOEEME
R—ERIE o BIAN > insert 5 (insert 4 (insert 3 (insert 2 (insert 1 Nul)))) BEIAI4E

RE=E:
Nod Nul 1 (Nod Nul 2 (Nod Nul 3 (Nod Nul 4 (Nod Nul 5 Nul)))) .

fEiEEEIESE 5, MEES] [1,2.3.45] TFER S BREE—HH -
HAEZRUAE_TESHNER SNBSS ERATRE S MERE - B
SRR T o FAPVFESE 328 M ARMAL BREIRLE —ESIF -

HRE 3.1 — EEREATA 1+ Bk, elems (insert kt) = {k} Uelems t.

3.2 AIZE#H

TSI ER L > 4 B (red-black tree)22 T BB L : SEHEE S
AEBHRBZ— o RN Haskell ERIEEBANT ¢
data RBTree = E | R RBTree Int RBTree
| BRBTree Int RBTree ,
Hif E R BERMESDE > R BACAED - B RRGNIRHEIR — E&H2
E#WRBEEMN - B data Color = Red | Blk, Tt EEEH color ¢ {HE] 1 FIRED
ENBAHIERE -
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color:: RBTree — Color
color E = Blk
color (R __ _) =Red
color (B___)=BIk .

HERALEBEME T51MHE -
1. ARBEE TSR SNEEEEFM -
2. IRTERIR RS EEEERL E IR EM BB HIEE - BMRER
I — IR T o
3. ALEEAMI M E-FREBV AR REN » BREBAIEILPRT - KT ERA
AP B M R TR R M AL R A o

4. IREETR BB -

Heh BERBEFMEN RN —ERER EAEE o ez 48 - RPRREFE
%I:l%l sorted :: RBTree — Bool ¥ — R4 BBIEEEF - HIEFHMME
AR RAE -

Bt RE bheight EXR—FHEN TBEE] - TERCEL2OHENRS
A

bheight :: RBTree — N

bheight E =0

bheight (R t x u) = bheightt{ bheight u
bheight (B t x u) = 1+ (bheight t 1 bheight u) .

SR [T BIESERSNT - METENESESES -

balanced :: RBTree — Bool

balanced E = True

balanced (R tx'u) = bheight t == bheight u N balanced t N\ balanced u
balanced (B tx w). = bheight t == bheight u N\ balanced t N balanced u .

PREY semiRB RE—1F I E R BELA R - AHZNMIETFESEERER .

semiRB ::RBTree — Bool

semiRB E = True

semiRBAB t x u) = semiRB t \ semiRB u

semiRB (R t x u) = color t == Blk A color u == Blk A semiRB t N\ semiRB u

% WNETFTIHE - AL BEIFEIME sorted, balanced, semiRB, I B IRETEE AR R

& s

redBlack :: RBTree — Bool
redBlack t = sorted t N\ balanced t N\ semiRB t N\ color t == Blk .

EEFE R » B balanced BME » BRBELNRGHEHED
B ; B semiRB BomE - AL EFHAEEALR - ALRREEZRETHE
BERIEIRENWE - EEHRNERM TS BETE O(logn) MIFFRE A E
BRI ERIZESE -
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Figure 3.1: FEAL BRI IR AR T R 2 AN e -

3.2.1 AL ESHHEA

HABEARBATEN T XSV cHESE4EE - — 28528 TE W
REMFLE E, ERBANITRZE - MITRERELEHEEN - MENEFE
MREEE -

FMAMEEZ e ZECTR ? ENHHRACr S EEHERE - At
— & AT TELIENE—RENESE > LELINRZE R4 EFLER
TNAFTERBA1E BURTISH T S -

{BiS M AT e AR AL B M S BRE L B Re i IR M B B A AL B 2h -
LR PIFEREA B R B 2 R E R e 0 W8 3.1FT R - SERMERZI—ER
W TEMEEENALSE  YEREFHESZNNEEE 2 — (AR
BAT—@rR > ZRE—BEZLNAEE - BF s, 1w By EREENE
AR - RS EIBRABIEERE P RNER - Ntk—kKBHRI 5, 2 K
REBEY N A TR0 BARBPHIAL B - v R4ALEIE - RERMEELRE - W
KX ERUEER —siEkEdE - SRF LEERE B EERE o it
H—RmERALBMHENS - &% WRBTHHRLAE > FEEUREE -

REENRAE AR EZTINARRA Haskell 23 » FPWEFFEEHIT
AN TEE R R EHREE ins - Int — RBTree — RBTree. RE insert BIFEFREM ins 2
BAEBRSREEN

insert ::Int — RBTree — RBTree
insert k t = blacken (ins kt) ,
where blacken (Rtxu) =B txu
blackent=t .

BRI ins TE3B _EATERES (Rrxu) BEFIEE 3AHEY inserr REA1L © ELES £ B x LA
REZEWSIEA » LEFNENZEI R EMETE - BEF| BEE BryubE
KRR B, MaZEINMEL rotare FREY
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AL BRI AFERE

AE R AYAL B REEE 7T R 2R B Okasaki [1999] - BRE R A BIEE T REHIRE
Pt — BRI ERBEEFRNEESNHENS  —RENPEZHENEL
LRI - BT T ERE LW =E5E e EE U AHERER -

Okasaki HIR AT AHWENEBRAEHN T - BEHETHER > KAKHE
BIRRAS » SRS AR R MR AT B R M B E BRK -

HEE - BA—MBRESH LIEZ R ? Okasaki ;BB BERMEER - —
REHRRARAR » BEERAUATEE  AERNESEHHER - N —RKEESE
FHRUBEERD - ﬁ%’t%iﬂﬂhi%tﬂﬁ@ﬁﬁ&%ﬁﬁ 2ap o wESXBEH 0 It
E#n%*ifhﬁ‘)i_ﬂ«lﬁ%f‘isﬁ

 EREFEEH > RAERUNIHETEERRERS LA o Fik EiE
Eﬁi’JTEHEE 5—7F T » Okasaki LR AL FEERE DRIMAZ LB B S HRNHE
2 o

ins::Int — RBTree — RBTree
inskE=REKE
insk (Rtxu) |k<x=R{(inskt)xu
|k==x =Rtxu
| k>x=Rtx (insku)
insk (B txu)|k<x=rotate (insk t)xu
|k==x =Brxu
| k> x = rotate't x (ins k u) .

OEE : B 3.1 NiEieEE R ERME AR ERFRE » Rt Mt e E2
ENERBERERY rorate o TE rotate s xt ZH 0 s BEBIZTE  x BRI (B&)
ENZLFRAAZE o ¢ AR BRI A FE o BRE rotate IERAT :

rotate :: RBTreea — a — RBTreea — RBTree a
rotate (R (R s xt) yu) z *R(B sxt)y(Buzv)
rotate (Rsx (Rtyu)) z R(Bsxt)y(Buzv)
rotate s x (R (Rtyu) z ) R(Bsxt)y(Buzv)
rotate sx (Rty (Ruzv))=R(Bsxt)y (Buzv)
rotate s xt=Bsxt .

He giEERNZE S B EEIE 3 EER ; fnEFE2E8E—
B9 HIEZIE 3 EFRIE - REM rorare s x 1 AR UTEBR 254 ~ THlE
EHIET -

3.22 AZHzHE: 85E

TERWALRENBM EFEA - MRSFFRENBFERBZETBRING
RT - HRAMENFHEIRTE - A SRENEBZAEY - E
FAAEMBENMEE —ERRFE - KERGBE LNRIENTEREMEEE
HEREBNME  TRERTREZN M - AEFTHRET » FF5FHE
23 FE RAL R R — L F E M o
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EARFHHBBE - WERMERZ EERI  inser k1 BB (B
BEE AR - RIVEAEASHARERER 2

B E8ins HERTEEEREN | RFHNTHEE — ik AR
MBBETE

EIE 3.2. #PTAH k H 1, bheight (ins k t) = bheight t.

PR insert kt BEWY ins k1, BRINBNERENESE o MR blacken FBIFHLL
HE . FENESEFARLEN— -  SRENESENARE -

RIE33. WA KE, R inskt B E®, bheight (insert k t) = bheight t. & 7|
bheight (insert kt) = 1+ bheight t.

RS EABIHATE 32 EERMAIER « 5o & B REE &R -
7S insert BFEY ins, BREERARARS inserr NERIE 3.3 FMBEBIL ins NEE 3.2,
B - FBS ins BEAY rotate, SREERREIR 3.2, FHMIHBE—MERII rotare IS4 :

5138 3.4. BETH 1, u H 7, bheight (rotate t z u) = 1+ (bheight t 1 bheight u).

BOFRES : rowre WAL By FAERHEZT » FEENDEE
A&k 5 5 | + (bheight t 1 bheight u).
T FIE A EE 3.2.

Proof. £ t Z LHERMN - AT R H & ERFTMEARR ©
AR 1:=E.

bheight (ins k E)
= bheight (R EKE)
=0
= Dheight E .

Rt =Rtxu k<x

bheight (insk (Rtxu))

= Nins ZEE ; k<x}
bheight (R (inskt)xu)

= {Dheight 7 EF
bheight (ins k't) T bheight u

= {BWRER}
bheight t 1 bheight u

= {bheight Z7E%
bheight (Rtxu) .

AR =B rxu k<x:
bheight (insk (B tx u))

= {ins ZEFE ; k<x}
bheight (balance (ins kt) x u)



100 CHAPTER 3. % &4}

= {5|¥E 34}

1 + (bheight (ins k t) 1T bheight u)
= {BENERR

1 + (bheight t1 bheight u)
= {bheight Z 5%}

bheight (B txu) .

RREE > Bt s 342780 ¢

Proof. AR rotate JRBIRIE ~ RIEEMEMRE - BEHFZARIRN > BH rorate B
FROARTMERRESEER  ERAEEUREREH - LUTRE-—BRLE
i o

AR (t,z,u):=(R(Rexu)yv,z,w):

bheight (rotate (R (Rt xu) yv) zw)
= {rotate ZTEFE )
bheight (R (Brxu)y (Bvzw))
= {bheight Z7EF )
(14 (bheight t1 bheight u)) 1 (14 (bheight v bheight w))
= {HR (k+x) 1 (k+y)=k+ (), ()EEEE]
1 + (((bheight t 1 bheight u){ bheight v) 1 bheight w)
= | bheight Z7EF% }
1 + (bheight ((R(Rtxu)yv)){bheight w)

3.23 A EHZHEE : FE

ZHURRESE Bz —ERZESRFE o FPIRTERARE ins k #EFF
SEEM

EIB 3.5. $PTA k & 1, balanced t = balanced (ins k t).

MBS balanced t = balanced (blacken t), BER 3.5 Z & insert k AT A H
SE#T : balanced t = balanced (insert k t).

Btk EEAEE 3.5 0 HPBFE—MERR roare 53R
513 3.6. #HPTH 1 4,

balanced t \ balanced u N\
bheight t = bheight u = balanced (rotate t x u) .

HRELB RN ERIMNEREN > B eMBLEEMRE -
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ERE 3.2 — FEEE 35 RIFHELSIE 368 EE 3.2,
ERE 3.3 — EHS|IE 3.

3.24 AZEHIzHE: EE

R WPKHRARBBAZENES - BT BERE ins k BERIFEAL
B BB semiRB t = semiRB (ins k t). {BIEBERALIL « S L FNE ins k
AJREE— RS IR L A A (B AL -

BRI R IR PSRN ER—EME © e TR AR
YEALSN (infrared) #f — EXB LA BRA—HZ = -

infrared :: RBTree — Bool

infrared (R t x u) = (color t == Blk \V color u == Blk) A
semiRB t )\ semiRB u

infrared t = False .

ANEEFRE—RIRBRACHELRE  EMEFHE By xhHZE—E
AL RALE | FPIHFETRIRAK color t - Blk | color u - Blk. LLo% » ¢ By (b 2B
LB - HthEE (EkZ2B_ ) 2REMN MR/ -

FREE IR EREBI © 48TE ins k EALER 1 ins kr BR—EALIME > B
B semiRB t = infrared (ins k1) ? ¥R M RRBNEETRIZEBEEFE
B AIMAZ - BRBRARIRE - RENERSR PN TEE W EEERNALE
B EBRMIRR PR = EEEALED, - M —RIUFRTRLT °

Bl EXAERBH —EERNME S R MNEIMA I GF - R
ins EIEmENZ—EEENME « RELLALER , MR ZAE - insk: IR
—IRAIHME ; AR B BE 0 ins k BAFE—IREALRE

3.7 A
1. semiRB t A color t = Red = infrared (ins k t),
2..semiRB t A color t = Blk = semiRB (ins k t).

ERE A EE 3.7 0 B BEE—EE rorare HEAMSIIE : RE By 2hE—E
SELAER B EREL BRI ALINME  rotate t x u TRE R EEAT B ¢

SIHE3.8. #HPTH 1 &y,
1. (infrared t VV semiRB t) N\ semiRB u = semiRB (rotate t x u);
2. semiRB t A (infrared u \/ semiRB u) = semiRB (rotate t x u).

BT EE 3.7 R infrared t = semiRB (blacken t) » FAILZITFEN insert k (R¥F
AELLRM

ZIE 3.9. semiRB t = semiRB (insert k ).

TR ER 3.7:
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Proof. B 3789 1,2 MIE/NEBERER —BEHMFER - EE - 12 NEH

w7
semiRB t = (infrared (ins k t) V semiRB (ins k t)) . (3.1)

HAF AR ME -
Tz EHEES o AR ELMEERFRMEANGIF
AR t:=Brxu, k<x:

semiRB (insk (Bt xu))
= {ins ZEFK k<x}
semiRB (rotate (ins kt) x u)
<« {5|HE 38}
(infrared (ins kt) \V semiRB (ins k t)) A semiRB u
< {BWHEH 61}
semiRB t N\ semiRB u
= {semiRB ZE% )
semiRB (B txu) .

MR =Rrxu k<x

infrared (ins k (Rt x u))
= {ins ZERK)

infrared (R (ins-k 1) x u)
= Linfrared Z &3 }

(¢olor (ins k t) = Blk V color u= Blk) A semiRB (ins k t) A\ semiRB u
= {BREX

(color (ins k't) = Blk V/'color u = Blk) A semiRB t A color t = Blk A semiRB u
<. { B (PVQ) AR)< (QAR)}

colort = coloru =BIlk N\ semiRB t \ semiRB u
= {semiRB ZE% )

semiRB (Rt xu) .

ERE 3.4 — FEHAS|E 38.



CHAPTER

FIEMABT REESNERTS > F 28Rk T BRAERETH - RMIFER
BLEMBAEE SEZ P L2 - - LREEME - BERZR > RS
HE—T > EE-LNEBEEHEENES -

FER (semantics) —AHBE LT EAMEK - EE2E2MNTF A AFNE
BH#MR - —BEXN [ER] B ? EEERITERNEHEDFEREER™
Fo B EXES] ARBREAREEREMMESE  EONERR
ﬁﬂﬂﬁﬁfﬁ%ﬁﬂﬁﬁﬁﬁ EERE  HEMPITEERMNET - BERMERE
B —EERXFESUERNEEMLRT  SHEE - AREERTUAEER—FES
FIAR22S - A ERMENEXESUEREENERE  —EAEXESHE
BETAXBERERNANE - REAMBFZE BN KB EERS - 15 ERE
2 WAlRmEXEEN (2R N5 % - FMEATEASREBEELZEHNMK
B OB ERRESR  SERMRATNES % APACEREEBFEN
EEEME -

HEENF A EHZE - AEERRLEEERNAEHREAT MEE
B EEEEX AR EME > BRIEBEHK—EEXHMAE o ATHMLAIE
EHENTRANBEM -

et

4.1 IE5TEEE

1674 7% & (denotational semantics)sk — BT £ F - LI T mETE F

EREER - BRAMHNERNRAIGHEMHT - Ilﬂ: EBEE R ETE
NESHEIH2YHG  EENEBEREUASERESHN  HBERIRR
ARG HEABEHHNRBEEAESHTNRE - fla0 > N EEERENE

103
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B (AxB)ZEAHEBIERREE
(AxB) ={(a,b) |lac A,be B} .

ERHEXEHER? £65mF 0 —BEAAA - BHREAIER A <BHW—E
FE; Bfv=y ZFEHEE (x,y) EETE - BIA » double::N — N A FIR
A THES :

{(0,0),(1,1),(2,4),(3,6),(4,8) ...} .

REMARBNESERNEMEENMEM

o B (simplicity): BT x € A, ZEEHEFE—HE— (x,y) - KA
BERA SRR —Em L

- TEM (totality): BETH x c A, EZE S PEFERE (1)) - BRMEBH
MEETRBBORET -

ERIREREE 7 AFEE fuc BB HERE

fact::N — N
Jact 0 =1
Sact (14 n) = (14 n) X factn. .

BAAAERL - B—ERESBIREHIRE factF
factF X = {(0,1)}U{(d4 n,(1+ n) xm) | (n,m) € X} .

BAEES X factF BEEENES
. FEESHE (0,1) — SHES faci 0= 1.
cH X ZHRHEG @ (), IREFE (1. 0,1, n) xm) — EEEZ
fact (14 n)= (14 n) x fact n.
MR fact BIFERFLE factF ME— B EZh (fixed point). BB fact ZHE— M E
Jact = factF fact BIRE o BN EMER TEIERTTSRE 296 - BE > fucr 7]
BREESUWT :

fact = {(0,1), (1,1),(2,2), (3,6), (4,24)...} .
EHF fact 8B4R factF,

factF fact
={(0,)}U{(A4 n,(1L n) xm)| (n,m) € {(0,1),(1,1),(2,2),(3,6)... } }
= {0, yu{(1, )-,( 12),(3,6),(4,24)...}

BPXEBET fact. A fact EE R factF BIEEh -
1B B [fact {E2 factF EZ] E1E fact MESR » BHPIBREHE . BE
75 BEE—BREME fact = factF fact - BEEIMRE—T - BIA[EEIREF N
— %0 > 8 fact F—IESM—IE » EBEES fuctF fact NER fact.

EERENREAT RMBEA—EF S0 (S LHEIEER - AERMER
[AxB] = [A] x [B]. BRI A& ERAIRIE
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EREREREEERENREIMER—ER - TRV T M ERE

g0=0 h0=0
gx=g(1ix) , hx=(—1)xhx .

EHUEM fac IR RBEFEMERERENES  HPTESEATH ¢F
K hF:

gF X={(0,0)}U{(n,m) | (14 n,m) € X} ,
hF X={(n,(—1xm)) | (n,m) € X} .

B ¢F MNERA

{(0,0),(1,1),(2,1),(3,1)...} ,
{(0,0),(1,2),(2,2),(3,2)...} ,
{(0,0),(1,10),(2,10),(3,10)... } ..

EERZE-mr B—EAE—EY : T56 BEREER TAIMHNTEN
Bk o

WME ¢ #/ EENRE > ERPEINBNEEEBEEHRIEREBE °
EfMREEE  ERMNESPETAZAEMELE - Ef6l ﬁi‘ﬂlm?ﬂﬁikz—a
KLIEAIREL - FItL - MACLIERT LU TBM—EE ] 1 MiTEilk) HF
BLEEE - B > WAt - RMPPEREERRE [94T] HES - BEERE
EREREMA -

B —Rit > EWERERIMT —EF RN RE - —EREAM @A
B AVERE - 2F THIT] MER > RERTHRENEZE > hEATER IR
1E] A -

BB doubley x = x -+ x B& doubles x =2 x x EFRTRKEE L - BEMIGE
EHRE—EEE  AUEHEEE—ERE — EEE LERFRIEES double
L doubles

EEBER ERMRMEREESE > RREEMNEEEE—EEE -
B0 £ map 1. - concat = concat - map (map (1)), .%ﬁ%ﬂ’] EEHET TI'EI’]’i

A -
(=

# 1E 5 & (operational semantics)sk — BRI (& - ERIEBEF > BMEE
THTHN TRR BHE - F5R 0 ARKREERS 1, VBARKRELRS - &
FEEEENE —BRRNNER B —BRFTR - TEBEEET » 8K fac &

:—;jg :
fact::N — N

fact 0 =1
Sact (14 n) = (14 n) x factn |
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HRIEFENBETHERRBRRA: BE fuc 0, YAIRER |, BE
fact (1, n), AR EER (1. n) x fact n. &Y fact (1, (1, 0)) EBEXLFITHEERE
ETNEEREMEERRA

)

fact (1, 0)
(1. )x}‘czct()
(14

0) x

B ESEHREAERE B -
BRIEEEDRE S TH1T) B8 I&1E) S - E—EX FHERRT
E MRELREURBZE WM TEHR » PUTERILET - ERI1EE
B MEHRE (flin4 482 x4) HEEBEMHTHELORE—EHER ;
EREL f T o 185 BIRBE FMEM «, f x B g x #4ES -
BTMEHEENSGRX  RMABRFEEHBEL—XKE - #E > RMEW
THER :

EE41L BEZRRFHEER. BY, G- HARBEENER, #H
ReETS RSP L NRBBEHFERT K Ble £ o AEHEFEEAHE

EE42 HE-HRENBRERS=Ff BEREBEY, ZRHH A0
ANHRIEH QME, BlERBEEREE, = F =25,

BMET—HE

(14 (14
(14 0))
(10))
(110))

0
X
X
X
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— iz HEE

% XL (program derivation)yE AR EMNEBE T & - A€ —ERFH RN E
TR ZE Bk AERE K2  FEHMERXFES BE-ERXRE
(specification)) » F2TCHEIZ T 48 DL o8 O SR 72 4048 4 i — (8 A o o R L Y
BAMTE - BB HRBES WEMBELEE  MEFHZEEARH
B o AEF RS NREES - —EfE BPNREEXFESHEL TR
BUTHE

spec
= {[MHE1}
e
= {HE 2}
= & n}

en -

Hip spec ZEEMIBRE  BELR—ERHEESER c BREBMEE 1, spec TR
e IRIBHE 2 ¢ Tt er... RILAE > BEFRMELE —BERFESHMERM ¢,
HEFEER  EMBPRTAEENBRER UM ERE - ZRER - #EE
FREFF I T spec M e, » BMARIL spec B ¢, 2T EREE - BHERE
B BPRK spec 1% REEBEBPFRKE—EREN (FTEZHHR
B~ NMEZER-M ~ SOMEFLEMMERN) ¢, B8 Kl e, 28 > 1§ spec #E
e, BEBRERLALT spec = e, FIFER - BRI ETHABELUHERE
BEATBERBZ B N IE K (program calculation) » AEEAEMERZE » XARE
o

RAMEXNES? F—EEHERMAEELER - E IER] BN
e, BEBRME T mVIBIFRIE spec - BRI AT EREM - BPTRMAREELERID

107
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38 ¢, BH » BABEEZR spec = ¢, ? FRZ—EBEERABETT » XRER
BEET  -EFEZNZ  BXRER > 5268 [EEZEHRE] IIAZE 5
HHEXEESREFTPN - RTHRRBER > RiFE (EEFBH] 54K
BREXAMTBEEN D EEZFBHSIEEXAIFE - Dijkstra FRE :

b —ERAFHFAY, AXEERLZLEERAERTH. £H
HFEWME R EIHEEFHEEZN —RBRE R Wl —2kK, &
BEFANERE, AT FRAEE T EEAERNER. &
EHEENTR: EEELZETURAREAZEE TN T HHEK
%%, [Dijkstra, 1974]

Dijkstra i B —AFETE T EXIBENE=[EEAD : REER LR BEX#E
BWEREL AEFEITA LS ERMAEST - B2 ~BANE  EeREAE &
ERWIEE XN E (Backhouse [2003], Backhouse [2011]) ° FEHR TR
SREET BRI BRRERMEX SR TR EEIEOARUMEERN
&L o

FIENEERE REESNEEER : EREENEENES o En
WREXEE  ERESREES RELFE o« ATABRREEE - B/F%®
FRE SRR NERRENE—FHELR - RAESE/NSHREBERE > &
HIEAMEEHEN HE 18EES R THZE/IE HEFSENELR
ek o BAERMPLNITAMEGRH —EEET -

5.1 FRR-UR o

ZREE—EGF  fE—EEHEHNET > RPEFEESERNELHN
o GIONEEAR [2.6.5.3], BABLEEE 2° + 6> +5°+3> =74, EBEITIEA
A T

Sumsqg = sunt-map square . (5.1)

PR sumsg BB B List Int — Int. E A map square AR FNINEETE
#HF77 o REE sum FHEELRT o 5 24BHAB— 1@ oum MBERNER » T
T

sum :: ldist Int — Int
sum [ | =0
sum (x:xs) = x+sumxs .

HEREEY HAMIOMNERMS  WLEERMN sumsg ELRERT - B1E
B—EGF > BPRBIGLDRNMEZER © 1T sumsq xs B » map square B
£ 5—8 (FR s SETRMELH) B35 ZEFIBERIE sum HiE — K&
FUFRRETHEMERR o ' BAELESETREIINTG AR ?
EEMERENERT » ZPERINGESHEHEERILZE sun BE - ARTFEEMNGHA

Mo ARRENTER - BHEARBH/HERKEFINEAL - £ REEEIREANGTFZ
— o B TEA— @M - Z2HEE] PET —LERLEMEER -
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B Z ML E - B sumsg NBEE || B -

sumsq [ |

= {sumsqg ZEE)
sum (map square [])

= {map ZEFE)
sum [

= {sum ZEFE}
0.

FIIRAPSH sumsq [ | EWFTERK 0. EMAREZERFIRER ? A58 -

sumsq (x:xs)
= {sumsq ZEE}

sum (map square (x:xs))
= {map ZEFE)

sum (square x : map square xs)
= {sum ZEFE)}

square x + sum (map square xs)
= {sumsq ZEE}

square x + sumsq xs .

RIS ENEEA x B x5, sum (x:xs) BRAIRIGERAD square x + sumsqgxs E2HBREHI o
BEERAR - FEHFTE 0 AR sumsq MR VA TRFEME :
sumsq [] =0

(5.2)
sumsq (x:xs) =square x + sumsq xs .

BINMRH B - WEMEMEEEE sunsg WFTEERTR ? S5 — @K
BREMNEIEENRGENL  MEBEAFEEHHEET] !

BRPERE sumsg BIFTERimE T FIRVINEXK (5.1) » B sumsq = sum -
map square g ? B EEREZR » AREE LB T E sunsg WE (5.1) ERRE
(5.2) AETEBIEBS—@EHE : & (5.2) KL 0 (5.1) AL - FIHFESE
AERF AR TREERE - BRI EREER - WRBAXEERERIE =&

fo B MER—ESEX > MELEXBGFAIER—Ee E¥ & LNERE
£ Al - HEEH MESLEXNMR - BRWLILH « 2/ > KB ATE
BRNEESR B NEE  YEARERH/ —c EEMEMR -

EREAE AR » 7E sumsq FIFTE T > BVERIE sumsg NEBRRE > BHERF
map, sum EHETTHHNEE » EFIBPIXES sunsq WERBIREXFH ~ BIGF
A E AL - ER—EEAmMERKIAMBERXNEESZE > BIERA EE
# (fold-unfold transformation) » HESRFSEE - BRFE@EL AR ER -

wEEEGFH > RMEERIINEF—EET ~ FH2EHEEN sunsg E
BEIER T —ERANTEE - FIEEM sumsg LLEFRIREERERL  BEHENR
HEEN - BRAERNEATRGESHERERE - EXHEREEXNE
M- BT RERE AW AR — R - EREXNRENAE
BO - BT —HNER-
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B 5.1 — THRE descend n EE [n,n—1,n—2...0]:

descend :: N — List N
descend 0 =]
descend (1, n) =1 n:descendn .

TE T sumseries = sum - descend. 5 H sumseries BIFRMESR °

BRE 52— AEBBES1 BB repearN - (N x a) — Lista IERE
repeatN (n,x) = map (const x) (descend n) .

HI » repeatN (n,x) BEE—EE n 18 x BIERF o BIU repearN (3,'a') =
"aaa". FR A H—EERAERM repeatN.

B8 5.3 — AEEE .2 o BRI (run-length encoding) & —fE R B/ B
WHN  FFERPEENFTTRERELRNET o B2 "aaabbbbedd”
AIPASRER "3a4b1c2d". NHIRER rid :: List (N x a) — List « BIZ AR
M2 | AFERRAK ORE <xFit) MEBAESRE !

rld = concat - map repeatN .

B0 > rid [(2,'a"),(3,'0"),(1,"'c')] = "aabbbc". FEEH rid FIRNESE -

BB 54— THIRE delete iFEARTHNEETRERMER :

delete it List a — List (List a)
delete [ | =]
delete (x:xs) = xs:map (x:) (delete xs)

B4 + delete [1,2,3,4] = [[2,3,4],[1,3,4],[1,2,4],[1,2,3]]. &8 select ::
List @ — List (a x List a) B4 — BB F R A T RMROXE L - 620
select [1’273’4] - [(][234])~(2~[1~3~4]),(3,[]2,4])(4[1,2,3])] E‘%ﬁ

select 18I5 A F delete EFRHEZK -
select xs = zip xs (delete xs) .

EEEL selec: MEMER - R THRHETRAR —
zip xs (map f ys) = map (id X f) (zip xs ys).
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B 5.5 — BB delete BB —ETREES

delete xs = map (del xs) [0..length xs — 1]
where del xs i = take i xs +drop (1+i) xs ,

(WWEHMFIATE ~ REEEE > (0.1 LB [| B4 o) FRLERE
B delete NERAER 1277 - FAREAR/LETMHME

[0..n] =0:map (1+) [0..n—1], ifn>0, (5.3)

5.2 BAREITRER

BEIEM ZK%EEUEEEZL@&Eﬁiﬁ%%%}Iﬁ?&% o EAER > RMIRKE
FUAES BHEACSEHVTEZHNEAATR SEREELTE  £H
éﬂt#ﬁn‘kﬁﬁﬁﬁﬁ‘tﬁﬂ%ﬁ%/\ﬁﬁ%%%IH%FF'E? o fBIan o A% x By HRK (x.y)

BEHEEATTRAEE; —EENZFENENRELETaHN -
EEE%TEX (ry) ARVEEAR » Fy B AREBHRY - IR EENEEESR
dataT=A|B, A—EEKLESBEEHAN . T, AR EHRHERN B CRES
ABZE B.

[EEE List FIESR :

data Lista=]|a:Lista .

BT ELER —ERENRRA - B BN AENRIEERA UES R
BT - Jitt > AR ESEEESEAFIE—EES o« RRRE (| ERTUSH#
EEME ; BL || ARBBYEME ; £ NASHRN—ETR - FE cox
MR EHERA T TRAEE BNRAMEZHREIIRABHITE  H=F
EHRIIMNAEIMERALE ? DEE () NER

() :: Lista — Lista — List a
5=y
(xrxs)H ys = x: (xs+Hys) .

ERPREERE [1.2,3]4 [4.5] REEHFEH RN

(1:2:3:[)+H(4:5:])

=1:((2:3:[]) H (4:5:])]))

=1:2:(3:[]) H (4:5:]])

=1:2:3:([]H(4:5:]))

=1:2:3:4:5:]]
AIEEHE (1) REE—ELHEKEIEER—E At HE—E2HENRE
o (H) B ERFEEHRER On) FIRE - REL st FITERHEERL -
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ERE 5.6 — [EIEE last ESE » AEBRH last [1,2,3,4] LHEER last xs TEM
R AR O(length xs) o

F& A sum, length, maximum Z BRIRBUIFRFIHBEEIEEBR IR - EBWALT]
REBn EMHIFER O0n) - MRRE S FTEF O() » map f FEF Ot x n). REY
filter p, takeWhile p FEARFIBIER THRAFBIIET - AL EFIRETEEZHRER
BRI RS - R zip HBERFEFEEMESY REEERIEL -

HBE 25 % RMSHFBEER —ERE reverse : Lista — Lista » A
BIERF 8 > AN reverse [1,2,3,4.5] = [5,4,3,2,1]. —ERTREMERUNT :

reverse || =]

reverse (x:xs) = reverse xs H[x] .
EERERAKERMAE ? FPIBEF reverse [1,2,3,4] AR

reverse [1,2.3.4]
= reverse [2,3,4] H[1]

= (reverse [3,4] H[2]) TR [L]

= ((reverse [4] +[3]) +{[2]) 4[]

= (((reverse []+[4]) + [3]) +[2]) +=[1]
= ((([1+[4]) +[3]) + 20401

RTHRIEBELE, (1) REEE—BERER3IMNES - MEMBZH -
(+H[2]) FEBEEB—ERER 2 NET - HERK > ERE—ERER S
Fl o () EWER On) IR - 8@ (1) ZBMBIRENRZ 0(n) » B reverse
E—EEE O() WEEZE | TREES | EEERBRENNRERRE 00)
RIBER o LTS ABES - EEBERMMBUETR ? HMFESE 5.6 Si5TE

I

T 5.7 — [EIEESE 1.108 2. 88 PR R AU SMESR — Tt
data ETreea = Tipa | Bin (ETree a) (ETree a) .

PATS R BB [ 4 P B AR 8

tips::ETree a — List a
tips (Tipx) = [x]
tips (Bin t u) = tips t +tips u .

R E rips BRI lﬁ/RE']E#F"i%ETErﬁﬂ ? A —EEE BRI
FEEips BFE On) MEFBESR ; UHEBE—EBEHE » EIZEHE -
55458 tips u BE O(n*) HIBER] -
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53 FRR-YEERIgER

FERIEAIBITF R BAFEIEE LR sumsg RELRRAIMRAIR T —Bh25 - 338
BEMEE EHSUE - RERPIRE—LERREXHESCERBERENG T -

53.1 FEZIEKN - Horner ;&8
HBEBEERT as = [ag,ar,ar . ..a,] VA x:: Int, P ENTHIZIEL :

ao+aix+ax> + ...+ ax" .
EEBENRREERERN
poly x as = sum (zipWith (x) as (iterate (xx) 1)) ,

Hehiterate (xx) | EBEERBF] [1,x,x%,x3...], zipWith 5t & [ag,arx, ... a,x"], sum
FrELEF -

BEECE sum R zipWith IRBTET o R iterate 756 1.8.2 EiFP £ B
iterate f x ERABEBRROES v fxf (Fx)...] BETELRZE FH
R~ 1R~ 20R... BB R o B iterate AIER B

iterate:: (a — a) — a — Lista
iterate f x = x:map f (iterate f x) .

BT BRA - iterate f x WE—BITERZ x; FTHTRRE? 218
iterate f x "B ER » BEETRZH—IX 1!

EIEETRALRR B EEENEMNERE? UKL HME
B ENAIER N E R 4518 - (TR AR IR TR 2

it iterate NEBRFTRBEREERMN > M= [8REFH] (coinduction) F—1E
BIF - 296 EIRE - REBMEEMNEAEE  URBEAETERENERS
EIBIE TERERL > TR BRI - 8RBT MBAERMEIE
ZHRATEMNER - EEMUHERE—EEXF  RERMREFAEHRER
T HEERERSER -

RIEE—LEH ircrae NEE - RPHZERETE :

iterate f x
= {iterate 2%}
x:map f (iterate f x)
= {map ZEFE)
x:map f (x:map f (iterate f x))
= {map @&}
x:f x:map (f -f) (iterate f x)
= {iterate ¥ map ZEHK }
x:fx:f (f x):map (f -f) (map f (iterate f x))
= {map @&}

x:fx:f (f x):map (f-f -f) (iterate f x)
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AERERRN > X FHERBEBEZE nap /.
Tt poly ZH > iterate EEAE ERRBRER  BIZAW cipWith BT 2
EHMRZERE poly x [a,b,c,d], BBE :

polyx [a,b,c,d]
= sum (zipWith (x) [a,b,c,d] (iterate (xx) 1))
= { BB iterate, #§ TfBHAEIR] BH 1)
sum (zipWith (x) [a,b,c,d]
(1:(1xx): (I xxxx):(1xxxxxx):map (xx)* (itérate (xx) 1)))
=a+bXx+cXXXXx+dXXXXXX .

AEIXTFHE  FEREEZE () - B o REB L, EENRELHE S
O(n?). FAPIH AT REFE R MM TRIE HR B0 2

B BRE poly T as LHBAESE - B as:= || B polyx || AIHANR 0.
EE as:=a:as BB » FEERRRF—1% » IAICHE poly x (a:as) BRE » R1E
BRI sum (zipWith (x) as (iterate (xx).1) » PMBUWEI BB poly x as o 5T &
P E—F &L EER - BN sum B zipWith BB E iterate 5538:

poly x (a:as)
= {poly NEE}
sum (zipWith (x) (a: as) (iterate (Xx).1))
= [{iterate NEF )
sum (zipWith (x) (a:as) (1:map (xx) (iterate (xx) 1)))
= {zipWith 82 sum I EE )
a—+sum (zipWith (x) as (map (xx) (iterate (xx) 1)))
= {zipWith (x) as-map (xx) =map (xx)-zipWith (x) as » REE }
a+ sum (map(xx) (zipWith:(x ) as (iterate (xx) 1)))
= {sum-map.(xx) = (xx)-sum}
a+(sum (zipWith (x ) as (iterate (xx) 1))) x x
= {poly WEF}
a+ (polyxas) x x .

58 4 25 T BB cip With 5 map BB RBNRFHE map (<x) BESAIR ~ 48 <ipWith
RS - FELE - FFERRRIOL - T8 AR R 2 A RIEH T
(@) BIPTATIEEXIBHEMT -

<ipWith (©) [ab,¢] (map (@) [d,e.f])
— [0® (d®x),b® (e®x),c® (f@)]
{(HEEE Mmook =(men) Rk}
[(a®d)@x,(b®e)Rx,(cRf) Rx]
= map (®x) (zipWith (®) [a,b,c] [d,e.f]) .

E 5 B ZHB sum-map (xx) = (xx)-sum EEB 27HFERB - FEFEEM
EMSERE - ERES D ENINEEZRA sum EHEHE - ERZE poly ATAM

WERB IR as RERRMET] » I zipWinh VWRAEEE—ESBZ LHNHBRES -
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SRAVBASEMEE - R () ATRURHZR — ZF B REM THIFFZR («x) HE
ABH—IR < BRFE » poly ZFTARBERBEIR » SBEINEAEINEANSER
o B EHEE > BMAE:

poly x [] =0
poly x (a:as) = a+ (poly as) X x

EEEEES R poly BEZDR  EHZLEERE - RUAKNBEEERTE
HSEEE R O(n).
REERR A AR EL poly FBEFIE ag + arx+ arx” + ...+ a,x" EHRRL

ap+x X ((l] +x X (Cl2++ (6{,171 +x X (l”))) .

S 15457 BIFE William George Horner 1819 FER— B S R HIRILFERT » Hitk
BEWRBIE Horner 3% Bl » #E9R Horner ZIX}\$HE¢%77F_53 ENREIEIEEAS )
BEMMSEESR -

BE58— AR MR () WMELESE » zipWith (®) as - map (®x) =
map (®x) - zipWith (®) as °

53.2 TiE{UFRE
ORESE 226 AR B exp © sZRBETHEFEE —cpbn=0" EERWAT:

exp:N—-N-—-N
expb0 =1
expb(1yn)=bxexpbn .

WEBEEEFHE V" BEHE O EFRE - RSB EIRIIBIER ?

IS ERREL binary - N — List Bool » A #§—1E B REUEIREK X 1) — &
fiFRrE (REBRMNELE AR EARIE) - LTHRHE False 5
B, Truef§ERE 1 :

binary0 = []
binaryn |even n = Qi binary (n ‘div:2)
loddn =1:binary (n‘div:2) .

BN 5 map binary [1,2,3,4] =[[1],[0,1],[1,1],]0,0,1]]. REL binary FEERIEE
MO B A 2 E0R Y - B binary n RFE O(logn) HIRER o FAPE binary {E1E]
REBPN_EBNEEET H{EES decimal :: List Bool — N — binary IR EREL » 1§
binary HIZEREEIK R EHNEF

decimal [] =0
decimal (c: cs) = if ¢ then 1 + 2 x decimal cs else 2 x decimal cs .

F IR E R decimal - binary = id.
B Z exp, sRETENT
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expb
= {idR () MELT}
expb-id

= {decimal-binary = id }

exp b-decimal - binary .

FAS binary n R O(logn) BIRFRE » INRIMIEEIE exp b - decimal FIFTEEFREIH
HERE] O(logn), MM B BERAFHEEFRMER LT |

L rollb = exp b-decimal ° B8R roll b || = 1. BEEEAR cies BB » £
THHEZ T » WPVER ep bn = b BERBEZBNESEEMME

roll b (c: cs)
= {exp2 ¥l decimal Z EZ% }
exp b (if ¢ then 1 + 2 X decimal cs else 2X decimal cs)
= {REHEEif}
if ¢ then exp b (142 X decimal cs) else exp b (25.decimal cs)
= { %@Jﬁf C iR i (b.x)Z }
if ¢ then b x square (exp b (decimal cs)) else.square (exp b (decimal cs))
= {rll ZEF)
if c then b x square (exp2 b cs).else square (roll'b cs) .

Hitt - FHEEL T £ Ologn) R AFTE " BIFZILANT ¢

exp b = roll'b - binary

roll b [] =1
roll'h (¢:cs) = if c then b x square (exp2 b cs) else square (exp2 b cs) .

HRE 5.9 — WIS binary EIE? ENEERANETERHFT K ?
58 5.10 — FBER decimal - binary = id.

BRES511— BB expb=roll b-binary VEE—EAREETE RN exp
ER o EEEERANRMTESEMNL R ?

5.3.3 /\E5EEIRER

MR EBIBEAREEAE T > % 0 FFB poly F roll - decimal FH'T FHE
% EfMRERLRAT » BERERERT  MEEES  HAELREM
BEER FRESHNSNERESTTEMNIERSZ  BIiFRERE
H’\] °

—MRRRK  BAERRERATCRESRELSER - SETERENER
ERE  NHHEEMAN > THRNESEHRSERES - BLERT  #E
HHEXERFNEBEERE SN ERX A e RESEERNEX T - B
LIERT » HEFAEREERFPEEY > HZRDEFTERNEBIIRE -5
B BHWEXMERENRREERE BV EA8/INNEH - EFEIE
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AEFNERRHERE  MARERE LA EERTHERMRE - BE L
MPITHERZBHZRENTE > fi : FTEEETLEEREMNERE ; 2R
ERAELZERER (FIE - EHAXERIREBNEXTRFTERS RERKE) ;
RERELAESRI  FF - AMEZENEHPHED —LHEAERELE
MEREBRREHERD - BERMATHENGIT -

54 HEREH

BETRIEEF  BRPENTBL4ESE RNERNIEERIT  [todo: generalize]
AEF L —EEEERE A MRS ERMEE - BIEETES 1.26 FIRMHE

8] positions:
positions z = map fst - filter ((==z) - snd) - zip [0.-] .

positions z xs {8E] z £ xs FEBHPMEMNE - LN ERFREEEHFZHE
B3 o AREME 51 SR FIARR-KWEIERE positions HEZ H—1E
FRANESR o A0 FE AT R BB HHRRIS ?

IS positions z B AMDHT » FEHEPRITA » Fid§ positions z (x:xs)
BB FERBREULE positions zxs. ARNBEEHMEETEREDRE - UTHE
BB RS BT

positions z (x:xs)
= map fst - filter ((==z) -snd) - zip [0..] s (x:x5)
= {dpZEFH  [04F=0:]1..]}
map fst - filter ((<z) - snd) s (0,x) :zip [1.%] (x: xs)
= {map 5 filter Z EF }
if x == z then 0 : map fst (filter ((== 2) =snd)(zip [1..] (x:xs)))
else map fst (filter ((=2z) - snd) (zip [1..] (x:x5))) .

HREMFESR T BENRTFR . cip WBYE (1], 18 positions HERE
KiEESHER (0. RPEEFLFREIRE positions z xs.

B PR positions FIEEIB 0 RBRET - WRBMRMUILZLE K
— BB 2 RAIER

posFromz i = mapdfst - filter ((z==) - snd) - zip [i..]

BB positions & posFrom BI$FHI © positions z = posFrom z 0. T posFrom BIE% 4R
EFR T AR @B REk

posFrom z i (x:xs)
= map fst - filter ((==z) -snd) -zip [i..] s
= {zpZZEF |i..]=i:[1.i..]}
map fst - filter ((==z) -snd) $ (i,x):zip [14i..] (x:xs)
= {map 5 filter Z EF }
if x == z then i : map fst (filter ((==2) - snd) (zip [14i..] (x:x5)))
else map fst (filter ((=z) - snd) (zip [14 i..] (x:xs)))

(x:xs)
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= {posFrom ZE% )
if x == z then i: posFrom z (1, i) xs
else posFrom z (14 i) xs .

FIE IS

posFrom zi [ ] =]
posFrom zi (x:xs) = if x == z then i: posFrom z (1 +1) xs
else posFrom z (1 +1i) xs .

B AF— EE SR EE - posFrom LE positions % TEEE M > AHRE 5
YEl - EESIEFZISEAS L AERFZEREENE—F - BHRILR
ERAREBIMI—EESE  FRENBMEEHMBHEAEE - MEE 276
IR R AIRR] - 2R EERiE DER EREIR - ARESREZRE -

BRE5.12 — B index BEFFHNEETEELAE -

index :: List a — List (N x a)
index=zip [0..] .

R E R index BH—ERAER - MRAIN > FH —EEE AR EE
e PEHERAER -

5.5 #H%

ETARBMARS—EERRTS | S (tupling)] »

5.5.1 [EFRT

RE—ERHET - ERMRTER Th) > RTRCHEZRT A TREEEMR - ®
S —ETRBANEGEMETRNAM - LMW ERNT

steep :: List Int — Bool
steep [] = True

steep (X xs) = x> sumxs A steep xs .

MREE—ERENX  EMABINRER », HRREBEEY sum, ERPIEXFTE
O(n”) MBER - BEREER sum xs T x LERBESNZFEERE  UFREE -
FIRESIE sum NERGFE TR ? Tk BB steepsum B steep EL sum ERE H
o ME—EFHES :

steepsum :: List Int — (Bool x Int)

steepsum xs = (steep Xs, sum xs) .

KB E steepsum BE B EBIR—BL?
RIBEEE » steepsum || = (True,0). BAEF xs = x:xs FIFIF :
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steepsum (x: xs)

= {steepsum Z EF }
(steep (x:xs),sum (x:xs))

= {steep B sum Z BFE )}
(x> sum xs A steep xs,x+ sum xs)

= {HFFERXIRNE let F}
let (b,s) = (steep xs,sum xs)
in(x>sAbx+s)

= {steepsum Z EF }
let (b,s) = steepsum xs
in(x>sAbx+s) .

RS HEL -

steepsum | | = (True,0)
steepsum (x:xs) = let (b,s) = steepsum xs
in(x>sAbx+s) .

EE—ERA 0(”) FF [ Y *E—t ° ﬁ g Steepsum KT EHNER Steep y=)
steep = fst - steepsum °

FERE L E — L ENBIERIELE (tupling) — R R % EE R {EHIK
E—EFEHP o RMEAURIRETIEREANREE  LRDEHE
BHEBAORE -

RE—IR  EEASE 1638 36ENMAMN 93] EHT:

(,):(a—=b)=(a—c)—a— (bxc)

(F8)x=(Fxga)
R steepsum BITE Fr B I RMET AY.
stéepsum = (steep,sum) .

FEFEEERRASERE -

%Eﬁﬂi ! ﬁgﬁﬁgﬁ? %ﬂﬂ%%t ’ IZI%I steepsum ﬁflﬂ"]%tt steep 5_/37 . fé%
RYEMmARERERT] > BIERRWL - BEZIX T RFIFF - 28 - FE
BEZRE - UFHMTESEMRER ) REMTDIATELEER - THIR [HE8
R RENDER EEEREENESR  E2EERSER?*

HE CEENEREGRIZRT  SHEERMN  FLi@EpanEXx
FIIREHER  ALEBAGAGFER  BTERE  RALEESERE
Z > B REFET  BHERRRE TEREIER KB sieepsum ER

SE—EREEES T 0 pair IEEMERENFE » ‘tuple” BIRREEMERE  Tuple LA E
EBNEA > FefE — 18 tuple. AEAFENFAM tuple 32 H TAY ) - AL —EY - BLEBESH pair B
tuple BERANZR » BAFEFRHES -

4 THE 134 » H(EMK (with great power comes great responsibility) | & 2002 fERE <HIERAY B

FHIEA o RIFEFE [O'Toole, 2017], EERER AE 1793 FHIES AN IRBRGIANAE - SIEES
SRMENES ACBRBELFEENRERAE -




120 CHAPTER 5. — it 2 X 42

—ERZPENFEF  —EREEELRS SN - FREAFUER  RFE
AEZENTEENA - Bt —EEREREERNMEE » RECAR
MM SRD - ROE T ERAEERTH -

WRFMB—ERBRFENEERBER SR REDAUREE MR
BARER  BRLEK - MBEAERIEFRANEERIIZ— ERKEEE—HE
T AT ERAEPNYHERIEURREALTRRTENTEE
Ao XABRREEEARE B -

FiE—HART—@F  BMEBEER S AR EIT -

552 LUERFIIREEIRERE
HBEE—EALHNFFF - DEESE 11052 2 38 RIR T ISMESEE —JTh
data ETreea = Tipa | Bin (ETree a) (ETree a) .

TR size:: ETreea — Int 5t E—IREHIEENEHE (HETree MEE Tip
WHNRE) ; replixs Bl  REMNBREER > KHRS o BEELERKFEMR
¢ FARE o B  IREEI A > A take A drop AF BT s BRUEE R
E:

size (Tip_) =1

size (Bintu) = size t+ sizeu

repl::ETree a — List b — ETree b

repl (Tip )" xs = Tip (head xs)

repl (Bin't u) xs = Bin (repl t (take n xs)) (repl u (drop n xs))
where n = sizet .

MR 2—ERZEERN T replrxs MEERBFHE size » WERBHF
take 88 drop FITE xs £ » 15 LI repl BUB—1E O(n?) HTEE L - FI A
BIRI5 - FAPIRERR repl BIRF RS R/ N—LE0% ?

B FI repl ERE—EMMARNME > (Bin (Binru)v) 2k BFA
HEEREMEY o =2 1, u B size D RIE ny B no. MNRFBFIHLEG L —EE MR
MER  ER—ERT<E : BHPIFHETE repl (Bin (Binru) v) xs 1+ xs By 418
To & K % 4 R take 0 drop &7 — K o RILERRA] > A TS EEH KT
MEL B IRIEEN rake HE  HIR ) BEMT take ny xs > TR HEIR
take (ny +n>) xs » RBEBENGEESE e BEEERE o PTHTE - O HE
ERE 2.38 - 2.40 FIRF P =EME :

take m (take (m+n) xs) = take mxs ,
drop m (take (m+n) xs) = take n (drop m xs) ,

drop (m+n) xs = drop n (drop mxs) .
Htm, n BIRERY - UREWT

repl (Bin (Binru) v) xs
= {repl 2T MK}
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Bin (Bin (repl t (take ny (take (n; +ny) xs)))
(repl u (drop ny (take (ny +ny) xs))))
(replv (drop (ny +ny) xs))
= {&ERE238-240}
Bin (Bin (repl t (take ny xs))
(repl u (take ny (drop ny xs))))
(replv (drop ny (drop ny xs))) .

EER - B BRAWE repl 1, take (size t), B drop (size t) =18 ; 8 4 HFY
B repl u, take (size u), B drop (size u) =8 o IRIRPIFE repl 1, take (size 1), HL
drop (size ) B > E1E—EREZ N FTRBIENE :

repTail :: ETree a — List b — (ETree b x List b)
repTail s xs = (repl s (take n xs),drop n xs) |

where n = size s .

BBEE Bin (repl t (take ny xs)) (repl u (take n (drop ny xs))) B B BEU Bl B & 15
BFREIINF ¢ oo WELR repTail 10 A5 1 #2578 5F > LB EIFITHIES drop ny xs °
EER T ERSI X ATAELR repTail u, MBI xs EB IR - HPHZFEH
repTail FISFANESR o BEMRR s =Tipy EkBA S » HFIE R s:=Binru 15
W WEENAT (D0 =sizet r ny = size u, R size (Bintu) = ny +ny) :

repTail (Bin t u) xs
= {repTuil ZEFHK )}
(repl (Bin t u) (také (n; +ny) xs),drop (ny +ny) xs)
= {repl ZEFE 1 ¥ n =sizget}
(Bin (repl t (take ny (take (my +n2) xs)))
(repl u (drop ny (take (n) +na)xs))),drop (n; +ny) xs)
= {EFE238-240)}
(Bin (replt (taken; xs))
(repl u (take na (drop ny xs))),drop na (drop ny xs))
= {RHHARIE}
let (¢, xs’) = (repl i (take ny xs),drop ny xs)
(' xs") = (repl'u (take ny xs'),drop ny xs')
in (Bin# u,xs")
= {repluil Z7EF )
let (7,xs") = repTail t xs
(o, xs") = repTail u xs'
in (Bin ¢ u',xs") .

Rt F SR

repTail (Tip ) xs = (Tip (head xs),tail xs)
repTail (Bintu) xs =let (¢, xs") = repTail t xs
(u,xs") = repTail u xs'
in (Bin ¢/ u',xs") .
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WEME TR B x5 W repluil 1 (EF - SEEFBAEE 7/, METH
BF xs'. BEBW replail u ARG v L12E - XERPSELR THIRES] .
B EREISR/NEEREEREARDR repTuil (Tip ) F - SRFIFHREHET
ZAFGEBKAR Tip BFEIE—X » BER—ERMRERIRRE -
[todo: repsort t = rep t (sort (leaves t [])).]
Burstall and Darlington [1977]

B8 5.13 — [EERSE 1.10 B EREIRY (Tree:
data |Tree a = Null | Node a (ITree a) (I Tree a) .

M B LB (baobab) » X TBMHBA » =—EHHMHEEHNE -« MR —E
[Tree Int & EZREBRANEMEFHNEEERN > RfEREE B
MOR - U THRBEHE—RERETABRESE (EA sumT 1 Tree Int —
Int 5t E— 1B T E1ZE AR F)

baobab :: 1 Tree Int — Bool

baobab Null = True

baobab (Node x t u) = baobab t \ baobab u N
x> (sumT t+ sumT u) .

ARBYEM sumT, SR /INE n B » baobab FBHITEERE O(n”). F&fE
FRAAEIEIS » £ 0(n) HEEEREH baobab.

AR R ER BRI ~ IS REET ChNEFY zH -

ERE5.14 — ANEH H Huetal. [1997] ° BRE depth FEFHZ—1R ETree FNE E ©
Tip BWRERZ » Bin WARE R AR FRHPEREIIREMN— :

depth::ETreea — N
depth (Tip_) =0
depth (Bintu) =1 (depth t T depth u) .

THIRE deepest RIfEE—HRE P RORMIARE

deepest::ETree a — List a
deepest (Tipx) = [x]
deepest (Bint u) | m <n = deepest u
| m==n = deepest t -+ deepest u
| m>n = deepest t
where (m,n) = (depth t,depth u) .

A AAENEIS  BREERE deprh. 8 THRAERXF » () (hATRE
BE 0(n’) MIRERA o FAWFEEE 527 RS EME -
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EEE 515 — 5 3.2 SIHBIRE balanced :: RBTree — Bool TRE — 1R 4T 215t
BEFE - HRNEEMN bheight, BR—EBE 0(n’) BREIKRE - 558
B R IHHEE H — (@ R FE AR BT RS A FI BT SR hR A o

553 RAHNMER — BRIEX

THIREL mink BHIRTESE 2.8 HifF - HH—4F ETree iR/ NAE © BREL rep B
AI1RA repl IHEERR - RIS EREIRIRERE—@EE » -

minkE :: ETree Int — Int rep::b — ETree a — ETreed
minE (Tipx) =x repy (Tip_)=Tipy
minE (Bintu) =minEt{minEu , repy (Bintu)=Bin(repyt) (repyu) .

fa— IR, IR NS EREHRBREK  WRINRE - BENHER
B let m = minE tin rep t m. IML—3K > t FWEF MK » F—IRE mink E£FH
VARTE m, 88 )R H rep #FITRIR - Bird [1984] 12 HHkBk : BRI REFE RIE 1 EFH
—RIERT » Fepl Lt TS ?

VAT BREL repmin BEHERR BB ENE - IABEEFHRIMEE :

repmin ::ETree Int — a — (ETree a x Int)
repmin'y = (rep y,minE) .

E AN BEMEZEEW AR repmin BEINTHERRNESR

repminy (Tipx) =(Tipy,x)
repmin'y (Bin 1 i) =let (',m) = repmin y t
(u',n) = repminy u
in (Bin? o' ,m|n) .

ZERRF  EFR - RiEHMIESE
transform:: ETree Int — ETree Int
transform t =let (' ,m) = repminmtint .

BREY transform B repmin EH 1t BIER/INMEZE m, BIEEX FH m RAZE 1. 2 B
FHEE A REMT R T WS | SR EEMEIRE ?

BRE transform BIESSIRZ B © B8 m B2 repmin NERE » XEH2% -
B BB R 2R (circular program) - EFMER Z TR IEER L - BER
Haskell FEETUIEF/E4EKE (RE 198) - R EEREMEENL - BREA

t=Bin (Bin (Tip4) (Tip2))
(Bin (Bin (Tip 3) (Tip 1)) (Tip5))

repmin AFEIA 1 EF—IE  BEBEZ T —EREHNEL (412)L((311)15).
ZELXE » NE  HEWURE—RE  BEEN —&  RAZLSE BIn
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RARAL (). BB repmin N B—IRATIERIE—RE /> ZzHEE Tip R
gEEIEEER - REBSXNEFRE  SEEXETHIZIWELR - BF)
HRRABAELE - BIE / WiEE - R RERIE 7 BNk - HER
AIMRBHFRE / PRRER  ZEXAEEON—EETF - ESFEEZE
RNEFH—IE - (B REBIEMERE  —Bn HEX—EEF > TRER m Rt
THREREFET 9

BEE AR HRWEF R BB » EXAERTR transform WIREEZZ
BIFEETMANERR - WEXZ2EERNEE > AEFEEHRINES -
HEmEe  BREXERAEE « BINH#E  MASURERENNRERXR
FTH%I5 o

5.5.4 /NEEELIREE

ME% | MXITRRE S EE—L{E - HMARHELE T LEE/NHE &
IR o

BMERER K —EEEEME  FRENRE /, EREZEEZEL
TEE? £AHNHFH > BRMTHFRERREEL — LR 4§/ NERR
B IFRH R EERENTFER S FEAR A At AR ERREAEY - EE
ZHE - TH—ERHMTEERL SREEERTRRE RHELR
BEN—F - RERFEHENBRIL » BIA0 sieepsum B repTail, FIT FIHEBH
AEEHMCHETT - EE TRRL] B—F  RPEEREGEAERL
AXCNTEZTIERBRAMERENER S - SRFEERR T x2AE
LSBT -

RN > HAMBEERPRRERNE AL Ae R M—ERENEY
355 - BEXFEARM BB —ERAPHAFERENBRES > MLERIZH
B HACR > MEBLPEELFTEERBAEEN  LEAREFAMREY
ERMAEETRERBEESZTA -

AHAARNRDEREN GBI EEEMETNRBSAERER LN
Bz o B0 AT Rt E-— BRI T RAFHE

average xs = sum xs | length xs .

FIFRAAE BT B ER—EREL sumlen = (sum, length), I B EHEFRE
B ERESHERFESEIINMNERE

sumlen || = (0,0)
sumlen (x:xs) =let (s,1) = sumlen xs
in(x+s,1+1) .

RIEEIIERT EFRAL average’ xs = let (s,1) = sumlen xsins /1.

SR » ARYE Hu et al. [1997] » average’ BELE average 18 - MEEE O(n) B
TEEE o R sumlen EELOERGELE—EFY  ZFHILZEEERE -
FEI average’ SERB—ETRFEENRFHES » FERWEMEAF o5 EFHMIR o
Huet al. [1997] BRFEEERXNFHENRL  AHTRESMNER -
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BRES16— R & alpairs EE 8 AR AP ERMETE (K
HEXKIBFR BB FE 60 adpars [1,2,3,4] 7] 1§ Z
[(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)] °

allpairs :: List a — List (a X a)

[]

allpairs (x:xs) = map (Ay — (x,y)) xs H allpairs xs .

allpairs [ |

i maxdiff BIstE— BRI EMTRAERBENRAE

maxdiff :: List Int — Int

maxdiff = maximum -map (A(x,y) — x—y) - allpairs .

BEWARIRER 1, ML ERN nadiff 2— BB 0n®) REEE - &
E

mdm xs = (maxdiff xs,?7?) .

o 277 AJRERIME » 518 mdm BETE O(n) PRI Z MSERETE » (RATRERIA
TMHE

maximum (map (x—) xs) = x — minimum xs . (5.4)

WABRER maximum EL minimum FEZE B | ERED BB —co B .

5.6 ZEEZE

EE 28 RPBIRNZEEEN reverse : Lista — Lista BE 0(n?) HIBF
- SEALLRIRMIEER 2

5.6.1 ERYIz i EE

THNRE revcat LFEE reverse BB A—L | BEEMELRXE x5 £ ys, NEHF x5
i B s BEIREERERNASR O

revcat :: Lista = Lista — List a

revcat xs ys =wreverse xs #—I*)’S .

FEBH reverse BJLAIR B revcat BIFFH] — reverse xs = reveat xs [ B2 EHE
HEFERA, EVARNRR  BEUMTERZEBN ocw REREBLE
ARERNEER? RMAZRIEE | & vo=|], BR revear [ ys = ys. BE

xs:=x:xs IER :

revcat (x:xs) ys
= {revcat ZEFE )

Sreveat 5 ‘reverse” B ‘concat” R o
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reverse (x:xs)Hys

= {reverse ZEF
(reverse xs +[x]) Hys

_ () 2
reverse xs H ([x] H ys)

= {(H) H revcar ZEFE )
revcat xs (x:ys) .

HIL®MET

revcat [ | ys=ys

revcat (x:xs) ys = revcat xs (x:ys) .

WEE revear [1,2,3,4] || W{AEREY

revcat (1:2:3:4:]) []
=revcat (2:3:4:[]) (1:]])
=revcat (3:4:[]) (2:1:]])
=revcat (4:]]) (3:2:1:]])
=revcat [] (4:3:2:1:[])
~[4,3,2,1] .
B [1,2,3,4] FRTTER—EEBHERE] revear EI']% ﬂﬁ%ﬂ? T EEE

FRFERNTERMNEE MEBETRASHEMBE X - AILE E’JEFE% no
reverse xs ys AJ#E O(n) BIEFE AT R |

FEER PRI FE 5.5 HPRNEH T RE® - £ 55 &R HMAET
BH—ERBHEIRRA - E %T%ﬁrlﬁl LR - MAEARE - FPRIE—EX
HEZZk28, ZETEEH - BESETNAN2HER RE] sTE3E
BIRLENER  BIWTE revcar ':F' » B s FHHERES —FMEBT - @AibiE
B ISR ABIE 2 50 28 (accumulating parameters) °

REZERT  RESHNWERNBRLEZTNESE - BIE revcar I
B BEN—DER () NEEE - EFERPIEEAIE (reverse xs + [x]) +ys
IR reverse xs + ([x] +ys) o #F [x] FEW® - FEEWE ~ BRIEEZE] revear BFIEE
—ESE ys e

B EEFEZR » BRI ANAZE B revear xs ys = reverse xs -+ ys IS HIE
e ? —EMBER : reverse ZFTLAE » BRAB (+) MIERMESH T HE &
LIBRT c LB MELGEBE—E (1), FEH () NEEE X BEREEA
0 -

FMZE—EHT o LLTERE rags EE—4R [ Tree RETAIZE :

tags::1Treea — List a
tags Null =]
tags (Node x t u) = tags t + [x] Htags u .

FEE 7 WBREL & 2 REEERNNE e @B E 0(n’) HIBFRA -
Blan o EEERERE : (LUT#§ Node x Null Null 8 A Ivx) :
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t = Node 7 (Node 6 (Node 4 (Node 2 (Iv 1) (Iv 3))

(v5)))
(v8) .

1§ tags 1 Bl (LRFRATIE » A5 —LE [+ [x] + [ LRER [x]) > HASEE

((([1] 4+ [2] 4+ [3]) ++[4]
+[S]) +-[6]) + (7] +[8] .

EERXFREEM —1 > R24 Nodex... #8H .+ x| +... BRPEATET
(+[6]) BEEB—BERERSHERT (+[7]) TEEA—EREROHET -

BTHRR («) MEEED » BOE rgs NEBH—8E (Hys), FREBE
SRMEEFNIERF - PESE

tagsAcc::1Treea — Lista — List a
tagsAcc tys = tags tHys .

MA (1) NEERE  BEBETESHNTHRRER

tagsAcc Null Vs =ys
tagsAcc (Node x t u) ys = tagsAcc t (x:tagsAcc u ys) .

ZHERBPMERTEFESR rags t = tagsAcc t [|. BF tagsAce FIRLER AR ? a0
15 tagsAce t ys BF - BPNEFIHESE]

1:(2:(3:(4:(5:(6:47:(8:ys))))))) -

ERE 5.17 — H tagsAcct ys = tags t + ys #HEEH IR AER ©
HE 5.18 — ¥R tagsAcct ys BEER 1:(2:(3:(4:(5:(6:(7:(8:y5))))))).
BE519- HEZE ST MARBRLE HEE—ERFREFEN

tips::ETree a — List a.

5.6.2 RiEDE

BN 5.6.1 Hif) revear B ZEA A &% - AL AETE —EEENES
EiEE -
WE 2858 RMERNERERLAUT

sum [ =0
Sxixs)=.fxs... . sum (x:xs) = x+sumxs .

BRI sum REEZ— BRI BIF o IS E L /EE R IEIT A 5ER ML n
T o BIAABLER sum xs REERFBELB (o), AWB sum (x:xs) BB - BEL -
BRGHEIIT sum xs RRRNBRIKER T Tsum xs EEE - BAEBEAIT (x+)]
EHE SR RARESEREMERER - BRWA B o RERL EBX
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Ko BERE HETHNAE] #HEEFEE - B o WEFTTERMRR - SLE
FFRTEA —EEwHE -

1B revear (IIBERANBEEARE - BIREBRNM > FEIMEEAEN revear xs (x:
vs) IERAGHBEZLZFIE reveat (x:xs) ys BIE » NHEMAIMI :

revcat [ | ys=ys

revcat (x:xs) ys = revcat xs (x:ys) .

AL > revear IBTER » IREFENERRE » EERFE BRI RERFEM 2 EERITH
R RENER s TERELR R EE -~ E—EEN revear BT 1 ©

E—ERE S R o B MRZHUASHERE f RBHER - I
BREEHBEENENENE BBz R —ER T (tail call) - 1L ZFBH
MRt RAZNUE—ELEE (RERK] NEE - IREE—EED
MY BIFBZ R R YEAE (tail recursion) °

RIEOHEOE REESFHNEELOEXAMESKFEHINEEFHERIIMN
BAMR o [ERR revcar [1,2.3.4] || NERAVIBEE -

revcat (1:2:3:4:]) []
=revcat (2:3:4:[]) (1:1])
=revcat (3:4:[]) (2:1:]])
= revcat (4: [])(3 2:1:]])
=revcat [] (4:3:2:1:[])
=[4,3,241]",

EEX‘%@E BEEmESEMNERE  Eh—@EH 1:2:3:4: ] BWMER
Bl 5—EA| ZLTHERE4:3:2:1:[]. RE reverse BEF reverse xs =
revcat xs H REREMESEREVHRE  UREANE o IRE > WEHEZ
S RIRIGRAL R xs B[], FE revear BIEFRH » revear || ys Ronrz BB E S —EE
R || FFERLE - WEFFEREE ys 5 T revear (x:xs) ys = reveat xs (x:ys) BIFEE
THEBNS T ESENENFSE o KRB reverse B revear AR E T
ERNREGN—EESAFSTER (B o 8 ys REE - XS ARREMN S
5l) 7

xs,ys:=XS, [
doxs-/[] —

xs,ys:=tail xs,head xs :ys
od;

return ys

MZEEKIET (loop invariant) 2R ? IEZ reverse XS = reverse xs -+ ys
— AFEPRE revear FIER ©

CINRZESWEEREEMIEL » MMREEET B # & (tail call elimination) 3% & *F
" 5 £ b (tail call optimisation) » FEFE S B T M A A LB iEERENL -

Txs,ys:=e1,er 1§ e B o MBEREL T xs B ys; do B — S od RA—BEE - E B BRI
BERBEHITS.
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—MMk > —EREERHEATRA—ELE  H2¥HM2EEPHEE -
RO IR 2800 - ERENMELESHNE @ REERTAEENEEL
KIEEY - ERMATAEEERE  MHsT5—EREA - TENEERE
HIBREY fAce, fAce BIEFR (BIIN reverse xs -+ ys) FEER 2 IS EEE I X (loop
invariant) - EIE SN EREENHEZ2F  FFt—ECEREZREEREH
B3 - N 554 FTE @ — MR WRA—EEEN G ERZRMH / HE
JAcc o BIEFDAIRFRERFE R —LIC - ERANE—LERPES -

BRI RBESENRLERARESREOENX (ERRELSEMERL
NMELERIL) - BZE—EBFIF o WRTATEE > sum BREE IR BOR T I RS
FERBEIEMEEN T XTESE () - BEREE2EEME ? HME

E=S N

sumAcc :: List Int — Int — Int

sumAcc xsy =y-+sumxs .

WM EFE sumAcc NEBERZ : HPERAL2E ) FHEBNER  FEFH
(+) HEEEEDH sum xs NERBA vy - B — BRI TEEER
ZRIVEEEFEHEERE ~ BITTT o RPILRT © sumxs = sumAce xs 0. TR
REEH sumAcc WHERER - EERBRF  RMEEFE ) +0=)r° BTH
BEEERIEE » BPIEE v5:=x:xs BRI

sumAcc (x:xs)y
= y-+sum (x:xs)
=y+ (x+ sum xs)
_ ) el
(y+x) + sum xs
= sumAcc xs (y+x) .

BEEUREBHERPZFTAESR sumAce xsy By y+ sum xs, AR sum xs+y, =5
TEFERGESENT—S PR AURMEAR ) & - BER - (+) R
B AmEAEEEER &N - BRMEEREHENERE TR Sy
ERRMAEENOT B BATTEEATHER

sumAce| | y=y

sumAce (x3xs) y = sumAcc xs (y+x) .

EAHER TRAMELTE 2 — - ZFEBNREAFES) XS miE > AN
B ES x5 By R sumAce IMES2E - EEEMNERXSD - RAEBEREA
EHR [xo.x oy | IRFERERAE—ERES] X - fEFIE N ETR  HR5|E
B [0..N—1]. RMEEFIRARSIZIRETHRE - Fitt Xi FHEF .

xs,y:=XS,0; i,y:=0,0;

doxs#[] =y :=y+head xs; doi:/N—y:=y+Xi;
xs :=tail xs i=i+1

od; od;

return'y return'y
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BE EMERM—RARIAEZEME— @RI/ E5RAEROES
% BERAES  A—ESHEMENRLNA - UEHZ AT E
B2 AR T o BEIEE—R] 0 EEERARN sunm s ETFEREEE !
sum [1,2,3,4] BHBZ 1+ 2+ 3+ (4+0))), M LMA ~ FME AR BERE
BHEAZ (((0+1)+2)+3)+4. Z (+) WEEE > EMBIFR2—HM -

FEE P EESY ERFNERE  RPERBMAR - THEAXNEHETEE
SRR o VIRBEENEE T ARE - RERRRE S List A > BRER
AT AIAZ L

fll =e
f(xixs) =x®f xs |

Here:B, (0)2A =B~ B KERNRR (@) meLeRE HMEA—ERE
MR (HEFRA—EEE) 585 B2 BB L O H—EEEN £
AEEEE > TRSHCHENALETHMNE - #E > MRRMERWTH
g

loop xsi(f.ys) =f (xsHys), (5.5)

(BTRA f xs = loop xs (f []) = loop xs €) W53 s =[] F xs:=xs + [x] BIIERIN
T

loop (xs +-[x]) (f ys)

loop {V(f ys) = {loop ZHi%}

= Aloop Z3R1%} .
7 (1) Sl \

— (1) 2ER) = {(#) ZHEEE » loop 2%}
£y loop xs (f (x:ys))

= loop xs (xDf ys) .

AN T EFRAY loop BEMAE (5.5)

loop [] z
loop (xsAF [x]) z=loop xs (x B z) .

BIEERS R MU TTREARTIE - R A T LIRS

Vd
<

loop xs (f ys) = f (reverse xs Hys) , (5.6)
AIEE T
loop [] 7=z
loop (x:xs) z=1loop xs (x®z) .

BB loop 5TEH [ xs » BIEHF xs RE : f xs = loop (reverse xs) e. IS EEE
BB THMNEER : AR LEAERENRE > EETENIEFBEERE
REEEMER
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BERE N EITRAET] x5 = [xo,x1 ... xy 1 | TR EREMERES X 2 f » B
BIXO0 =0y 1, X1 =xy 0,... X(n—1)=x,. BIAAITEE loop FRELERTTEAREHY
RETEZBNTHESHELN -

i,7:=0,e;
doi:/N—z:=Xi®z

i=i+1
od;

return z .

5.6.3 ELZRIEESG]
BMZELFRESEEEERREER » WIBERENEIF -

PREFERE RMIEGESENER  UEARBSARIEAKHFIFRIEE - HMES
532 BB AT ENFKRESE — @A O(logn) BFRZERE b BWERK - ILE
B ASSEEEHEREARAE - BRRRE op 55 22 HFHESR > 5
BEREENFRE - RPIERUTHRE expAce » B exp bn T L —EARES
oo REF—LRBEERBRBR

expAcc::N—-N—-N— N

expAccbnx=xxexpbn .

MR expAce BREWER > RPITIUL expbn = expAcc bn 1. RERM
HE BT BIESHNBE Uk BEH=EERES T & n=0,
expAcc b 0x =x. B n BIBEEF  AILARK R 2 < n. LATHHEE A 945
expbn B V', WBRHREECBREZANEENRT !

expAcc b (2 x n) x
=Zx x b>"
— (o = (o
X% (b?)"
= YexpAcc ZEFE > =bxb}
expAcc (b.x b) nx .

B 2B B EXRER 1+

expAcc b (1+n) x

—x X b1+11

= {epZER}
xx (bxb")

= {(x)z&EE’R)
(xx b) x D"

= {expAcc ZEFE )}
expAccbn (x xb) .
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AR AUE Y Haskell BE32Z IS (BIUNAF 2 < n B8 1 BUESER n B 10 “div©2)
Z%&  BMEREERNER

expAcchb0x=x
expAccbn x| evenn = expAcc (b xb) (n‘div:2) x
| odd n=expAccb(n—1) (xxb) .

H®E B MERSABEPREFERENTT X - —EREMENERE
1 expAce bnx BIIREUITER  B—ESBTREFRE » B9 12 NERERT )
MRE (b, 0%, 0".) - RIEn RETHE > BN TERKARELH
o

BRE 5.20 — KEIM expAcc REEERERNESXFETERE ? HEEE
KB ?

BRE 5.21 — FEEH —EREEMRAN length REL -

W 5.22 — 323 BRNAD T AERIBK BRI -

fact::N — N
fact 0 =1
fact (14 n) = (14 n) X factn .

i —EREERA - BRA TR (<) NHEEE ? HENEXR
BRE—EHHE BEENESKET EER ?

BRES23— F2 P HREAERAEENME - #E > —LBH-F
BRMEKT R EEMRENER - RetUNEEERZE - BRBTRU
BRI URAIE—EHFEFHIBENIES (HMEEHENLTE
) BRMRFT 0(logm) BIERNAETE m < n. B :

mulAccmnk=k+mxn .

EEEE—EREREE - I ~ BRI ~ FBFIE » 37 O(logm)
MERAELY nuldcecmnk NBEMNES - EEEREWKER—EEE
05 2 HEL R 2
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HRE 5.24 — TMEREL dioN #§—ELBR I FREM HEMEFER B R -
530 droN [4,1,6,0] = 4160:

dtoN ::List N — N
dtoN [] =0
dtoN (d:ds) = d x 10°"8™" % 4 dtoN ds .

B length ds MR BT EER dioN BA—BERE 0(n°) WEREZE (0 Bl
ABRFIHRE) -
1E AT BH—EEEE O(n) BREIRFTE doN Ik —EH
fhE BN4E R AR Y -
2LIFHRBELE  HE—EEEE O(n) BEREAFTE doN MERERE -
2R R ERERNES dioNAccdsn=..n..+dtoN ds.

LZERESH RO —ERBERNDFERAH - A TERE - °

masc::N — N
masc 0 =1
masc (2 X n) =2 X mascn

masc (142 xn)=n+mascn .

RPEARBELHNED  #EH—EUAREETE nasc n FEEZE ° &%
BN —SHRESHK—ESBENERL - BHMEREZBRERN nase, EERBBEHK BT
FBELREE o DL masc 43 B -

masc 43
=21+ masc 21
=21 410+ masc 10
=31+ masc 10
= 3142 X masc5
=31+2x (24 masc2)
=35+2 x masc?
=35-+4 xmasc 1
=35+4x%x1
=39 .

BB EXFEERBERE a+b x mase n PR - ALK PER

mascAcc::N—-N—->N - N

mascAccnab=a-+bxmascn .

{BFERRIEE mascAce BT » B ILHEE masc BEH mascAcc BISFHR o 47 »
FR AR LARE masc n = mascAce n 0 1.

$masc % “mostly ascending” MR E - EERBAI LB » EEESE TR—82 -
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WEFRPREBS K mascAcc IRIEEESR o B n:=0, mascAcc 0ab = a+ b.
B n BIESHNME > AT ERBE 2 <n o FHFPHESE :

mascAcc (2xn)ab
=a+bxmasc (2xn)
= {masc ZTEE}

a+bx2xmascn
=mascAccna (2xb) .

& » BEFH - TIARERK 1 +2xn B

mascAcc (1+2xn)ab
=a+bxmasc (142 xn)
= {masc ZEE)
a+b x (n+mascn)
= {(x) DA (+), (+) 2&EEE]
(a+bxn)+bxmascn
=mascAccn (a+bxn)b .

REHRMETONTHREEER :

mascAccO0ab=a+b
mascAccnab | even n = mascAccdn ‘div:2)a (2 x b)
odd n = mascAec (n‘div'2) (a+bx (n‘divi2)b .

EHE mascAcc WBTERFERTSENREEN S  BEZBEEZEER T
FBME o+ b x masc n TR » DB EIRL A mascAcc °

ERE 5.25 — AFERE Kaldewaij [1990]. 28 EVA TR E] :

fusc::N — N

fusc O =0
fusc 1 —1
Susc (2 xn) = fuscn

Susc (142 x n) =fusc n+ fusc (1+n)

AL — AR E fusc WREERZ - $27R: WA fusc 78 BBIREH » BES
BEFREIT R -
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B 526 — ML RIEEAI TS A map £ BB ? SR LA mapAce f xs ys
= ys+H-map f xs I MPFELUTHHERES

mapAcc f || ys=ys
mapAcc f (x:xs) ys = mapAcc f xs (ys + [f x]) .

BEER (H[/+]) BE O(”) KRR - BB ERHNRRT REH TE
HERAERIE 7

mapAcc f [] Vs = reverse ys
mapAcc f (x:xs) ys = mapAcc f xs (f x:ys) .

564 REENUEEE

WET—EFTIk » BRANERA sum T FAEE (SEMINEHEENHET) £ TEE
R NERZEEMNT - SR 0AEWA S5 REMRIELNZENTZRE - 8
EREE -FBL F—EE5mE BZe AR EENBNE-EBIA 5T
METE - BEEM sumAce AIRHRA—EESHER B RLENET . ER7E
SEK > FTEESEEAMNERIRLERE  WFEEZT - At EURERE
BHREFEEEXES  FNnE - ER/MESFEHRBETHZUREET
BB - KBORBESERAL T KE - EFN—ERH R B2EH
SHGEEREHL (RE 11670 8 198) - HEEESRR » ELAGEFERAE
FEOREEE R ER T ERNBENER > IREELF -

BE {5 AE M KER Haskell KR > BRXEEME L - EUSTIAR
B RMERBRE&UARENTXEEM sundce AT MEBFIRERIE
LeRIRe R | ER BEREER ? AT > sumAce [1,2,3.4...] 0 IER
(((0+1)42)+3)+4) +.... BFlER > EEXFER - REBEERENRA
Haskell NEE| &8 BRENRE —Z2TEFEXEOMN - BILEEH RS
AR - 0+ 1| AEEHAOK 1, (0+1)+2 AEHIK 3. EEREXAMESEE
WAELRET - BEEIEESBIIWEHT » sumAcc N EERETHERET
(FTRERERBEN LR » HEFHEXRE) » SEXREXAX—TTHILER—
fEE—%1E -

REERBELTHBE » Haskell 12t 7T — L5 AR MR —LHE
EBHENEHN - FINEERNER EEFRLERUS BRI (strict)] B~ £H
NERE seq SHIERL ~ AEEFRERRE - BRITERZR0 B
(unboxed type)] %5 o EBEFE G A Haskell 4RTE B R IBLEZE AT -
ARCBHAENEE -

MRREFERNAZEE - MEABLNER > MEXBES BB KRE
BN ERARE - WNERE 5.26 HAR - FMA BHREEEA T M map f:

mapAcc f | ] VS = reverse ys

mapAcc f (x:xs) ys = mapAccf xs (f x:ys) .
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EFEZT EEEANBEUEEZFTEZM—IX reverse - BEABELE TRE
B : reverse WA revear BYE > ERMRBATR - ZEXZNEERNERH
map [ ERARERNE : mapAccf BEFNMNEFNEE U AT ZEEZT GHBLE
% — 4R o TERE map f ERINES -

mapf[] =[]
map f (x:xs) =f x:map [ xs |

BARRAF o AIEEFE REREE - TREFPER : length-
filter p-map f o 1RIETEMERE > f x: ... BRI filter B length ¥ W » S8BT B
WAETE map f xs. AL map f EMERAPEEFIIHBEL T SWTBMMES - X
DIERT » BAERDN map f BEELRIEEM mapAce f BEBEHIRE - E5F
ZiERh > REEANSNER. R CHEAYE  SEEER MR L5
BEERENMIE -

5.6.5 MREUERRT

BLAREIR SR8 - AEFIE (R AR —1EARE BARE B XI5 © EER revear M
REEESR  EHFRE—(E2HEE  HERTHRRK

revcat :: List a — (List a — List a)
revcat [ | =id

revcat (x:xs) = revcat xs - (x:) .

reveat 72— EEE] Lista — List a FIRE - EEIEAIR » revear || EE id. 5FH
HRILHR » revear xs EEIRIREIA () BEE—I © B reverse HERE - £E
KRR » reverse || ERIZEEREG [, SRARTLA > reverse (x:xs) EE reverse xs +-
(x:]]) o SFRICERFVRIRAY id, 38 (+) B (), BB revear 7 o

ELHMMEAE : BIRBBEIE Lista — Lista BABRIPEZ—ERTE  H
B id FEZEBT) > mBFEEMRE ()R’ ? EE

type DList a = Lista — Lista

— (B A% DList « FIERE f Ton—18 [ BB ARTEE ] R — RieE—EE
B oys, f ys BEEE—EEIENERT] o & s 2—BEAE Lista BT > (xs+)
EEAE A —1E DList a. ZA§—1& DList o BRE List o, | RLFHEHF || {FEXET -
THImERESE R MEEmERNEZ SR

toDList:: List a — DList a toList :: DList a — List a
toDList xs = (xs-+H) , toList xs =xs [] .

R ([|+), k-T2 ERBERET id. [B—EE—THKR W
DList ATREY (x:) — fR1ETERS » (x) 3 x BB HEXLIS o

8 DList o I{AEREE—ER ? EHREASE () c BE > (xs+) - (s+)
2 EEWE—ERE ws, EE xs -+ (ys -+ ws) BIREL o DList MIAH] ‘cons”
BRI ERK
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nil:: DList a cons::a— DLista — DList a

nil =id , cons x xs = (x:) - xs .

List LR (+) BELEEE  BWEGRALF o HIG (xs+ys) Hzs BREL x5 &E
FHRR o DList FUTEIRAE ? ERE ((xs+) - (ys+)) - (zs+) » HEAZIBHME DList
BWRE—E - RPVREEER T —EEW ws BIIER

((xs+) - (ys+H)) - (zs+H) $ ws
= {()ZEH)

(xsH) - (ysH) s zs Hws
= {()ZER)

(xsH) s ysH (zs H ws)
=xsH (ysH (zs Hws)) .

A () BUER > BME (xs+) - (ys+) REEEE—E » RPNSREREERE
A xs -+ (vs H- (zs Hws)) !

BMZAE—ELF - £HE 57 H > BE—M8 ETree o, FEERIEFRE
RIAZRC » WIRERY tips (Bintu) = tips t + tips u » BREZLBERE > EXEH
= 0(n?) HIRFR - {BINR IR PI A DList:

tipsD ::ETree a — DList a
tipsD (Tipx) = (x:)
tipsD (Bin t u) = tipsD t<tipsD.u .

ik E R E S AR o 8B A — S AR DList - B0 -
EEIMTHE

1 = Bin (Bin (Bin (Tip 5)(Tip 4))
(Bin(Tip 3) (Tip2)))
(Tipl)

tipsDt HEFE R (((5:) - (4)) - ((3:)-(2:))) - (1:) - &4 BE - RE2H SR
Tip x KRB (), B Bin KR (). BEEHME—EBEZE5EXL  SEHB
(x:) 70 () FERREY THeH) AF#ER—B  TEGUERFBARBE 5:4:3:2:1:]]
EE L MEBMERGpsD H—ESHLREERE > RMOFSIIANEE 19 H—
BHER - BT tpsD, BT REMN tips SLEE B tips = toList - tipsD, &
tipst =tipsD 1 [].

Hughes [1986]

B 527 — EEEs 4% RMEREHEARESE —ERAR ETreea —
(Lista,N) FEE - ZRENFE 0(n?) HWRSRERESRS| (B o REAR
HIAR/N) o FERET—18 O(n) RIREE






CHAPTER

i

F2EFNHFZENRBEREBBEER —BEEE o LA sum, length, B map f
A

sum:: List Int — Int

sum [] =0

sum (x:xs) = x+sumxs |
length::Lista - N

length [ | =0

length (x:xs) = 14 (length xs) ,
mapsi(a — b) = List a — List b
mapf (] =[]

map [ (x:xs) =f x:mapf xs .

EMEMBEBAR | FHEEEBEEEE  EBRAR s FEE o DREEW - 3
AR AERFEEN L - ZEFEMABZEREREHIES - BIEEREM X AR M
THIREL : sum fEFH O B (+), length R 0 82 1., map ¢ BIER [ B2 (f x:). 200
F3 Mgtk 2—EESKEXESARMANSEZRN > RS EEER
HHhS H 2RAE ?

B Lt =EERTRENTIOMEESERSE > SR THRETER foldr:

foldr::(a —b—b) —b— Lista—b
foldrfel] =e
foldr f e (x:xs) =f x (foldr f e xs) .

WA —3R » sum, length, 88 map f &R foldr HIFH :

139
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sum = foldr (+)0 ,
length = foldr (Axn — 1, n)0 ,
map f = foldr (Axys — fx:ys)[] .

R foldr 2HF) L TH8 (fold) ] — foldr —:2 fold B2 [ /532 (right) | FI4EE
BEZEHE—BETAEENE - RIS ET —HRE -
6.1 HFIHIFE

M1 BHFZHRATERE - MR foldr BT RERN—EBRNERER
LEAFER U EHFRE LR o 458 25 h - FZRPERMEREHFAEN

h:Lista—b
h] =e
h(x:xs)=..x..hxs..

Eh[|WBERERREBEREEE; £/ (cxs) IR x 8 7o BIE - W0
REMERSD . ZEEZABH s, Bl 7 EERRBEEK—1E foldr.

AR AT foldr $RBA 1 (combinator) Rz — » F 1832 FNABTH
R EIER S - AN map, take, drop, zip EEREHFREIHR 7T E RHNERK
AR - SEEAHEE—RE~ @R > 2EANIIE - R¥ old BAIRE
—@EAH AREL—LHMARERR FBH - RPHESERGZH
195238 A0 4B 1 R BB foldr BYFFHI -

BE—EEMRE foldr W7 foldr BT RBFIRREET - B EM
HRREMEFBIE (| PG ARKMER () 5 o B [x.0.0] 2
x0: (x1: (x2:[]) IR B o FBBofoldr (D) e [x0,x1,%2]:

foldr (&) (X (x1 : (x2:[]))
= o Boldr (&) e n: (x2:[]))
=Xx0D (Xl P foldr (?P) e (xz : H))
=x0D (0 & (x2 @ foldr (©) e[]))
XD (X1 © (2 De)) .

BRI S foldr FEFNEFH IR > #FEE () BEK (o), # || BIRE e XF
PRERERERES  BRE fold NEFTHFE r NEK - ESEEEDERR
& foldr UL R - EIAE B FIHY Y (EEEAE T -
o [ ERIZ Lista,
o (O MBEBIZR g — Lista — Lista
BREY foldr () e W —1E List o » MEAMNEBTHNERE cH () ELLE
H—ERFE » BIE - JHi
e BBMAR || BRAIZEENE  EEFINERD.
« B (p) BIBLR > BE x0b (x B (npde)) BEKXF - HAF v BEAE q
X1 B (noe) EEBITEWEBRIBIERT  BRIEZE L. T (0) EZEM
EEmA%E > SEL—EEFE - BE Bt (o) WEBIE«— b — b.
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AR e B (p) NERBISAIRA [ 58 () NEBIFRM List o RIRRL b TI2K - 75
B2 foldr IBIRIR (a — b — b) — b — Lista — b.

RTERIA - B foldr (©) e ZHH ¢ BBYEEJR(E (base value) & #F
() FBIEF B @ K (step function). BREL foldr MELRIR] IAIRERE R « A—EEAE
a—b—bMSHRE - M—EEFE L WEEE  foldr FEEARF—1E List « ¥
B b.

EBBIMEE (foldr) AZ—EE NG — TEEREBTRNEBTRRE B
EBER RS EMEREEL - BMEZBNESREER —LHEMERE
1% LS -

T—EHREZEM foldr MBIF - ERZATHMBRIRERE : &
foldr () e (x:xs) FIARIR A » () ATLAER x B foldr (©) e xs AR B
REE R xs.

6.1.1 ELH% ERYE
O EEFEZR - FPInJ B IREE 2E N BT Z R EERZE foldr.

Bl 6.1. LT BT B K foldr:
« concat = foldr (+) [].
« filter p = foldr (Ax xs — if p x then x: xs else xs).[ ],
« takeWhile p = foldr (Ax xs — if p x then x: xs else []) [];
o elem x = foldr (Ay b — x ==y \V D) False,
e all p =foldr (Ax b — p x/\b)True.

ER5)EEE (1) Lista — Lista — Lista 2B _TEE > B (Hys) =
List « — List 15— ERE - SRl EmR—18 foldr:

(Hys) = foldr (:) ys .

—EEZFGIRE v — | BF o R xs, 05+ [ = xs. B (+[]) BEF L
B id:

id::List a — List a
id = foldr.(:) [] .

WE > @RI R () KRI|RK (), [| RigK ||, MPERSIREENEHT -
BRMA®REGRS TH7 LR id 1@ foldr] BIEE -
STEET BRI RIBREL inits - List a — List (List a) AI BRY foldr:

inits = foldr (Ax xss — [| :map (x:) xss) [[]] .

FTEFTBREN rails :: List a — List (List o) WAJVAB K foldr » BFHZERH—@/N
MHE - OEEHRESR :

tails [] [1]

=
tails (x:xs) = (x:xs):tails xs .
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EEY TERKE foldr T - B8 o HIBTE .. 1ails vs ZEIE - BT foldr
IR 5 s TNEEHIBFEIREME Y Z 4Y o SEF rails B—ERIFELLE BRI/
M rails xs BRIFETBEEH » F—@8HRZ v K& : head (tails xs) = xs.
W FAPACTHE rails BBAR :

tails = foldr (Ax xss — (x:head xss) :xss) [[]] -
BT ails RIBEERIIEZE BT > £ head xss BRRER ©

B 6.1 — mIFUTREER foldr:
1.perms :: List a — List (List a) (R 28 2.6.48f),
2.sublists :: List a — List (List a) (R 28 2.6.480),
3.splits:: List @ — List (List @ x Lista) (RERE 2.27) °

6.1.2 = foldr HIREL

WIEFFBEMARBINREE R foldr. HPBHIBITF R rail: FFIEEB « F0
tail xs BH tail (x:xs) o B » tail [1,2,3] = [2,3] » B 1ail [2,3] = [3], T [2,3] &
SAER AN [3] AR o

S—EFIF2 dropWhile p. BIEEELEE :

dropWhile p [ ] =]
dropWhile p (x:xs) = if p x thendropWhile p xs else x : xs |

EEMIERA » else IR ZHFEE x:xs — xs BIRER BN LS T - 35
BHIERRAR foldr - B » EBRERR dropWhile p FNEH ERZRFTE foldr BIR
R. BB BEME 5 LEEHE dropWhile p B foldr W& ? AN&® dropWhile p &8 &
TR - EE dropWhile even [4,3,6,2] = [3,6,2], 18 dropWhile even [3,6,2] =[]
— B s dropWhile p £ T RZEH » FERPIEERBZER dropWhile p xs
B dropWhile p (x:xs) e BRI » dropWhile p 1 tail —% » BHER EBEER
foldr 9 <

ERE 6.2 — EEEE 2.6.45HIREL fan:

fan::a — List a — List (List a)
fany[] =[]
fany (x:xs) = (y:x:xs):map (x:) (fan y xs) .

REEERBINEXRE—E foldr? BREFEEMN fan y BEEL—1E
foldr W@ ?

6.2 HERaEE

B oEHRRE > [HR{] BisHEIERMRRAEENRS - RS BTF—E7
FEAFTR o M —2k > BEMSERX [FE] 7 RATUSRE - RH
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HE > THEMAGERERENERGEERZBCNEY L -  —BEEXEER
BRI —ERHERIFNHRIES - BRNERRBEEME - REES
RH MRS SBEEXEEERR -

M) BRMOKIN—EHSE > FEEXTUARERR - mM—BiaEL 7HE
EEEE > RGN RETERBRENME  EE GRS TE BRI
EfEmEL L -

BRAENMED > SEENRHFEARER T 6 € E (fold-fusion theorem) °

HAmEERERAM—EBINMRERENRERNREREER - HAE
B —EE

EIE 6.2 (FEMATE (BRIR). #E fia—b—b,e:bh:b—c. WRM(fxy)=
gx(hy) 5P x::a 81E foldr f e BOEIRAHHI v:: b KoL, H

h-foldr f e =foldr g (he) .

MEAL(fxy) =gx(hy BZMEERKINTIEE  RPBREBZR
[ fk & 1 ¢F (fusion condition)] > MR EIBARGHRAMR » Tkl FHFAT4aE
%—E:EE% ° %J% [)CQ,)CI,)Cz]:

h (foldr f e [xo,x1,x2])
= {foldr 2% )
h(fxo (f x1 (f x2€)))
(BB (x =g (1))
gxo (h(fx1 (f x2 €)))
= {(BEHEEHA(Fxy) =gx(hy)}
g0 (g (h (P @)
= {BERME 1 (Fay) =k x(hy)]
gx0 (gx (gx2 (he)))
= {foldr Z7E% )
foldr g (h e) [xo,%1,%2] .

BRI E BB SR 2 (Fxy) =gx (hy) BIER — # h 6 H - LFEHLK
B f EERK o, ERAEE ¢ BIE -
EIE 6.2°] FGI1THI B ANRE B RS

Proof. 1RFRBAEIRMEERSL » FAFRBEREETA x5, h (foldr [ e xs) = foldr g (he) xs.
&M xs:=]:

h (foldr f e [])

=he

=foldrg(he)]] .
&I xs:=x:xs:

h (foldr f e (x:xs))
= {foldr 2 E3&}
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h (f x (foldr f e xs))
= {BEHEME:h(fxy)=gx(hy)}
g x (h (foldr f e xs))
= {B#RER}
g x (foldr g (he) xs)
= {foldr ZE%)
foldr g (he) (x:xs) .

O

i RMERABERANBE_SERTREEMS / (fry) =gx (hy). BREZT
AL BERETNAERE ) BRI - RPRABEERE y & foldr [ ¢ BT i 4
REFRIZANA] © 52 EE 6.2 £ foldr [ e KUMEIRARED y] ISRRERIEAR o
EABETRABAMNGFH - ROEBIABHRAESEEHTF v 9K
37 o BERERFIRENREAMEWMEREL  BRfESEEIMSHRT RS
Joldrf e BEIHRHY y BRIZAVER o MITFESE 6,26 P BRI —LHIT -

6.2.1 HERLE AR EEER

TR c2BRERE -
. —TEARE R ARERME  RBEBR hfoldrf e B foldr g (he) 1% >
WEFFR S RN A, £, g, B e
. FREURERARAERRER « IWERMEECH A, 1, H o, BRME ¢ K
M ER D —(ERB SRR ¢, 5815 1 foldr f e BEFE—1E foldr ZH
SERR ©
BT mE—REIER

5 6.3. EIEE map e E3IE (2.2): mapf-mapg=map (f-g). & 63 BRMET — 1
BANEH . B map g B— I, RPGTAE@RETEFHAE T,

map f -map g
= {map W12 & )

map ffoldr (Axys — gx:ys) []
= e )

Joldr (Axys — f (g x):ys) []
= {map N E % }

map (f-g)

FrFENBGERAFTHERN TR TivT:

map f (g x:ys)
= (map Z.7E 3}
f(gx):mapfys .
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# Lt 5] F B 58 2 4B BRANRE RALLES - BRANRE AR > REASRNE (A
ML M—F > MERBMEEENBRAREEY - BALRNEREE
% REERAERRESEERT o m bR GFHERBEEENER - RIHZRE
MR TR AR A 5 R ARR R ER S -

AR - A ERZNER > RNEREZREN - BERMKRENER
BABR  FIREEASRS -~ RO EHIERRER - FTH > XMIFT
B #MuEErfn » AFEASEFEBREN /, c F28NE - BrlEeTEAIR
MREMERFBABR  FIRRST -~ EHEABRXZEEERER - BETHE
MEEE  BMATESBIRRST - SIREMERR > AFEASTEEEBRE
HIRL & SR RIREHR o

BB L mop MECEE THREENEG

EE 6.4 (foldr-map BEEIR). foldr f e -map g = foldr (f - g) e
BAEFEEE foldr B map —BHIER - HFFEIR 64 MELTH -

B 6.5. F A E AF R sum-map (2x) = (2x)-sum. ERERKEREFEH
sum-map (2x). B# sum =& —18 foldr, A1 22 64K ZANE B A — 18 foldr:

sum -map (2x)

= [(sum ZFqE %)
foldr (+) 0-map (2x)

= [ E3E 6.4: foldr-map Fié )
foldr ((+)(2x)) 0 4

FH—F W, (2x)-sum 7 LAgEA R F —18 foldr:

(2%) - sum
— (2 )foldr ()0
{THf A )
Joldr ((+)-(2x))0 .

HEF W e REE AN T:

2x (x+y)

= (T EpE H R )
2Xx+2Xy

= {()ZEx)
(H)-(2x)) x (2 xy) .

H W EAFEA T sum-map (2x) = (2x) - sum.

HFZEXTHAMNMIERER : BER e =0, RAEWEHMHE > B2
HeeREHRE—1@ foldr.

) 6.6. BT 2.11: EHAH A f, x5, B ys, map f (xs +ys) = map f xs +
map f ys. &3 xs T, SAEREN:
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map f - (Hys) = (Hmapfys) -mapf .
HA (Hys) £ foldr. B BA A 8 A 5 foldr-map #4

(+Hmap f ys)-map f
= {foldr-map 5 }
foldr ((:)-f) (map f ys)
= (#H@e)
map f - (Hys) .

Hd, mE—FHEaRER

map f (x:2s)

= {map Z E % }
fx:mapfzs

= (()2EH)
((:)-f) x (map f zs) .

HeRE R, ERR B R BT R B A

EAHNAZ BT > FREMEEEAKRELTER - £F37TRERL
XTFBTHREERT - NRTEAR] B - RMIBERE—EHT -

5 6.7. £ JEEAE 258 PR KA sum - concat = sum - map sum. A E
R foldr-map h-& € BBHLTE ph & € 2 :

suim - map sum
= foldr (%) 0 - map-sum
= {foldr-mdp 7 =)

Joldr (Axsn — sum xs+n) 0
= (RS )

sumfoldr (+) [}
= sum - concat .

%W foldr-map @A 8 KL R E R (+) sum BHZZFEE KA (Axsn —
sumxs+n). &8 — U T KA AETEEN, HBEHER sum (sumxs:ys) =
sum xs+sum ys, 25 BB 2 &I H Ko

Bl E — PR TER A WA sum (xs+Hys) = sum xs+sumys. & =& % 2.58
WA P AR BT, RUIF—KEE: FAERAGCERRMAF
oA — 18 75 9 o A ST RELAR B e B S
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EE 6.3 — s AEBARER foldr-map BAE EIE (6.4).

HrE 6.4 — £ foldr-map B & FIBRAEFE BB sum - map length = length -
concat.

BEes5— FHEMEETEEBERE f, map f - concat = concat -
map (map f).

6.6 — #AESf,g::a— Listaf p::a— Bool, 5AFEHH : MR filter p (f x) =
if p x then g x else [ |, B concat - map (filter p - f) = concat - map g - filter p.

6.2.2 UEmMEERER

WRIATE » S—REEAEMSHERARAERER : MMHE hojoldr f e BEE—
18 foldr Z A5ERK © WEFE IS A 4, /, B o, HHE AR AR HE SRS HE
2 o

5l 6.8. EREE 515 8Bl F: 4T SUmMsq = sum - map Square , RPFERE —1E
TE & BT RA | map square =& —18 foldr, ZTEZA sum fh A
map square F , F B i E sumsq = foldige ) g H e . B e= sumsq[] = 0.
ATREMERGBKENTERBH o, RIEE:

sum (square x: xs)
square X + sum xs
= (Y x & sumks )
(Axy — square x+y) x (sum xs) .

B, WIEEE 6.2 sumsq = foldr (Axy = square x +y) 0.

Bleo. #E—HEHBH, EF AN ENH TR H—EIRAFRARKN
4% ERA/AGFR. ABART. AR EETA—HRZAKRE2ELER
BREAT. —ETRMEL: BZEI NG —HREAf, RMTHEEH
RN 2. BEFERTRNMIETAGBN T & &REHK noOverdraft
SN

noOverdraft : Int— Bool
noOverdraft == 0) - minimum - map sum - inits .

HAAF T — 18 s b 0 A

BRI R, BRI EF & EAE minimum - map sum - inits &5 —18 foldr.
Bl B : inits = foldr (Ax xss — []:map (x:) xss) []. FAT U — B RAC minimum -
map sum @A inits, W W KEAT, LM map sum - inits @& K —18 foldr, B
B minimum # Ao

WR R E AL A, A map sum - inits §A o FJRAEZ map sum [[]] = [0], T
B B step, JA i M B A A E map sum ([]:map (x:) xss) = step, x (map sum xss).
AT
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map sum ([]:map (x:) xss)
= 0:map sum (map (x:) xss)
= {(map #4E )
0:map (sum- (x:)) xss
= {sum (x:xs) = x+sum xs, map @& }

0:map (x+) (map sum xss) .
B g 2 1P 45 2
map sum - inits = foldr (Ax ys — 0:map (x+) ys) [0] .

T — 2 &8 minimum f-43& map sum - inits. 2 J&AELA minimum [0] = 0, T &
B % B step, Z83% & minimum (0:map (x+) ys) = stepy x (minimumn ys). sTE W T :

minimum (0:map (x+) ys)

= 0] minimum (map (x+) ys)

= {minimum (x+) ys = x + mininiumys , 1% A4
0l (x + minimum ys) .

® 1% — B F W ME minimum (x+) ys = x -+ minimum ys % FEH, LHENYT
R (x+) TRABE (1) ZF: vk ha) = (x+y) L (ke 2, KAEE

noOverdraft
= (= 0) - minimum - map sum-inits

= (> 0)-foldr(hx y — 0] (x+3)) 0 .

T A — AR AR B (] R
MBI (> 0) WEN foldr ZHR? BT w6 KL, RITEREH
RO (x+y) 20= stéps x (» 2 0)ljstep;. HHEMT:

0l (x+y) =0

= falb>c=a>cNb>c)
0>20Ax+y=>0
=x+y=0

= (FEWFEKRN steps )
stepyx (y > 0) .

ST BT 7 3K B AR stepy — (B y > 0 RITEE B x+y >0 Z2F RILo
KPR (>0) ERTASEM, HRRMEEERIL
e R AR Y R o, R P R R R A

noOverdraft = and - map (> 0) - map sum - inits ,
BB map (> 0) F4EE B A& map sum - inits ZF o
EREMASREMEXFESNEREFU TR

hl -foldrf1 (]
= {(HEmAEE)
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foldr g (hy e1)
= {(fEptEEE)
hy -foldr f> ey .

LS - TR 9 2 T B R T B P — SRR SRR ¢ R o

5 6.10. A 2.28 & E W length - sublists = exp 2 - length. M. )& T A 8 @k & = 32
A Fo

ERERG 2 F &, BMERAM length- sublists Bh& % — 1 foldrs ¥
sublists = foldr (Ax xss — xss +map (x:) xss) [[]] (B 6.1(2) , #ALWN foldr
Z R length [[]] = 1. R E T REH, HMEE:

length (xss +H map (x:) xss)
= length xss + length (map (x:) xss)
= {length (map f) = length }

2 x length xss

MR B S EEIH (Axn — 2 xn).
B 7% 2 AT o A T

length - sublists
= length - foldr (Ax xss — xss +H map (x:) xss){[]]
= (fHEe<HE, lidy
Soldr (Axn — 2 xn) 1
= (o TE, WT)
exp2-foldr1. 0
=exp 2-length .

EE_REHLEF, BEEop20#ETEE | BERTEA ep2(1,n)=2x
exp 2 ni

R 6.7 — EIEER 6.9. AENE map (= 0) BEA map sum - inits B » FRREB
Az EE R -

6.8 — [FRERME EIEER sum (xs H ys) = sum xs +sum ys. I&7R 1 i5
MRERFER sum - (+Hys) = (+(sum ys)) - sum.

BEe69— 2E BB 62, FRABRMESEEREM length (fan y xs) =
1 (length xs).

HRE 6.10 — MRS 53 28I RER TN _ENHFTHEEERBNRE
decimal :: List Bool — N. sZERE Al B — & :

decimal = foldr (Acn — if cthen 1 +2 X nelse2 x n) 0

SEERREREAF exp b - decimal TRRFRE—HIFE o
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HmAHESKEMNEE OB id:Lista— Lista AJLLBR—1@ foldr — id =
foldr (:) [|. TAETEREL f:: List a — b #EH £ id. MRFAHE f 8 id BAE >
BEMEER?HABRMPFTERLEEE || 2T E - BERMEHLIRE
f(x:xs) = step x (f xs) BT ERREL step. BERBRZERARMA-KWEERIEK /
HEEAER | ARHEERNENERLERESE @ £/ v ZHTEEFE xo.

BE Bl sHPAZERENEENEERATURAFEABREE
RLRETAIBIF o ASE 53180/ poly R - HEHERNERNBIRA AR A
ME

poly x

=polyx-id

= {id=foldr(:)[]}
poly x-foldr (3) []

= {fEREEE)
foldr step (poly x[]) .

H B EE polyx[| =0. MR step BimBBAEERIEpoly x (a:as) = stepa (polyxas) e
F, siep FBRENE 1MENFETZ2MEE - HPSER

poly x (a:as) = a+ (poly Xas) X x .

F R IEFRPIERET poly x WEPER - LATLIR - HPSFH poly x =
Joldr (Aab — a+b x x) 0.

6.2.3 FH

AEHFNB—EREERRE > VIERRBIER  BEFZEEEPNEER
BENAEFRE : 7 (scan) °

NPT RD - BRET sum :: List Int — Int 5T E—ERFINLEF - AR P94
AE—EERINBEREN Z i HINERESRT [3.7,2,4] BHFHEEER
[16,13,6,4,0] (HA 6=2:44,13=7+2+4> 16 =3+7+2+4, M 0 2= FF|
HIA) - B ?

58 263807 » MPIGRNFTHE —ERIIFTE % K (suffixes) FIREL rails ::
List a — List (List @) o 80 » rails [3,7,2,4] #82 [[3,7,2,4], [7,2,4], [2,4], [4],
1] e HEFIWES—EREELR  BAEBSIRFTM[16,13,6,4,0] T :

runsum :: List Int — List Int

runsum = map sum - tails .

R EAZE sun REGEFESERE > MHEREH runsum 2 —BBITHR
Bk o) MR - BEEZEVCEBTRNHNLES : RFIEZUUERA
BIAEFRIINBEPLEE ALY BREH sun - EZEEHE ?

B8 : sum AT — @ - R PATHEEEERE—T » EREE scanr A
T

scanr::(a — b — b) — b — Lista — List b
scanr f e = map (foldr f e) - tails .
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ME—EERS xs, scanr [ e B s BT ERER > REHE—ERREM
foldr f e. BIIREY runsum HER scanr BV © runsum = scanr (+) 0.

WMRIB LR scanr EREIERE L RIERER n MEBFIREIF f AXE
B o). RPBRKBREDHLBRIREE -

% 6.1.1 EiHIR K rails =—18 foldr:

tails = foldr (Ax xss — (x:head xss) :xss) [[]] ,

WFR PR EI map (foldr f e) BRE A tails B » BEREREKH —EEBHK
W scanr B - ERASHEWT
map (foldr f e) ((x: head xss) : xs5)
= {map ZEFE)}
foldr f e (x:head xss) :map (foldr f e) xss
= {foldr ZEFE)
f x (foldr f e (head xss)) :map (foldr f e) xss
= {g (head ys) = head (map g ys); % g:=foldi fe, ys:=xssy}
f x (head (map (foldr f e) xss)) :map (foldr f e) xss
= {BUH map (foldr f e) xss }
let ys = map (foldr f ¢) xss
inf x (head ys):ys .

REBRMEELT scanr B —EESR :
513 6.11 (RS 138). HETH /. e,
scanr f e = foldr (Axys — f x (head ys) : ys) |e] .

Ei15 foldr NEZRRER » BB scanr JER THIMBEAT - UFLEER S
IPRE

scanrf e ] = [e]
scanrf e (x:xs) =fu (head ys):ys ,
where ys = scanr f exs .

EE 611 817 » {F15 tails BEER—18 foldr WEBEME R head (tails xs) = xs
- tails xs BB — BT EIRE x5 N5 o £ rails ERM scanr BIREHR T 18
BHIMEE : scanr f e xs IE— BT RBRZ foldr f e xs, HIL AT H R head B
o AEBXRENHE - AAEERENGIFRB - AT sor = (Axys —
x+head ys:ys):
scanr (+) 0[3,7,2,4]

=scr3 (ser 7 (scr2 (ser410])))

=scr 3 (ser 7 (ser2[4+0,0]))

=scr3 (ser7[2+440,440,0])

= 5er3[T4+24440,2+4+0,440,0]

—[347424440,74244+0,244+0,440,0]

—[16,13,6,4,0] ,

HASE sor B EEFERZBREAENGR - THEEME -
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624 TEMEHE

% 5.5 A IR E—@BIF : 2 sumlen = (sum,length), " BIEEHITHIEE » sum
B ength #§ & BEHBMABRF X - BRMTHEEL sunlen NFREE B
F—EREH R —RIRE -

LBl FRANEBRA—LE © B (foldr [ e foldr f> e2) — EEHEXE—E
BHEBA > WE foldr 3 RIFFRIEH IR > MIEGERSBFEREFHS -
BB EER—EE (R REFHI—R) B2 THEN IEEMEE
(banana-split theorem) | &53F31M : & M EHE 25, T ULHHK—(EE -

EHE 6.12 (EEMERE). KT fiza—b—bey b, hu—sc—c,eic, TR

AR L
(foldr fi e1 foldr f> e2) = foldr g (e1,e)
BEH gx(y,2)=(fixyfrxz).

DHBHETT () NEXBIEE split”, TR IEEBR NGRS A —EB%E
[ BHE$ESR (banana brackets) | FIfF5ERNFE » MARIERIFER banana-split” —
FHEE TREM] NHEXERE -

EECREENRTERERER —MERMNEBEEHK—E - BUWEE
5548018 % > BN RERE IR - HPISEHREE 6. 1200 R AT EEE N
REEEREERE MM EZRERE (FI - FHFHEESEMRIE
SERLST HEE) -

EEN-—FTHEEMEE - RANERMARI LHBEMNE
BR > WA LLF A (foldr fi ey, foldr f> e) = {foldr fi ey,foldr f> e5) -id =
(foldr fy ey, foldr f> e3) -foldr () | HI4FME » EREMEERE -

ME% | BARASHE i RS - B0 > 5 558 MBER S M-ER - 3
TEFE sicepsum xs = (steep xs,sum xs) » Wik ZHBHBMER - ZBELAEER
1& (steep, sum) B id gh& -

(steep, sum)
= {f-id=r}
(steep, sum) - id
= {id=foldr (:)id}
(steep, sum) - foldr (:) []
= {f#EME}
foldr (Ax (b,s) = (x>s Ab,x+5)) (True,0) .

HEt & BAHRERRSE 55 8% FHEE -

DREBHEIT () NERBSIRE 16381 0 368



6.2. THmhb w3 153

625 RESYHEEME
S 5cEHN AN [ RE2Y KITHERASREREEREBNRME - I3 5615
LB G — BB R EG o BREL reverse :: List a — List a ;218 foldr:

reverse = foldr (Ax xs — xs + [x]) [] .

BIBEENE  BRIE T RE revear » HEEERS ¢

revcat :: List a — List a — List a

revcat xs ys = reverse xs +ys .
BUIRELEEBLE > ERAERAEEEER
revcat = (H-) - reverse .

HE revear NERMERAEFTE (+) B reverse MRS !
BTEE —EEIRD revear BIE» BPIERIE () reverse MEH—E
foldr. BB RAINT :

(+) - reverse

= (+) - foldr (Ax xs — xs +H[x]) []

= {#BrE  HEFEDL base B srep }
foldr step base .

BETEE—T  BEEEEXFHER - RE () BBRFIA Lista — (Lista —
List a), (+) - reverse B2 foldr step base R B ARRE - SNRFERELT) > R
BEIWE—EEE & W foldr — BB List o, B & List  — List a. 2 base
R B BIK List a — List a, M step BIBLBI#EZ o — (List a — List a) — (List a —
List a) — step x #—ERREEERL 5 — BRI EL ©

RIEEREEE » BKE base =

(#) [] = (Axs — (FE)] xs)

(
= (Axs — [] +xs)
(lxv — xs)

SEEW srop BB AELFT
() ((Axxs = xs 4 [x]) xxs) = step x () xs) -
MM SRETE - RINET
() (s + [x]) = step x ((+) xs) -

SEXFREFRG  BR (1) ERE—E2H - RLRFRENERSF (E
& 18)  EERMESH—E2E s

(+) (x5 [x]) s = step x ((++) xs) ys -
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B step, FHMEWT ¢

() (xs+ [x]) ys
= (xs+H[x]) +Hys
= {(+#) &)}
xs+ ([x] +ys)
= {()ZER}
(((+) xs) - (x2)) ys
= {#F x, ((+)xs), B ys T2 }
(Axf—f-(x)) x ((+) xs) ys .

RIESNERS - RFISER
() (es 4 [x]) = (Axf = f - (x2)) x ((+) &5)
R step = (Axf — f-(x2)), T revear Al BRI AIFE
reveat = foldr (Axf — f - (x:)) id .

I8N revcat "abc" =id- ('c':)- ("b')n('a':), M reveat "abc" ys="'c':('b':
("a':ys)).

6.2.6 5| ARKES

F 2B (B 1448 BRY - FHARBRE TN h-foldrf e BAERK foldrg (he)
B BAGIRIF L (fxy) =gx (hy) XRFHEIE y BRI > MAIAFBHTE foldr f e
REFRARN y BT « BZEBRALEBMET AL EBRMENEIF B MET
FAIAMELEEYE  BMERER S BAE ) &R - MPBRBEBRHEE y
A2 (R AT R EERE AR RY) RES 51 o

HE Ty % foldr [ e (MEIEA | > BEVREFE PR S GO - FATLUERE )y W
BT foldr [ e IEEERZMENMHE - BiEL - TERESL ] HBIE 7]
NJR# | (bringing in the context) — BRISHFEARFAE y TREIEMNE  mEH
foldrf e BH (BRFEMKAS) M - LLEHME—ESIAREHEEGF -

5l 6.13. " B sumsq = sum-map square. A1 H 6.8% € B W sumsq = foldr (Axy —
square x+y) 0. AL E TR B H:

psucn=1ifn > 0thenn+ 1else0 .

WMRSHUREGEY, psuc e m—, TAEE 0. A psuc- sumsq @A
#— 18 foldr %5?

HEER, dR sunsg —FBEEGEH, psuc REKHEEF n—, B0
REAE#RES, FEWREEMER psuc (square x+y) = step x (psuc y). MK
B —EHEE x H oy #BEAE LA R step.

R EENRL: By & sumsqg WEER, b2 24 3., R
T‘I%ﬁ"% ﬁﬁ/\\#ﬁ %’5—5%( m Eﬁi ,
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psuc (m+n) =m-+psucn .
W square x 8y #E G EH, KA
psuc (square x+Yy) = square x+psucy .

B R AP 3 step x v = square x+y — B sumsqg W BB AE . ERELRME
A & psuc0=1. H M,

psuc - sumsq = foldr (Axy — square x+y) 1 .

Bl 6. 132 EZIRHRFTH - FEMBITF - £2 TODO & » HMSFRHf
BESIARBIREE -

6.3 Z18 -~ B3R - B Paramorphism

RTREMN AT AEEIINEERMN SV EEFRE - YIXEIEE AT B
BAH -

6.3.1 I8

BRT foldr, Haskell WIZER K ER S —ERE fold, BFHRNFR 1 B TZ£] =
B foldr RFIPNTETALE > fold BIFEERE > 0

Soldl (1) e [xo,x1,x3,x3] = (e B> x0) > x1) Bxp) > x3 .

BT foldl, B R ER] BEEE R B reverse = foldl (Axs x — x:xs) [].
R foldl AITEB A B FIERE EERNERAT -

foldli(b—a—= b)y— b — Lista— b
foldl (>>) e [] =¢
Joldl (>) e (xs+-[z]) =foldl (>) exs >z .

HRERTT () AENZ2BARENNITE  RERA L » o — b ALELHE
PN T 2R S A B B IR IR AR A E 3R

Soldl (>>) e [] =e
Soldl (>) e (x:xs) =foldl (>) (e > x) xs .

BPTEIRZER—EEREES Bt WARA sum, prod ERBERF
foldl (+) 0, foldl (x) 1 % » FITRHANMERAEENTE - BREERE > #
—LE4F Haskell AR ZEEXNENERAFIZER © fold 7 Zth P& E A
EENC

BARL foldl B2 foldr HIRAE » Bird [1998] 2R T =ZEEE - B4k

PEATRERRNEEEHIEAMNTTEERE 5B (strict) MRS foldl, 5% R E IR I I 5 &
T e v MARERR  BRESFHENEXWERE -
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EIE 6.14 (5 —¥ BT (The First Duality Theorem)). WX (9):ia —a —a i
REBE, Nea REMTLE, B foldr (&) exs=foldl (d) e xs.

RE—T %kﬁ?fi&zlﬁﬁﬁﬂ’\]ﬁfﬂﬁ?ﬁqﬂ s BREAER  ARREN
BE o BBERE o (o) =(xoy) bz — ARKEER > (o) HEFEZ
a—a—a B (+), (%), 1), (1) #@ﬁn%ﬁﬁf?@ s sum, prod, maixmum,
minimum EREEA A foldl BF - FEE L - thFIEIE%E Haskell Report FAFIZE
FELUL -

EE cMEBRTHREBENES - R¥ fold BEREEESR  HPL2% ¢
MNAECHRERERBELHE - Fse.2B8PERE > REORBERHEMERESR
B o BB foldl REMEL T RIEREBER ?

EIE 6.15 (B _¥BEIE (The Second Duality Theorem)). ¥R ZLEH T (<)
a—=b—bR(>)b—=a—bHEx<(y>g=x<ay) >z UK xge=e>ux,
8| foldr (<) e xs = foldl (1>) e xs.

FE 615 x<a(y>z) = (x<ay) >z AR A—EER T M EEETHIE
BE e 614 BIZ (<) = () HIFFIRIBMN -
EIE 6.15 NEREESE

Proof. FAMTE xs EHWERMN - BEEMRR w:=[] b FHEMEHTFTNE . ERN
xs:=x:xs FUIER - BAGEWIEER(L & 1L F ASARE - ERWT -

foldr () e (x:xs)
= [foldr ZEFE)
x < foldr (<]) e xs
= | EniREx
x < foldl (>)e xs
= emas TR}
JoldL(B) (x < )
= {B&Z:x<de=e>x}
foldl (1) (e > x) xs
= {foldl ZE }
foldl(r>) e (x:xs) .

EEXHERBE > HPIBEL x < foldl (1>) e xs = foldl () (e > x) x5. BEBES
— BN - ERMEEEERLEX > Fh@ESRAET BEHRN
T ERE—THEE  NEP—EERNtE

x < foldl (>) y xs = foldl (1>) (x < y) xs . (6.1)

&I Z= A= é%Tﬁ‘f%ﬂ#ﬁiE’]ﬁ e, TR y. E2—E EEAME
&ﬁﬁtt@ﬁ SHH1 BB
Z3(6.1)MER ﬁﬂlﬂ:?_ s = NIRRT FHRMAERAR ).
BRANIEIN v =2 xs SBAAAAT -



6.3 AT, EFFE . E PARAMORPHISM 157

x < foldl (>>) y (z:xs)
= {foldl Z7EF )
x < foldl (>>) (yr>z) xs
= {BMEx
foldl (>) (x < (y > z)) xs
= {BH: xa(yr2)=@Cx<dy) >z}
foldl () (x < y) > z) xs
= {foldl ZEFK)
foldl (>>) (x <y) (z:xs) .

O

HE—(EHBEEAER TN —EERER . (@55 REM ok,
{EHRER foldr:

EIE 6.16 (=¥ {BEIHE (The Third Duality Theoréem)).. ¥ Fr H fa — b — b,
e::b, LK xs::List a, foldr f e xs = foldl (flip f) e (reverse xs) EH-8 flip f xy =f y x.

6.3.2 HIIEHE

EEBERB hlista b WREE eb,fa— b, M(O) b b — b FEELRE
TH%ER :

h] =e
h[x] =fx
h (xs+Hys) =hxs@hys

FPER 1 — 1@ % 7| FE 4% (list homomorphism), iC5 h = hom (©) f e. TR
=ESERES (0) (BELENEERN) BREEERE  hoo(hysohzs) =
h (xs HA(ys +Hzs)) = h ((xs+ys) Hzs) = (hxsOhys) ©h zs.
BIEREFITHENA RN 58 hom () f exs B > MR s BRE—1E
TR BAATHF o BHEESBRWE - 2RISR TENEESRARE  BFE
RH (o) &E -
B > homdot [ ¢ AILABRK foldr, WEER X foldl:

hom (®) f e =foldr (Axy —fx®y)e
=foldl Ayx —yOfx)e .

Tt EEAERBRPRBRBE R 1 BEERTER foldr X foldl, B) h &—
B 5 EHE

EHE 6.17 ((E=E#EE (The Third Homomorphism Theorem)). % & h::Lista —
bo WMRFHE eub, (Q)iia—b—b, K (>)::b—a— bER h=foldr () e=
foldl (>) e, & (O):b—b—bEZFh=hom (O)fe (AF fx=x<e=er>x)
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6.3.3 Paramorphism E27K R iEiE

WRIMPIFE foldr BIBRBIIE » AFF o HIREFE AN Z 5 SEINERXBEAR
paramorphism. EE5KRHY paramorphism AJEER AT :

para::(a— Lista—b—b) — b — Lista— b

parafe|] =e
paraf e (x:xs) =f xxs (paraf exs) .

para f e = fst-foldr (Ax (y,xs) — (f xxs y,x:xs)) (e,[])

6.4 HARHAIHE

BREWVLRAEMEREET 0 M1, NEAEREE - HMETRBEREE
EERE

JoldN::(a —a) wa—N—=a
foldN f e 0 =e
JoldN f e (14 n) =f (foldN f e n) .

MEBFIFERLER  RE foldN [ e E—EERE - AFEBH 0 RIWAK e, 1. KK
B S BRER :0HE 1, PNEBISARZENEN - N, foldN B —EEAIA N
FEEEREAE « NE Bk e WEBE o mf ENE a« — o BHEHEWE
BT o B f AR AR KERSHEE -

HEZRMERBEN > BRAY IR T EKERBNF

« expb =yfoldN (bx) 1,

o (+n) =foldN (14) n,

« (xn) =foldN (n+) 0.
BRI LM id:: N NBATERRI : id = foldN (1) 0.

BAHMNELE —EmE TR

EIE 6.18 ((HRLE EIE (BAEN). % fra—aea, hia— b WMRETH
T foldN f e (3R 8 x::a, @AM L (fx) =g (hx) &AL, B

h-foldNf e=foldN g (he) .

Bl 6.19. H B — 1 & A BE T % 1B BN R ZE even::N — Bool # 5 ik —1H 18-
even = foldN not True .

B even- (+n) I B — B £ n 2B EEABEHE B (+n) =foldN (1.)n,
BAN T LLE AL even BN (+n), # R — B . REEHE 6.18 ERMEA evenn;
T B # even (1, n) = not (even n), %% B & # not. B -

even - (+n) = foldN not (even n) .
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B 6.12— EES 21NHHREINERHEES :

fib0 =0
fib1 =1
fib (2+n) =fib(1+n)+fibn .

FEHEFERERERREL  RMSMAZEENFTE - EE /ib2n =
(fib (1+n).fibn). 54 fib2 BAEHEE id - N — N, DUESE—EiE B LR 8
B o) WREEE. -

6.5 HtERIEEE
BRRRTEH BRI ER  EERERBBIE -

ot EERRMRENAmER R T

dataITreea = Null |Nodea (ITreea) (ITreea) ,
data ETreea = Tipa | Bin (ETree a) (ETreea) .

H [ Tree WM ERUT ¢

JfoldIT :: (a — b — b — b) —b—> 1Treea — b
SfoldIT f e Null =e
JoldIT f e (Node x t ) = f x (foldIT f e t) (foldIT f e u) .

AAERE ZTehst I Tree IR BEEE T ZEL R4 515 Null:: 1 Tree ¢ B2 Node::a —
ITree a — I Tree a — | Tree a. FEBRFIFIFE—1% » WIRFE ZTRIHIFEAT—18 I Tree a
K —EEAE b BE — FEEAF Null RIBEEBEEE ¢ b, AT Node RiRE
SR fa—~b—b—b.

MNERZ TR EA AT ERIT ¢

JoldET::(b— b — b) = (a — b) — ETreea — b
foldET f k(Tipx) =dkx
JOldET f k (Bint u)=f (foldET f k t) (foldET f k u) .

B ETree IEREITH BB Tip:ia — ETree a M Bin::ETree a — ETree a —
ETreea. HRR Tip &—1EH ¢ B ETreea R MRENEBE—ERFIA
a—bBFEKREH B Bn ITBRBEZBEMNB AL b b BTEME
FAP(E R H§ ETree a EIRE b.

fBIan > 55 2.8 IR B A EER R < ERIRE : rags {HE—1E I Tree B
FrBHERT ; size BRIE K/ ; minE FHE—1@E ETree FIE/NTTE » mapE | ¥15
RS EERE /. EfET AEER

tags = foldIT (Ax xs ys — xs -+ [x] +ys) [] ,
size. =foldIT Axmn— 14+m+n)0 |
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minE = foldET (] ) id ,
mapE f = foldET Bin f .

W E— T AT A EMNmE EE

EIE 6.20 (RS EE (ITreehR)). 26 F fra—b—b—b,eub, hub—c, &
gra—c—sc—ce WRBEGBHEL(Fxyz)=gx(hy) (hz) 8EAT xma £AE
foldIT f e AW y,z::b WL, HAVH h-foldIT f e = foldIT g (he).

EIE 6.21 (PRt & EE (ETreehR)). 7 fb—b—b ka— b, hiib—c, &
guc—c—e WRBEEEL(fxy) =g (hx) (hy) 8EFE foldET f k 183+
W x,y::b BR3L, EAVH h-foldET f k = foldET g (h- k)

m EEE RS R EREE R A MARR AR A - & n SIS BR R B Rl 7 —
£ A IRIFRERINE £ TEE - MEEEAY AELNENEER -

ERE 6.13 — LATBRA A EIRFE R length (tags 1) = size t.

BE6.14 — BHNHF foldr-map B E EIER (6.4) » ETree BB LM foldET-
mapE FAEERE - FREEZEBILFMR -

ERE 6.15 — KRB mapl :: (a — b) — |Treea — | Tree b #§— 18 a — b BIREL
TERTE ITree B — IR L - A foldIT B mapl, X BT foldIT B
mapl FREERILFRZ -

B 6.16 — LATBR G EEE M minE (mapE (x+) t) = x+minkE 1.
BrE6.17— 8 (+) rags BbE > DEHESE —EER MRS (Tree
NETERERREE

FEZEY E 2108 ERELMATIEEDE—ETRNEIEEH—EER
4548 dataList” a = [a] | a: List” a. WIERFIPEATERER :

foldrn::(@a~s b — b) — (a — b) — Listt a — b
foldmf klx] =kx
Soldrn f ki(x:xs) =f x (foldrn f k xs) .

5 6.22. B 2.13F ¢ parts™ T LLE A,

parts™ ::List™ a — List (List™ (List™ a))
parts™ = foldrn (Ax — concat - map (extend x)) wrap3 |
where extend x (ys:yss) = [[x]:ys:yss, (x:ys):yss]
wrap3 x = [[[x]]] -

¢

RMERE—EERAEEEZHRY ENBEREREEAMERE - )X 5§
_1@1fﬁﬁﬁ)ldm§5i [SIANRES | BIBIF
T REN ascending - List™ Int — Bool HIEi—{EHE 5 2 BIEE
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ascending [x] = True

ascending (x:y:xs) = x <y A ascending (y:xs) .

ME—ERYET > MAFETR—ERER  EESEEREZELHN 2 N
REMBFSETRBECH R > UFERERK  BERATERR - ZHMH
ERERERBEEE  CUER  WMEERFERINIEE - THEE
upHills #FE A\ B F A A BRI T IR ER

upHills :: List Int — List (List Int)
upHills = shortest - filter (all ascending) - parts™ .

EHeh parts™ BIERIEL » filter (all ascending) HkH BB E REZIELLHI 52
% o T shortest BHETTRBB R P HIERT] - F 96 HILE H—ELL &R E
HENS?

FAGCHE filter (all ascending) BAN parts™ Z 1 o £ — L REHEERA E
TAEENTHE » RS -

filter (all ascending) - parts™ =
foldrn (Ax — concat - map (extendAsc x)) wrap3 .

B parts” NZERRTE extend BT extendAsc. BENEERE !

extendAsc x (ys:yss) = if x > head ys then [ [x]:ys: yss, (x:y8): yss]
else [[x]:ys:yss] .

BREL extendAsc bt extend Z T —EIRE » RTE x > head ys BEHF (x:ys):yss 5l
R—ERREEIE « XX B ys FELBIE List™ Int, head —ERARIN » IR
IR List Int, RIS ERE Z MEEBREHE - BERSEIEZE R List™ &7 A
List =i, BLeMEE A List " Mt FRr & b E IR AR SRR o

EEZRMERBE RS shortest B Sfilter (all ascending) -partst. EEREER
(shortest -wrap3) x = shortest [[[x]]] = [[x]]. ZERTEBRE > HFIH LKW
BT E & E R step:

shortest (concat (map (extendAsc x) ysss)) = step x (shortest ysss) .

A FI2EIE » B shortest AJ BRI concar (BB shortest - concat = shortest -
map shortest) » FLPIRATIHER

shortest (concat (map (extendAsc x) ysss))
= {shortest IBCHE concat; map BE }
shortest (map (shortest - extendAsc x) ysss) .

BTHEER » BIEF shortest - extendAsc x RE AR - i A (FEZEHRF)
B ys:yss:

shortest (extendAsc x (ys:yss)) =
= {extend ZEF; iR if}
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if x > head ys then shortest [[x]:ys:yss, (x:ys):yss]
else shortest [[x]:ys:yss]
= {shortest PKiEEFGZ F 75 }
if x > head ys then (x:ys):yss else [x]:ys:yss .

At » BEERENEFETHROUT

shortest (map (shortest - extendAsc x) ysss)
)
shortest (map (A(ys:yss) — if x > head ys then (x:ys):yss
else [x]:ys:yss) ysss) .

BB EBES shorrest TR > BHFFOFRET -

shortest (map (A(ys:yss) — if x > head (head (head ysss)) them(x: ys) : yss
elsex]:ys:yss) ysss) .
= shortest (if x > head (head (head ysss))
then map (A (ys:yss) — (x:ys):y8s) ysss
else map (A (ys:yss) — [x]:ys:yss)ysss)
=if x > head (head (head ysss))
then shortest (map (A(ys:yss) = (x:ys):yss)ysss)
else shortest (map (A (ys:yss) = [x]: ysuyss) ysss)
=if x > head (head (head ysss))
then (A (ys:yss) — (x:ys):yss) (shortest ysss)
else (A (ys:yss) — [x]:ys:yss) (shortest ysss)
=let (ys:yss) = shortest ysss
in if x > headys
then (x:ys) : yss else [x]:ys:yss .

upHills = foldrn step (Ax — [[x]]) ,
where step x (ys:yss) = if x > head ys then (x:ys) :yss
else [x]:ys:yss .

B 6.18 — ¥ filter (all ascending) - parts™ B & & foldrn (Ax — concat -
map (extendAsc x)) wrap3, 3 FEBTE FIEZ extendAsc FIE R o AT &E
BLEFE R RMME : WA filter p (f x) = if p x then g x else [], 8l
concat -map (filter p - f) = concat - map g - filter p.

6.6 SEER

Gibbons et al. [2001]
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& B Rl =8

— BRI PEENIEE—BEBE—E MNEE] (segment) o FIIA > [1,2,3] B
BEAHE [1[11,[2)[3],[1.2],[2.3], UK [1.2.3]KG GIE: ZRIEE—EE
) - UHFRAEELRE  #ZEBNEREEZHEGEENER : K E—EH
5 xs::List A » —{EMLEE p:: List A — Bool, ;—{ERE f :: List A — B » FEE
xs T EREAH  HRE MBS p LFS F ERARHBE - ROCEERESR
WE RREE] -

A —EHENEERE - RMANE—TEERNEAER - $
263N 0 TR EL segmenss EE—ERIIFITEEE :

segments=iLista— List (List a)

segiments = concat - map inits - tails, .

H A gails o List a — List (List ) 5t & — {8 & 5 B B A1 & B (suffixes) » &40
tails [1,2,3)= [[1,2,3],]2,3].[3],[]] ; BR#X inits:: List a — List (List a) Rzt &E—
BB TR BT G RIER (prefixes) » BI40 inits [1,2,3] = [[],[1],[1,2],[1,2,3]]. HE—
BRE  stEMAMNEE - ERIMEMNERT - 'FHL WHKHNERZT
segments [1,2,3] EiFEBIERIRZIX - RBUAEZEFNBERMS @ FFIEELE
EEMN [ ERER -

RFHEESE - BV inits B rils FERMEREHFWT -

inits:: List a — List (List a) tails :: List a — List (List a)

inits [} =[[]] tails [ =[[]]

inits (x:xs) =[] :map (x:) (inits xs) | tails (x:xs) = (x:xs): tails xs .

At RIBR - EE segments = concat - map tails - inits. G B BT B M B R AR ] B R
RIS ER AR AN o

163
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7.1 RRERHM

HE—ELT - FRENRZERY  BNEANAEZ L ? E@& K E KM
(maximum segment sum)fE A AR ERACHAME R E - MATHFEERWOTH
g

mss :: List Int — Int

mss = maximum - map sum - Segmenrs s

ERATESHENTEHE  EHANER  HAEeEREFEEM  RERE
BRAN—E -’ EBARIRER , EEERAGE—ERBEEER 0()
HUREE — ZABFINERSE 0(0*) @ - SEEHES IEAF - HMEELE—@
BIRAVRE LN ?

BE-EEn@E HZEERBEMNESELANTHREEE 45 segments REAK
inits B2 tails, 8§ maximum EGH > EL jnits IAE—FE -

maximum - map sum - segments
= maximum - map sum - concat - map inits - tails

= {mapf-concat = coneat-map (map f) (& 2.13) }

maximum - concat - map (map sum).- map inits - tails

{ maximum - concat = maximum - map maximum }
maximum - map maximum ~map’(map sum)<map inits - tails
{map@AE W(EIE 2.2) }
maximum - map (maximum - map sum - inits) - tails .

HE maximum -map sum-inits EEFER - EREZ B E—EHRT  51EH
FTEM BN EXRE] - BAREEFEXIERTF > < mps = maximum -
map sum- inits > FH mps K TERARBIEF maximum prefix sum] BIAEE - &LH
FHUEE > ®SH

mss = maximum - map mps - tails s

ERR  EXRHFEERRMEAN  FRATTUES —EEE, R ERAT&
Fa o

EREEAZERBENERER EMAREERMEE kAl EMRER
BEE BZEHEREER  OUHEG ik, EHERETEL S

FERFEHGIE BETERBEMERZ map mps-tails EEFEI o OFER #5132
(6.11), BT :

map (foldr f e) - tails = scanr f e = foldr (Ax ys — f x (head ys) :ys) [e] .

2RREL maximum :: List Int — Int FIEREH 2.12. RAIGBERBHEDEME < B maximum []
MER - BEBGE —o > ALERE inits, tails, F segments EBAEHEEZE B S — BRI E BIES AT B
BRAERY List' (Lista) o RIS AF 2027080 maximum ™. ZREHEERIMERZ BT EH -

CRIBRERBATL o MRIMIERE segments = concat - map tails - inits, WERHI RIS FRE R T8
FEE  ELESEER] -
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R I AIBETD mps R —1E foldr » map mps - tails AR B scanr. INRZE
MEBRYRACEHERE > HERE T —ERMUEFEREET |

WATHR mps BERFRYE ? BB inis B8 > MMAIE AR S - IR
BB 6 oREE Ll - F AT LI map sum B maximum 5> IR Eh & inits, 1
A PL— K3 maximum - map sum @RS nits. BXBPRAERE - BEE
maximum (map sum [[]]) = 0. FAEBZEHK MR EREEYE maxmivm (map sum ([]:
map (x:) xss)) = step x (maximum (map sum xss)) IR step. FTEUT :

maximum (map sum ([]:map (x:) xss))
= {map B sum ZEE}
maximum (0:map sum (map (x:) xss))
= {map @&}
maximum (0:map (sum- (x:)) xss)
= {sum ZEFE)
maximum (0:map ((x+) - sum) xss)
= {maximum Z B3 }
01 maximum (map ((x+) - sum) xss)
= {maximum-map (x+) = (x+) - maximum }

01 (x + maximum (map sum xss))
R PIHEER T

maximum - map Sum - inits
= maximum - map sum - foldr (Ax xss — [ ] “map (x:) xss) [[]]
= (AT MAEFNLE)

Soldr (Axs — 0% (x+s)) 0 4

AR SRBRBEENRE—TH 0 BT maximum FEH > ERTWOT
Ay

maximum - map (x+) = (x+) - maximum . 7.1

F)HEFE  BPF—ERINSETRAME o RENEAE - HE
(7.1) &R - HERFAUEREAE - REME—EER - SESER
ARMAES—LETT 0 BNE - BESEEREEZ AT MER 5
—& oM (7.1) WEBERRAFBEAGTHERNE  EETNEAZE - LTENTH
SECRE

x+(1z)=(x+y)T(x+2z) . (7.2)

IEE (1D R R BERFIEE —ELR R EDEE AR S#ME -
BESR mps B E— @R » I UERRHSIIE

maximum - map sum - segments
(L)
maximum - map (foldr (Ax s — 01 (x+s)) 0) - tails
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= {#m#H51E 611}

maximum - scanr (Axs — 07 (x+5)) 0 .
HIMEE
mss = maximum - scanr (Axs — 07 (x+s)) 0 .

S A AR R EAEEDE -

FEHEXAES > HMAERET —ERRAERE - b T ESZ0RRE
BB MRAME - EERFRERIFZREERE  TEZ AR
(1) REEREBERMRE (72 N—HERTZ L -

BERE 71— FBRAME 7.1) -

FEEE [FRBHESEEHMN s SEERMREAHBARIINGERER
HE mps (B TR RBTERA) B EME—M@EFIF o FERER—@E scanr #§
BYHBAELES B EE 58 « B mps s B (FERFESRSIH) M8
IF0 RN o G mps BZHERNIME  EER2RMEMNER - EREES
BN BRERABEEMNFS®RAZEIL AL  RMHELE T —BIETHAR R
BREEET -

EERRYG EEEREENAZNBEZESTERMENEB — scanr BE
£—EHREE > H maximum EIE o BB R EEIE maximum B scanr BAE >
BE—EREEPBEIINERE LR ? RIFEMEEE  RPEFERIRE
VAT RS 8RR R BY step -

maximum, (07 (x4 head ys) : ys) = step x (maximum ys) .

EEARMMAE 1€ maximum ys BfESERE head ys BY °
ERRAS EARNITT —BRTE head » FIBE—HERMHME LK
e B

msps = (maximum,head) - scanr (Ax s — 07 (x+5)) 0 .

ZIE (maximum, head) BAN scanr, F KBS E IS

(maximum,head) (071 (x+ head ys) : ys)
= {(,) ZER)}

(maximum (07 (x+ head ys) : ys),head (01 (x+ head ys) : ys))
= {maximum ¥ head 7 EF }

((01 (x+ head ys)) T maximum ys,071 (x + head ys))
= {BUH (maximum ys, head ys) }

(Ams— (01 (x+5))1Tm,071 (x+5))) (maximum ys, head ys)
= {HHEEBEOT (x+9)}

(Ams—lets' =07 (x+s) in (s T m,s')) (maximum ys, head ys) .

HIMEE
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B XMARI R KERF

RIESE 5.6 280000 5R * BEBIART [xo. .0y | W R FEHERS] X 25 5 REL
msps HERLTHHESHER !

i,m,s:=0,0,0;

doi+#N—s5s:=07(Xi+s);
m:=m7s;
ii=i+1

od;

return m

EHEESAEXBENEY PR —[EL RS -

mss = fst-msps
msps :: List Int — (Int X Int)
msps = foldr (Am s — lets’ =01 (x+s) in (s Tm,s'))(0,0)

HE o B msps B foldr EREH » UK E 5HIEME

msps [ ] = (0,0)
msps (x:xs) = let (m,s) = msps xs
s =01 (x+5s)

in (s T mys’)

Ee—EFHARERE  ERTEAEERERNNRERRE L - & (n,s) =
msps xs, m 5= xs PERARKEBEM - s BlZE o MK - §EE—BHITE 1,
RARBEANEENR 01 (x+5) — MRWx BELEBMBES > «+s BLEHTFH
BIERFN » BRIRARTERAZEZEBRTIMF 0. R ARTERFIFE » L& - 57
R AEER o

72 wRSEME

MR —EERNSETRMBESE  HMABZH—@ IS (plateau)| © A<H
ZREEME: f—EF7  REHPERNSENRE - fINERAR

MM — TR REARAR BIE

Ip::List Int — Int

= j ; +
Ip = maximum - map length - filter plateau - segments™ |

H segments” BHRFIBHNEE » plateau FIET—EBEEREEEESE - BIEHET
BHEERE  AMtESESRENRE  RERKEEXRE
BRI segments™ F segments FaL » HEES :

RREL Ip B platean TP VB BEBAMA R Eqa = Lista — Int, Eq a = List a — Bool.
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EEHENEEEEE ?
RARMESAEEMEEFTIEESFAEENN - ERxRkERBEAEH RER
RE @ MAEEZEEASE ?

EREAZREIEEERNE( EEFNEERENK (EFHEREERANE
EEREE] K BAEAERBEEERNZE  MASEBARSEREE - W
WHEFRE —RRER T2 (WAL FERNEREE NS &
FEAEMEAS - SEEHENREEE SRR EEN S

MRBLPENTEZEER - RMEESIENEEREAERREDE
REENER - BEATRAETHEE 2 BB mpsAll KB RBEFIA List Int —
List (Int x List Int) IR — HEERZE  stEEREW &M, UEZA & - B
FHEAGELRENE - AES 7 LLEHAME -

S—EEAZ  BEARANNERTRAI—E - £e#HEXEZZh > o
RBRPEEEREE - ARRENERE > AT RETERE PR EE R —
B - EREHREE FEE—FHAEEEANNEERE] > RFSTEEZHE > Fi
{EFH #1% (relation) S{ERHET -

segments™ :: List a — List (List™ a)

segments™ = concat - map inits™ - tailsT |
BRE inits™ B rails” BB inits B rails FE > ERE@IEENRTER » ERWT ¢

inits™ :: List a — List (List ") tails " :: List a — List (List™ a)
initst [ ] =] rails” |] =]

inits™ (x:x8) = [¥): map (x:) (inits™ xs) , tails™ (x:xs) = (x:xs):tails™ xs .

M E=ERE I EERFIERZ List (List™ o) — SEERE]/E/EERESBEIET

B BXIFSEEINEHBEIEENR/IE/RE - KB p DAEZTERIIERE

A B (BRPETHEER) FEREPER segments” #FEFERRDHE - B0

A {E ] segments EiRFRBENRSE » 2SN —ERFRERAME -
R platean P ERIT :

plateau :: List™ Int — Bool
plateau [ x] = True
plateau (x:y:xs) = x==y A plateau (y:xs) .

HIEARIFZERS] - placan NERFERE [B—ETR] 0 TEMEL
LR HmERR

AIE-ER R MRAERMBE—% HMLESLESERERMESI B
M EERE - FHE&ERTR]

maximum - map length - filter plateau - segments™
= maximum - map length - filter plateau - concat - map inits™ - tails™
= { | filter p- concat = concat - map (filter p) }

maximum - map length - concat - map (filter plateau - inits™) - tails™
= { & mapf - concat = concat-map (map f), map BiE }
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maximum - concat - map (map length - filter plateau - inits™) - tails™
= { A maximum - concat = maximum - map maximum, map L& }

maximum - map (maximum - map length - filter plateau - inits™) - tails™*

ERERARBESIE T—% : B maximum - map length - filter plateau - inits™
EER pp SIIE.niU{%EEEﬁ (M) WX > LMEFREMEIEE - BHENT

(maximum - map length - filter plateau - inits™ s (x: xs))
= (maximum - map length - filter plateau $ [x]:map (x:) (inits™ xs))
= {filter Z7EF » plateau [x] = True }

maximum (1: map length (filter plateau (map (x:) (inits™ xs))))
= 11 maximum (map length (filter plateau (map (x:) (initst xs)))) .

EEEMNAIBER - WA map (x) FRHKR ? I 2470 5 AIE map #%
B filter A2 :

filter p-map f = map f - filter (p-f) .
ZER plateau - (x:) BEEBALE ? B plarcaun EFRME_EFA :
plateau (x:y:xs) = x =y A plateau (y: x8) ,
BREREESNEER
plateau - (x:) = ((x#) - head) Aplateau ,
Hep (A) B TIRFREREERL 8 (A), BER

(A) :: (a—Boel) — (¢ —Bool) — a — Bool
(fAg)x=fxAgx

KB (A):: Bool — Bool — Bool EMEHRME ~ B — ﬂEI?Fﬁ?E*?ME  (A) BIZW
ERREL £, g::a — Bool » HEM B —MEEAIA o — Bool FIKE » HARE /
¢ ZEEENE - BE filler B (A) BUTHME

filter (p A q) = filter p - filter q . (7.3)
BTYERSMHA - HAEENT

filter plateau - map (x:)
= {(FEHE24)
map (x:) - filter (plateau - (x:))
= {plateau ZEF )}
map (x:) - filter (((x ==) - head) A plateau)
= {[A (7.3): filter (p A q) = filter p-filter q }
map (x:) - filter plateau - filter ((x =) - head) .
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BEEBEXTFRE 11 (maximum - map (length - (x:)) - filter plateau - filter ((x =) -
head) - inits™) $ xs.
omap () FEWZE  RFHPBRBEIRT filter ((x =) - head) (inits™ xs) —
EERA v WIFERR > NEE—BETRR 8 - EFEEMATEILZER
imits” EENEENBRNE—BELTRHELS 5N | BRERMAEEATHE -
filter ((x =<) - head) (inits™ xs) =

if x == head xs then inits™ xs else [] .

ERIIETABRNFREERUEL : head BIEERFIAHE -
EE pp » FMIATHEEHEZINT -

Ipp (x:xs)
= {AIBEHE, map BAE )
1 1 (maximum - map (length - (x:)) - filter plateau -
Silter ((x==) - head) - inits™ s (x:&s))
= {H74}
L1 (maximum - map (length - (x:)) - filter plateau s
if x == head xs then inits™ xs else [ ])
= {(23): REHECEHL)

if x == head xs

(7.4)

then 11 (maximum - map (length- (%2)).. filter plateau - inits™ $ xs)
else 11 (maximum - map (length - (x:))-filter plateau $ [])
= {lengths(x:) = (1+4) - length, R EL (LS }
if x == head xs
then 1 -+ (maximum - map length - filter plateau - inits™ s xs)
else 1
= {lpp ZEHK ]
if x == head xs then 1 + [pp xselse 1 .

FH It 3 P15 2

Ipp [x] | =1

Ipp (x:xs) = if x == head xs then 1+ Ipp xselse 1 .
AT > R pp HER T —EERNER  ZERLAFE (M) | BEEX
Ipp BIBEFEBNER x©lpp xs T — 1 Ipp xs ZHNREEBEMAY xs, T Lk
B ipp BF 8% T —18 head xs.

BRI XOR LA T - % ¢

Ipph xs = (Ipp xs,head xs) ,
AT

Ipph[x] = (L,x)

Ipph (x:xs) = (if x-- y then [ +nelse 1,x) |

where (n,y) = Ipph xs .

ZERBFE M BER » Ede= (1,x),x@ (y,n) = (if x-- y then | +nelse 1,x).
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BE GEEAIRIENES » R pp PSRBT

Ipp
= {HR-BRS®)
maximum - map (maximum - map length - filter plateau - inits™) - tails™*
= {AURE  SKENER )
maximum - map lpp - tails™
= { & Ilpp=fst-lpph}
maximum - map (fst - Ipph) - tails™
= {fFfs|E}

maximum - map fst - lpphAll |
Heb pphAll FIERWNT ¢

IpphAll [x]  =[(1,%)]
IpphAll (x:xs) = (if x== y then | +nelse 1,x): (n,y):ys ,
where ((n,y) :ys) = IpphAll xs .

—1EfE AR MRS ~ AR RAREDE o

7.3 SEEN

BEARK HAEEHEXEINAKR » RARRMNEER P ARG E
ZAN—YEE | BRETHSER > BXAR S RELEERSR ; KEIM
HEIBEERRE AR UL ~ AP SRIEEM T TUETT ; HEEMEXFEENRE
=Rt - BEXNEFERLT  FEITATEZEBRANIEHE - AEXRER
MEERREX TR AR BR &AL EF]F -

#R¥% Bentley B Programming Pearls[Bentley, 1986] —& » iy KRR FEE &
HIER Brown AZHA UIf Grenander FTiRH: - fthERF ERXFT—EEME BRI -
Hep BARAERMN— & FlESIZEE P RETESBEERXNER -
"R - Rk E R RN

1977 4F , [Grenander] 1£.3% [E] # 3% % UNILOGIC /i F| ) Michael Shamos
B, A W MR T EEE 3. Shamos T A 1% & 7 KE
PR B, AV AR A AR R AT WML T 5 ... X K%, Shamos
% Carnegie-Mellon K 5 0 % F =t s & F 38 7 15 8 B A fr v B &
Mo & EEFEGHHFE K Jay Kadane — %, %02 Wt ekt T &
Hit4

— Jon Bentley, Programming Pearls (% —Ji), % 76 &.

Kadane FEE L 4 MEREERARAN (FEIBER) RMUREER (R
F167H) ©

Shamos RYEE % 3 BIZ —E#EENL 1 i 2 (divide and conquer) ERITEHE L
AR5 4 A R BB SRR s+ s, D AIFHE xs B ys E’JE*jQEEﬂFD (=1
z4 o BEEZEEH o By WEE FANZEEEEEENS —EXZHT
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Shamos HIR KERMERZE
VAT AR EARENE Shamos FEE L 3 EALAY Python 23 ©

def mss (L,u):

if [ >u:

return 0 # ZERE A5
elseif /== u:

return (01 a [l]) # B—xRMEFIMIER
else:

m=(l+u)/2

# 5t a[l.m] PR AKEA
sum,maxToLeft = 0,0
for i in range (m,l—1,—1):
sum = sum+a [i]
maxToLeft = maxToLeft T sum

# 518 a[m+1..u] B ABIERA
sum,maxToRight = 0,0
for i in range (m+1,u+1):

sum = sum+ a |[i]

maxToLeft = maxToRight T sum
maxCrossing = maxToLeft + maxToRight
#IREFTHE a[l.m] ££ a[m+1..u] R AREEF
maxInL = mss (I,m)
maxInR = mss (m+ 1,u)

return (maxInLt maxCrossing T maxInR)

M EEE - 2 AEE o IRARBEME s WERAATEM > MEZNRESHEE
xs B ys R KBERM o (R 1728 o) sWBEE AR O(nlogn) HIRER] -

E1RMOER - Shamos EEAF S EHER AR R HEEBRMEEEE - M
] RS RS - S EFESISBETE EER U TEE : &K
o~ HREEM ~ | REBE - LIRAER o 2l — RIS 2 — B4R MR
EEE B AEAHMN—ERT  Tomaz] AHEHFRERVERN
BrHEZpEFERNF - BE L BEISRBERERMESREHLCARD -
Kadane M ZIZBH TiEE X 4 NAMEE BT BEREER ?

R =ZTE Gibbons [1997] M R EILEIRE - ERFEZFENSRIEZ » Gibbons
HERXERRFHUREFELXHEZE /T o Bird et al. [1996] 2 % — KB
—TEERT — R AREMNEE > WEEIEMERLERE - Mu [2008] BIIZRK
B MEE AR Fm—EEENEE  fINERERFNEAERM -
BATFHER -

[EBEZ[E7E Zantema [1992]
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BT E2 5| {E H

HRERBEBFZNEEMS > BEXRRE MREHN (K5 2R —ERmAE
HED—{EmLE - RN BEENEZE EA (side effects) - —BRX BT
B & Al RE & B 7] 2 % 30 (mutable variable) F1E » =—TEEI{ER — E1 6
ERAFREEREFNFF - I/ BEER - MERNUE - FEFER
7 MAGEREN B RS  BELSESE  WEEIER - BXXEm L FIs
(exception) ~ NMEEET » 2—E&EA - —ERXEEARAL—EFENER
B (BRAERELZFEIEH—E) B —Eel{FA - EEBREHNEREF > —E
BRANMREABREDEMAL L (AAMEEE) - AR REIEA -

FEEARTRBHARENRFEERTHNEELE: EMEH - WEA
FAENEIERITRERBEINER.. c EARN—RERGD » AREESREE
miT > HEfNSEHE (FEERI1ER] c BEHEREBEMINMRE - BIBE
R - EREEENEATEIER > EEAFZERIEALE » LHATHE—
ERXFHEATNEEREREREA S - A2 BIERB UL ERANEEN
H2REP  c FAREFESH > BT FFHSEREREIE IZH 2] (B
HEZRM) > WmEWLME  mELHEETARERSBIERANEXNE
WM o

fign > THo L BI9% (exception) ] H2—TEEITEA - MRBMERWTHIESR

data Except b = Exception String | Return b |

ME—EESZIERER A » (E - BOATREB—EFSN (LHH—E
FHREERAL) MR ARA—EEEE Except h NERE — EHZLRED

EHEXFRYESERAF > B 2 xy+ 1, PR« Fy HIBR “variables” » 32k &
B - SERWIERE - BHN |2 SEBY - 188 NERAMREREMRE - BEF—ER
BIEEEE (scope) 1 - —EZBNHAKE—EME - KBS T8 ARFRENSSR 3
{3 1 FRAR 18 (assignment) IS LB EEHPNIE - BT ES » RIPPE RSB ET X8 M
BRI ERBIE AT E4 2] (mutable variables) | °

173
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Returnx, T B9 BIRT F{EE Exception msg R iEHE - BZ BRI sEER1E
(BRIE b) MR TTEBENE Set b IR ERE — FTH LR Bl {EEER I
’%T AzZH - BERE—HEERA s WA SEE > BE—ERN TEEELSZED

B RENEZ A SEHNEXNTUIEE—EEAE s - (b.s) HRE —BA
E’] 7%&7%%%15’]%)]?“15 BHENFES  » BEEXANER s EUEEH
HIFE - Bla0 > B s B Int, —EFEZUSSHIREE - LERFSHMN—
B THE<] ATRAR—ERE As — (s,1+5).

Wik —23k » AT EARBESPEELFZEREER - EURMES O
BR FEfE] HEFRE — LEMN TFsssEm—] LREEEEEBHE
RERBVNERNE MeEELET —@EHE; MEs] ERFASKENEE
(BIaNZE] Z e e B rh 3R (AL E — B (@ pop H7K) » MA—MREE—1F - R2E
Bl —E& R o BRI REEREUENHEE IER G FEs &
F1b — ERZREFIEE Except b FIRE > HEEBE s — (b,s) BENERE
AEHCEEERBERENFEZLSR - BRERE ) RMEFHNEF T
BINMEXEERME ? UM EXNEERME 7 ARtk -

F—ETESESRNBNR  ERRRERAEBEDNHE o —EF A Except Y
BRATEEBEHZ case FFREAMAERLEFH - —EEREXEHHFZEAR

— (b,s) AR > SFEEFHECE - IS AMEHE 5 BRES - BRMEUE
ERAMERE - B PIFAEBRE MR —ENEXR ETE - HERMEEN ~ EHM4E
MR BE - SEMSMLBEBRNEERER - MEELREERN
HEER -

£ Haskell - #it BITE A& E ARHRBSE E T (monad) - KREBA
BYRB2ERYMESMLINE—([AHE  FEEETETAER  SRHREHE
RIPESE o —MRKETFHNARNEHRTELN - B - TE8SHESEHINE
T’EF;ﬁilA AL ELEFHNERER  FESUTEERS | HEFSERSNE
o 1EE 81 BB RIS HERRESHEMRET - BhES—EH L
ﬁ’ﬁTE’]E& A mETREERERNEE Fiom BT EEY » Fakfbfiey
BEEE RMRREBREEZ HEE -

Bl : FMEENRE WUTHEREE bor RE—BRERE - &%~ Fink
SEE W

data Expr = Num Int | Neg Expr | Add Expr Expr .

a0 —34 4 ATERE R Add (Neg (Num 3)) (Num 4). RMATE S E—ERATE
F 18 Expr sTE K — B :

eval - Expr — Int

eval (Numn) =nw

eval (Nege) = —(evale)

eval (Add eg e1) = eval e+ eval e .

BRizEEHEADRNBENMAERE - ERERMEMETEESHZLEF
ERMEEET c MRBZBXERZE > 2BEER cod SERE G ; FA
‘BB LEHEERERS..TODO
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AURBENMAZE > IE oval M ESHRFSERZEHMNE ; BB
BEA—ETESHEHIPRE cval BT ZDRME - BEXIAEZHMEERE
B EMETETSERIER

B AEEGNFNMRBET - EETRNEEREESF  ROFUARENT
LIRTE Expr BBILAK, eval iF - BEBAFTEAREITER o B APi§ B MR
BEEERARBBIE  NAEFIMS - SINBEFEEMRLE  RMEHE
RBMABEATENESF » AIUERKEE cval NEZRLXNBERT » B
eval MAFTREIER o FHILEF R ARBEACHINARIERNTE

8.1 fi5\EEE
BREIPRT — BB EER T
data Expr = Num Int | Neg Expr | Add Expr Expr | DiviExpr Expr

RABERET — AN EEEREASRBHRRIE ?

Haskell B9 div EBIFT B B:E  REBIA BRBRE » div MATBAES MK
SRR R AR B o R R 2RISR - FIEEREN 4 BTR
E—THBRBAT - BEABABT el BZHEHER ?

eva veygery) = V1 = eval e
€ (l D let l(,
m lfL] -/‘/() then C"\ale() Cll\’ )% elseq(’

F Maybe REZIREHE —BEER > BTHREE @ cvd HRELHAREH
FERIE » L eval BT —{E&BID (partial) BREL o

BIEL > FAHE Haskell F2EHD H GISNEITNEE > eval FAB R {FHIRF R (E
B - AR BSNEEA EZEEERN > BITEE - AZEMERE -
—EEE Int ~ {EREEHD L B SV BRI B A FA{E @ Except Int AU 2 pRBURARHE ©
Except B4 —RUT :

data Except b = Expt String | Return b .

F AP eval BB BIA Expr — Except Int, IEEEHE A REEMD Return, A
A AEEHIEHAER Expt.
EERAH eval ZEFEBR ? ®EE] Num » BRZEME Return n:

eval (Num n) = Returnn .

BRI Neg e FUMEFRAILE LRI MEHMEHT - BPISRE ol e NER > BR
Returnv @ JEEE —v » BEHEE _E—1E Return. ZARBE| Expt msg, TR e HIE
BT » HPIRLFHE Expt msg BELE -

eval (Neg ) = case eval e of
Return v — Return (—v)
Expt msg — Expt msg .
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Add ITERT » BRBERETLRTL :

eval (Add ¢ e;) = case eval ey of
Return vg — case eval e of
Return vi — Return (vo+v;)
Expt msg — Expt msg
Expt msg — Expt msg .

BB D BIIRE eval eg B eval ) BIEERZE Return (22 Expt » F L FARE case
DHT OERRE — HARAETEEEHEEMNERLT - ZERE Divey e BIIER -
HPIFRETE o, WREZZHFEERG Expt, RS "division by zero", &
AffRREEH - LEBREPRMEEEHZ case :

eval (Div eg e1) = case eval e] of
Return 0 — Expttdivision by zero"
Return v{ — case eval ¢ of
Return vo < Return (vo ‘div:vy)
Expt msg — Expt msg
Exptmsg — Expt msg .

RERM - RAFHBICBLHTAEMRIE -

Except (EREF BEIREE Neg FIEK

eval (Neg ¢) = case eval e of
Return v — Return (—v)
Exptmsg.— Expt msg .

RMBERRENER M8 cval e IERZES Ly — Return (—v) — MR BER

HEE] - BREZMT —ZFERIREEH (application) o [E178 Haskell B {E X

HEMEET (s):(a ~b) va—b. BEfa b Mxza BBESs x A x

B (WER ) - UHFRMTUECEE—BERBEREET (—=). @&

Lo f=<xPEHE x84 f > 1B x WA BIRE Except o, f VB BIZE a — Except b,

ﬁ'ﬁ [#E x & Return _k Expt] MBIERIAIE (=) 2/ (EZUHE (=) 8
BURIAD (s ) MMLLER)

(=) :: (a — Except b) — Except a — Except b
f=<Returnx =fx
f =< Expt msg = Expt msg .

WL —3R » eval (Neg e) HIEFRA] iR E BX :
eval (Neg e) = (Av — Return (—v)) =<<eval e ,

WMREFE negate x = —x, LA FETUABEGREMER Return - negate =<

eval e.
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B BRERMNEERLEEERFNAGES : 28RIH  RERE
Zm - LRI ER:

(>=): Except a — (a — Except b) — Except b
Justx >=f=fx
Nothing >=f = Nothing .

BET (=) BIE bind”, ERMEEASXNEETE - BTE B eval 1
IR AR BT ¢

eval (Num n) = return n
eval (Nege) =eval e>=Av — return (—v) .

FAHE Return BARREL @ rerurn = Return « ETERMBRE - TR KR
Haskell FIEEE TTEBRIERF * m ==y — ¢ EREBBEK m=>= (Av — ¢). Add H
Div ERBAILAA (=) ¥ E:

eval (Add eg e1) = eval eg >= Avy —
eval ey >= Avy —
return (vo+vy)
eval (Div eg e1) = eval e) >=Av| —
if v| == 0 then throw "division,by zero"
else eval eg >= Avy —

return (vo ‘div:vy)' .

I ERFAFFE Expt B throw.

mit—2k > RPPEBXSEER™ T —L - FlI > eval (Addege)) BB LD
AR 98 eval eo VR vo, eval e, FVEERMM v, RERED vo+v 1> E
FRHER eval e B eval vi BIJRRZ Return 72 Expt WEITERITE (=) 2H 7T -
ESIA (=) EE#BEMNAREARSEERERE  Mer#EIEhMEIE
Az b - S TRE/ NN ERE -

RE—T: AEBEEURERE ol WEMBEKEREREGSRES
eval ey == Av) — .. BRXMEBE vi:=cvale; — B eval e) IEBE] v, H - B
HE =) L2 ERE EBSERENE) 25  EREENEGE  EERE
SRR let. B p>=Ax > e B R letx =pine. MEHE (L) PNEES -
By —EEF x, RIEFH 1 - ZRIAIR :

o let RIRAEAME : Fletx=pine 2 > R p MEFIRE o, x HEFIBE o

X e PEFIERZ b, BEXFHEFBRE b; e FEFITEE -
o (=) BEEE Except IE: FEp>=Ax > e ZH >
- p HE BI85 Except. TR p KA BIZE Except a, B x R BIZE
- ¢ BRI H Except. IR ¢ HELAIE Except b, BEX FREFIBZE
Except b.
- A Ax — e @—EBRIR a — Except b HIKE] -

RGN &% RATUER—EHEANNERE T - B carch p hdl B
B¥f p BI1E » WRZ Return x, BLEELER « ; WRZE Expt msg, BILEHRAR
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msg LEEBIGVRIZREL hdl - & p BB BIR Except a, catch p hdl BIEL B E «,
i hdl B9 BIAZERE String — a:

catch:: Except a — (String — a) — a
catch (Return x) hdl = x
catch (Expt msg) hdl = hdl msg .

Bl > THERFAH «c LIERERFE - MR c REEFE  FREEE
"Result:" BASHE » BEHIR "Error:" BHHE :

catch (eval €) (Av — "Result: "-H show V)
(Amsg — "Error: "-+msg) .

THAERDAEED Int, MR c ZPHRTHEATHEE  HAEEE
65536:

catch (eval e) id (const 65536) .

82 ETHETE

FoERE MRl BfEHMINE —EREHSFAENTE - — BRI
SALEEMEIE B REN L EALT » R RS E thEREAEE -~ RIE > B
B—ERHEREELER - HAEERE - RMESE s HIEENEE—ER
et EHRBIERN IR L -

IR LAIESE 8.1 BIFFAY Except « BB — @ WA T RWTH  E2—@
WA BATHRER o F case AR CERICEBEERE LR ~ JEEXHITHEK -
MRIEFIT » sFEERNBBE o, Bt REEARER - MEHEE BIEE
F Except ATEH WER SEHIBIMERE TATREME B - BEF (>=) NIA
AN E AR B RS - BRI E/ER -

WEEZE » Except EETUEZEE—EEBIEET m: —BERBE ma HE
FA—EEFERNFE X2 —EEFRITHRERL - WRIEFRIT @ 5HEE
ROBFR o, BHITARRARELRER ZERREZEMERIER - BIF
m T EME © ot - SE»m [NEmEERET

o return:.a —m a,

o (==):ma— (a—=mb)—mb.

Ef=F6BA—EET (monad).

BE—EE o, BETF rewn x RE—ELAEER «, 2 BRIEANGE -
VA m = Except B » BRIEEE S retwn = Return. Bz B BEIE MG
F o

BET (=) §/NstEREE—RB-TEp>=fZH ' puma 2—ELER
AR o, BRIERREIIERANE - IR p HELEK  HERSHEL /. RE
fra—mb—EER ) NERBEE —EtEnstE BERXFp =7 HE
AthEmb EREREFREAN—EER: RBEEASEEEER Ba#T
DEHSFEERANER - MREMB BRA KRR FEps=lx>e Z
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Hop ERWENER x o T exmb ZHATLUER x. R (=) ATEEHM
B/NGtE p B e A —EXRFENEER - mE/NTER RES -

BEYT rerwn B (=) BAKREEGHSERERANELHNTH - FiLER
E—LEZENME - EXRK

EE81(EF). —HET (monad)d & —HAFNEET m, UXHEEET
return:ia — ma B (=):ma— (a—mb) — mb. AR EUT ZHETFEE:

HENLE (right identity): p>S=return = p , (8.1)
ZLEAI{E (left identity): returnx>=f = fx | (8.2)
5B 1 (associativity): (p>=f)>=g = p>=(Ax—>fax>=g) . (83)

HEMEREER p = Ax — return x WFFEIFEE - 518 p HER « HEE
(>=) MAE BREIASEMHME BHEL - EFNRE)pSE2—HEH -

Ex BEUENETFIE retun x>=F ZH » KRB B return x IR — ™
return x FIEERME ! RILERM f x B2 —15H -

RE—RE =) NE6E  THp R BEE—ERK > Bt &34
B B M0 o BREBE—E > T REEEMAE] SRRV ER TGN
B - BEREFNEE  ERENBEARBTE @ Rr p BER > A&
BIFRA -

BER—EFNET BRABTEE—EER n BF renwn B (=) M@
BHET RETHEMREEFR FEHGREEFNEXNEEHEEREM
B BEEREFEOUERMEFAIMEE -

RE—R: ERSIUAREFHNE—ERSIX - HMEFBENEREFER

[todo: where].

BEsI- EHEBIHPNERMEEFRE - BEAE m = Except,
return = Return, T (=) FIEFRIEE 8.1 HIFT/REF » =REFEERKL -

B8 F class BESA Haskell B type class #l » F IR LABEFER A —E class:

class Monad m where
return:a.— ma
(>=):ma—(a—mb)—>mb .

Witk AR FEAR ZE — BB A Monad FIE RIS FAIAR return Bl (=), Except
BRI AR E AR — @5

instance Monad Except where
return = Return
Expt msg >=f = Expt msg
Returnx >=f=fx .

ZEB MR mEMN B BFIEEMESR Monad FIFFE - BEEM R
R TMEFEN 1. BN m TR rewm B (=) MERFH > ~HE
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¥ ;2. BEMER rerun B (=) IR > ATUER RS E EMEIESERA
B—ERFG - BHIERTEE/NFE » BEFH type class T —ESHRAE

L4\ » Haskell FIHJ type class B &t RIREE rerwrn B (=) A B Z IE#
B o B AT Haskell 3t A RB L FAE TR rewn B (=) M ATRAIEFHE -

BERAHEMEET ATHNEEZTEE : BEE throw B carch TR ? hFIH FE
ZmE LM E o BN 0 throw msg >=f = throw msg  (HoH BI9VE - BER f
RE]IT) M catch (throw msg) hdl = hdl msg  (throw H B BFI9VE hdl BEER)
EZHEBURMVENNE - Z—HE - EMEER [E5 ) SEEERN
EBEHET HtWEIERAETARESEEEM - Rz > AINEERTseeaZelE
FNEEERET - 6l EHRATSEE - T FEMEESR T - 5= Except
BB o

MRS ARKERIERR  BFNERTFALRMAE 1. reum 5
(>=) & ERIERLBERN > SEEFEHLBAER rewn B (=), LHERE
WEBETFE 2 W BEEIERERVEESRENER T  EfEthFL
Zom RS - BPMSENBSEERIERAN/NTRERESHIF -

83 FEHLETF

BTEAT—EHTF - REELBEIL S -

data Expr = Num Int | Neg Expr [/Add Expr Expr |
Var Name | Let Var Expr Expr |

type Name = String .

Name 2 E > Varv BHIBEENHMNEE - Let AIFARE S EEE
o FlN > DUITHFREMZ letr =3+ 1in (x+4) +x:

Let "x" (Add (Num3) (Num 1))
(Add (Add (Var "x") (Num 4)) (Var "x")) ,

S ER 3 |, FEBEERAEE (G ) )G =12

8.3.1 SEHIRIS

BTEHE > RMOTEERR TAdd (Var "x") (Var "y") B (B8 ERMTE] T
FABRMNE « 1y E - BEASENESRE—@RATTREREN
8- e [RE) B—EEHEENRY - SFEMSEZEHE - BT
A—EHRIFR

type Env = [(Name,Int)] .

a0 Add (Var "x") (Num 4) FEEREE [("x",3),("y",6)] THER 7. P EE
1@ TE&%R) )

‘BE s BB ALUES type Env = Name — Maybe Int, Tl lookup env x = env x.
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lookup :: Env — Maybe Int .

Blan - B env=[("x",3),("y",6)] » lookup env "x" 5& Just 3 » lookup env "z" Bl
7& Nothing.

RE—THEL L SHEEEEHEYE MAZHE - flI0> THARE
letx=3inx+ (letx=4inx)+ (—x) :

Let "x" (Num 3)
(Add (Add "x" (Let "x" (Num 4) (Var "x")))
(Neg (Var "x")))

CHER3 4+ (-3) MAR3I 4+ (—4) — ABESH « ERERFEET5
MY x o

BT ELHME  RMEETN ol BREZEES - BABERXEAREZT
FHE  eval SHRRELNESEZ—

eval :: Expr — Env — Int

R eval E—EEAN—ERE > st EZEXNE - 0 o P RYIN=
EfFRER ER—KN > RZZ T 2% e FETE:

eval (Numn) env=n
eval (Nege)  env= —(eval e env)

eval (Add eg e1) env = eval eg env + eval ey eny .
RSy - BPRIREHESHHE
eval (Var x) env = caselookup'env.x.of Just v = return v .

B case ERX HERIET Just OB © 1R lookup {EEIFNZE Nothing @ ELE
HH  UAAERE o B> ZEERE ? BHOFTHHK - &E > WE Letxege
B BRI oo FUETE ey EEBRREZ TEH - REH o

eval (Letx e e1) env =
let v = eval eg env
in eval ey ((x,v) .énv)

BEtHE o) FEAFRMNIRE («v) env o 538 o) AT « - 88« EWIRE
FRERE V.

BEXAMNEERRE FrnHFERE EXREE8H  BERER > od B
BRIZE Expr — Int — WRF—EEXHN 2R A2 —EEH - BTHREE B
T RN EEHH BISN IR B 0 eval BB BIEEARK Expr — Except Int. ILEF Except a
RE—EEFTR - TEBEIER REfs) METE -

N E&E -~ EEIREE 5 eval WEIBIEEK T Expr — (Env — Int) @ eval E—
BEX FE—ERH; ZREXE—ERE > THEL—EAEHE - BH®I
Mo —EEXNEERE (E—ERE > FE—EEHNRE - NE > BRE
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NERNBEZEVARRIRATE > AXEBRREE—EHE » mEZEK
RIBREHARE A E - R eval (Add (Var "x") (Var "y")) —ERE » 20
REE [("x".3),("y".2)], HFUEE 5, R4 [("x".4),("y",-3)], MBI 1.

IR Ma—EIRE > HEEFE « NERPIRE WM Reader o, UHLZE
EREF type Reader a = Env — a » BB eval I BIELT Expr — Reader a. ILEE °
Reader a AR A —18 M £F 7T ik 86 8 & BIAE A B 5t - BRI RERVRITERR
B TFMIREAMSHNE] - BEL > RFNEERIERRBIE [FEE (reader) ]
o [FEEL - TARIRIR) MENE - EWITER » IBEFE LK - HIPEEPmE
R BN A B

eval (Numn) = Adenww—n

eval (Add e] ) = Aenv — eval ey env + eval e) env

ATARRRERY @ eval (Num n) EE—EH » ERBRERM > ZEtEHED 1
eval (Add ey ;) BLEE—EFH » ZAEETREE  EF—@AREZ TE
eval ey M eval e; BRUE » AT E M {FIRAD -

R FEW ey HREEZEEEMES BHHE - CUHBHAEWEE-
1256 8.1 HiFR » FRAPIFBEE G it 2B A BIRBA Except B BIAIENEHISR A rerurn F0
(=) » {18 Except B EET - HRAEH Reader, B MItLERFTHE—4
return F (>=), IBERNENTEHIRIE {18 Reader B —EEFIS ?

8.3.2 EEL RIERRETF

FHEHVET  NEE 8.2 HiFTM o rern RUE—EIRBRIFEAMFTE » (>=) BIAR
L EEHFEGER o 48 m I Reader, EMMEFISRIE

returnia — Readera
(>=) ::Reader a — (a — Reader b) — Reader b

H b Readera = Env — a
BRE return LLEREEAR ¢ return x = — AR ey B - #BEE « ETHE :

return x eny = x .
B me=f A ERUNT :

(p=>=f)env=f (penv)env .
p>=f B RR Reader b, BB EA MUK —BIRE o E28 > MERAEF
BVWEEY —ERRE L ER - B pReaderd 2—EE TR NFTE -
penv IBEEHK » BREAE « FER - REf FEAIE « — Reader b, AL
fpew) BB/ BElpenv:a NER > THEH —EHNTHE. BEFEXEST
env ZHEABRIEWELR > HEEA[E .

BY return B (=), eval AT =B FTLBZAT ¢

eval :: Expr — Reader Int

eval (Numn) =returnn
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eval (Nege)  =evale>=Av — return (—v) .
eval (Add eg e1) = eval eg == Avy —

eval e; >= Av| —

return (vo+vi)

BrT Except 8 Reader ZH\HIZE 8.1 BT 2 4HE | HNFRTEFEERAE
RIS » S ESO R BIfE Except A Reader » TR AT RNIBEINIEL T
BOLUAF - (FHET » A ER M EZNEER -

ENETFHETEE AEHAMNA Var £ Let MEABREE I HBREN -
BRECH  ZEENEIERAFENERET -

BRIE Var x B > eval BEIRIBEHEEE « E - RGBSR EMNER—
EER &

lookupVar :: Var — Reader Int
lookupVar x env = case lookup env x of Just v — return v, ,

ZEBEBEBEANER - BTE  eval B Var x BRI
eval (Var x) = lookupVar x .

FH Letxe oo B MPBTEEHRE > 1B 1 NER o WE] EEEH
MEIRFEH » LEFMIRBERNIT eval o, BRITR I BRE ) FHNIRE — 37
BREARREN HARERERNERX  RMITER—EEBANERF &
E—ERE /Env — Env ARBERTHNERE  IREBFNRER en, HEX
local f p FEFTEREE [ env Z TNHUUT p:

local®: (Env— Env).— Reader @ — Reader a
localf p env =p (fenv) .

BT local WEIT » eval B L Let BFRTERL :

eval (Letx eg e)) =eval eg >=Av —
local ((x,v):) (eval ey) .

B () BIRIBEN—EER > EEZTFHE eval es.

ERE 8.2 — (FHKNEHMESR 1§ eval (Add e e) env B eval (Let x eg e1) env
B - FERTNE 831 N ESE—1 - BE:

eval (Add eg e1) env = eval ey env+eval ej env

eval (Let x e 1) env = eval e ((x,eval ey env) :env) .
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EEAMREET ATHRMAHNE BRALERMER RE) 2XRERZEN
BRI Env. FAFTERATIABEBO MR |

type Readerea=e¢ —a .

IRTE Reader ZI— B2 8 o, KRITIZMEL R - FERM ¢, Reader ¢ H2—1EEE
F o B8 local EBRARELAIZE (e — ¢) — Reader e a — Reader e a. AEIZHTH
518 Reader #RF IR Reader Env. B4 eval KB BIZ Expr — Reader Env Int.
ERENHABLR - ERRBEH -

BRI lookupVar::Var — Reader Env Int REETE ¢ B Env UGN TEE - E—
MR > ENEFBREEE —BERET ok, BRERBEL RERPIER

ask ::Reader e e

ask env = env .

BRE lookupVar BIR A ask &G

lookupVar ::Var — Reader Int
lookupVar x = ask == Aenv —
case lookup envx of Just v — return v, .

1% » ANEZ HFE Reader ¢ BHT—HIHY Except £ return, (=) S/ -
5 T Haskell 0L > 3115 4F Reader ¢ EE A type class Monad B —{E4F
5 o (BRI — LA BIMERIFATERE - Haskell RAFFH type ES M A BB
type class 4545 o FFIEHR Reader F data B4 —EERIBLR) - 4

data Reader ¢ a = Reader (¢ — a) ,

instance Monad (Reader ¢) where
return a = Reader (e — a)
Reader r >=f = Reader (Ae = f (re)e) .

8.3.3 MENEFEXMNMEE

—EEFEX MANRENMEE? LLWR > HE—E o, WAFH eval
(Let "x" (Num 3) (Let "y" (Num 4) ¢)) FI{ERTEE ? EF eval (Let "y" (Num 4)
(Let "x" (Num 3) ¢)) ERTHEEEE?

B eval F return, (=), local ... EEBEHETFERHEN  MELEEH
FHERHHEIKET » RFELTIEM AN ERBRE B SERNE
IRFE BRI FEERNMEE - E—RAMLNERRTREIFETEE » 2 reum,
(=) SEHFFHNERTREINE - R TREMBHR —BNEXE
B BRERMAMEELEFEREFNESR  AmeMERHTELE LA
B SRR R 7

‘EEIBRIHE R B newtype B2  newtype Reader ¢ a = Reader {runReader :: (e — a) }. {BZ
E T newtype.
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HEATIASEER—(E TE#] MEREFEERZEZRETIINME -
B BRe2—Er28H NERX

ask>=Av — return e = return e QIR v NHIRE e ZH o (8.4)

ERMSHARED c E > M e WERT v 8 It ask 2 IAERE IR -
HOR - BEE A ask MR AT ASERUR—IXSLEF

ask == Avg — ask=>=Avi = fvov, = ask>=Av—fvv . (8.5)

EERETFE BPEATREMAZENFERRA —ERHTY
fvovi. EEFERMBZFE IMESHET v — ARRERHER
TEMBERXFIRE local BLE return B (=) BRFg T :

local g (return e) = return e (8.6)

local g (p>==f) =local g p>= (localg-f) (8.7)

£ (8.6) AT BIRIBZEBNZ return e, RBMEBEBEEM retrn e — 1% - 1
B (8.7) BIEEREM local ¢ AIVADERE] (=) MR - AREBIZH - (=) 10
LR local g p, HBRIEHREER ().

&% THMEER local B ask BIFFE—HE :

local g ask = ask === (return-g) (8.8)

TE local g BVIRIE Z N ask, FHE ST M ask, FRABERBINEREIL ¢ NI -
BMATRER 8.8) HFHEMBEEEFMEHNERL T local B TER] -

BT EEME  RERFSIH local, ask, (=) ... FFENER » WAlREE
METFRAMME T I » RAFAAE et — dinx - x REBRHE :

eval (Let "x" (Num4) (Add (Var"x") (Var "x")))
= {eval ZFEFE )

eval (Num4) >=Av — local (("x",v):) (eval (Add (Var "x") (Var "x")))
£ leval ZEE )

return 4 >=Av — local (("x",v):) (eval (Add (Var "x") (Var "x")))
S pETE R o)

local (('x",4):) (eval (Add (Var "x") (Var "x")))
= {eval ZEFE)}

local (("x",4):) (eval (Var "x") >=Avy —

eval (Var "x") >>=Av| — return (vo +v1))

= {67}

local (("x",4):) (eval (Var "x")) >=Avy —

local (("x",4):) (eval (Var "x")) >=Av| —

local (("x",4):) (return (vo+vy))

ﬁ'ﬁqﬂ% l()L'(ll (("X"‘4):> (gval <Var llxu)) ?Hﬂtﬂﬂa{t% .

local (("x",4):) (eval (Var "x"))
= {eval 1 lookupVar Z 5%}
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local (("x",4):) (ask >= Aenv — case lookup env "x" of Just v — return v)

= {67}
local (("x",4):) ask == Aenv —
local (("x" 4) ) (case lookup env "x" of Just v — return v)

= {(88), LENIE (8.2))

local (("x",4):) (case lookup (("x",4):env) "x" of Just v — return v)
= {lookup (("x",4):env) "x" = Just 4 }

local (("x",4):) (return 4)
= {86}

return 4 .

FRILEFR IR SN local (("x",4):) (eval (Var "x")) B2 rerurn 4. FFEFLE R

local (("x",4):) (eval (Var "x")) >=Ay) —

local (("x",4):) (eval (Var "x")) >=Av| —

local (("x",4):) (return (vo+v1))
()

return 4 == Avy — return 4 == Av; — return (vo + vi)
_ (BT EROEE)

return (4+4) .

HLL 5 eval (Let "x" (Num 4) (Add\(Var &™) (Vartx"))) St return 8.

IREEEE TR — B eval (Let "%" (Num 4) (Add (Var "x") (Var "x"))) iﬁu
return 8 TN ZEBERR > M2 [HFETHRNAE] - REEFREXRRME
AEAEERMANERLEE mMEER—EER5—EEILEEN - &5
BERZFeMEDREZNE  CELERHRNEIER - BHMEERSEIEZMEN
B+ -

ERE 8.3 — FEHAEATA ¢ Expr,

eval (Let "x" (Num 3) (Let "y" (Num4)e)) =
eval (Let "y" (Num 4) (Let "x" (Num 3) ¢)) ,

IR (1,20 (3" 4) = (" 49 (=3 B+
84— TG - ("2, 3)0)-(('y".4)) = ("5, 4))- (", 3)2) LR

HPMELBIEEME  MREERNIF eval (Var "x") [("y".0)], BE x
WAREIRER » lookup #{EE Nothing - EFFRZ/EBEHE ?
AP LA ETE Reader BIELRY » 5 eval AT AR —1{E Except &5 :

type ReaderExcept e a = e — Except a
i return M (=) BEEZ BT

return a = Aenv — Just a
rm>==f = Adenv — case rm env of
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Justv — fvenv
Nothing — Nothing

i5 8 ReaderExcept B RI4RE T ENE FHREINEFHINGE » H rerun B
(=) ERLEBEEMEEFERNES - BEELTELSAEE REHNMUE -
ReaderExcept FERE Reader X BHEMH T —2 - HERMBHA SR ETEZ IhEE
BIanARRE ~ BB A o ReaderExcept DM RHMM T » RPILAHEHRT
MR MERAIET -

BEIR Maybe BEFE— RN LE THI4 ) MIEITER - BEERETFE— @R
N LRI EBURERITNAE - B PIREDIDIEMIATIAE D RIIEAR L it in AR 2

MR - AT WEETF M1 M2, BER IR PN ME—&. » EE S
—{E#TETE ?

8.4 RREEEF
HFEE 8.1 HiZ AL A
data Expr = Num Int | Neg Expr | Add Expr Expr | Div Expr Expr .

BEXARMEEZESTRENTLE  MERS —ERER  MOBETHEER
T ZDRERE - IBORBER > —EERNIEEZ H— B & & Hkst
- ERYEES PR EREEETRE?

HIRCUF/ED  WESENEREBRRTEERGEIN NIREE (state) | :
AN REBNERER  BERMNTRRES  HE FSEHFNUE. F
F o FILIRMIE [ FEA S5 BB IRBIERE (state) BITER -

BRAHNAL > RMRAEEITUEMKE - & L THEKREFT
HR—EHMFENEER  EREEFHFE  TRCHABLERT 5
LERFZmEtELE - BEMUISERX - REAFZRESEEFNERE -
HIOREEERIER » MR EERTHEE TR ?

HAHLUBEF vi—u+ | BITESCIETEEH « NEEE - E—1TEM
BN HEa %IRRT

- BEEARTH

- BERERTFHIRE - WEAETFE RTENEHNE

- BEHEFHIRE - NETFE RS ERAZEL -

R EES PRI IR EITE AR R AT B AR L ~ (EFRFLLEN TN ~ (BLLE ST TR
MEMNZRET - BERARYT > LEE IFE # T8A] mESHESREBN
EHT -

BBMAE > < States o Rn—EHBREAE o, BERFITRATES B
B WSS EMNETE - RIEK States B—BEF - REGCEERLET
209 return::a — State s a fl (>=) :: State s a — (a — State s b) — Statesbh o —
EZLRR State s o MEERPRBBNTESERERT  REEATEMEERT
FEY

get ::Statess
put s — State s () .
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EH T ger T 8.3 IR ask $8L - BHEZATSSEMNE ; put e BJFE ¢ BY1E
BEAEEHR o WEE () G B s = Int, MR LER W TRRIE inc
ST —

inc:: State Int ()
inc = get>=>=Av — put (1+v) .

BAR pur BRMEBETRE - 5% ERMEY pure, HFM e ERZE—
BE A s MAERE > T2RIMER - BIWTE inc 24 PV BEFTFESHNE
get iR (ER—ERRIERANEE  AstEFNEERERE - EFERX
BRRREHE BhFESHEAEXNMER SIS - HIX 0 B pure ELF
States (). B8 : () @—ERE—EEMER > Z{EFE Haskell FHEE (). 4
FEes & pute:States () @ EEFENERR s WA &8 > IED () A5
"o [MEE ()] TERAEE —ERTEMNNE  EFRE FMETI-

EEEDNERRRIEEN  BEFAFEAL - AE pur TEREHRE
—EENER - BXER W TRIEE

Lpute>s=\_— ...

B T —RER  ERBREMEIER  TRECHNER BHFEELE
BEEEEEL > HASNT—EEST

(>)tima—mb—mb

p>q=p>=\_—q .

Wt —3R put e >=\_ = g ATAEER pute>q. CERE 1 p>>q EARER p HY
FEOEREANE().)

B2 ger 8 pur - AMREMPRBEEEEERET HMTEOLENEE » %
BiEfEZEmEA THRE
get-put: get >=put = return () | (8.9)
put-get: put e >> get = put e >>returne (8.10)
put-put: put ey >>put ey = put ey , (8.11)
LR — RS 8.3 HE0 ask SRIARMLE
get-get: get >=Avy — getvi =>=Av| > fvov) = get>=>=Av—fvv . (8.12)

Hrf o get-put 258 : &S ENEELEIZIBABEERHEERM -
A put-get E&8 : BI5E pur e 2B LB SEENE > HESTE . 3HA
put-put B8 EHMEpu 2% > REE_Epu SANESHEET - HE
get-get AIERE | EMMIK ger FIBEIMNENEME » ATLAR ger —IRFEF ©

YNRETERHE » FH ger B pur AT EEHR L inc, MM PIR B eval BEF Div FYIFRH
B inc - FRATRCSRIN T ZDRBRIET -

eval (Divegey) =eval ey >=Av| —
eval eg >= Avy —
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inc>>
return (v ‘divivy) .

BRE eval IR T 2R & - RFIEAT AETFRIBBIZEL State Int. RS
Erffe 7 2aIfEAnEXNHAERL  RAMRAFTEATENEIEREE T
A EREEFREHEXRER TEARMBZMRIER -

8.4.1 MANIERE
AU AE BB ARG » REREETRIHER -

hanoi 0 = return ()

hanoi (14 n) = hanoi n>> inc >> hanoin .
hanoin = put (21tn—1).

8.5 ZLEEHR

Wadler [1992]
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APPENDIX

Answer (B 1.1) —

myeven :: Int — Bool
myeven x = x ‘mod‘2-=:0 .

Answer (BE 1.2) —

area ::Float — Float
arear= (22/7) X rxr._.

Answer (E& 1.6) — IRBINEEE  RPIHEBE (Ve-id f=f =/ id). #
RIS

(id-f) x

= {(VZEHS
id (f x)

= {idZER}
fx

= {id ZEHK}
 (id %)

= {()ZER}

(f-id) x .

Answer (B 1.10) — 8K curry - uncurry = id :

195
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curry -uncurry = id

= {NEHEER id ZEE
(Vf :curry (uncurry f) =f)

= {HEHEF}
(Vf xy:curry (uncurry f) xy=fxy) .

R FAPRERR curry (uncurry f) xy =fxy T :

curry (uncurryf) xy

= {curry ZEHE)
uncurry f (x,y)

= {uncurry ZEHE }

fxy .

BRI AR - BREE R uncurry - curry = id 3APZERERR uncurry (curry f) (x,y) =
f vy HFERHE EmAIRERRER -

Answer (B 1.11) — map (uncurry (s)) :: List ((a <5 b) x a) — List b. B
—EREHE I(RE < 2%)] FHNES  HEERHEERER2H
- fign

map (uncurry ($)) [((1+),3), (square;4), (smaller 5,3)]
BEE [1+3,4%x4,3].
Answer (B8 1.12) —

tailst: List a — List (List a)
tails xs = map (An = dropn.xs) [0..length xs] .

Answer (Hz8 1.13) —

squaresUpTo :: Int — List Int
squaresUpTo n = takeWhile (< n) (map square [0..]) .

Answer (Z R 1.14) — Answer (BRE 1.14) — zip = zipWith (,), =X zip =
zipWith (Axy — (x,y)).

Answer (B8 2.5) —

reverse .. List a — List a
reverse || =]

reverse (x:xs) = reverse xs +[x] .

5 BARS reverse SRR sREE R 5.2 8 ©



Answer (E R 2.7) — 8RB sum (map (xx) ys) = x x sum ys, T ys _EEFEN o

&R vs =], MiBEERLE 0.
TE ys:=y:ys:

sum (map (xx) (y:ys))
= {map ZEFE)
sum (x X y:map (xX) ys)
= {sum ZEZE)}
X X y+ sum (map (xx) ys)
= {HMEX
XX Yy+xXsumys
= {FEEMMEZHBEE)}
x X (y+ sumys)
= {sum ZEFE)}
x X sum (y:ys) .

Answer (B 2.10) — 8T8 length, (+), 8 (+) HEXR » BREEHME
RIS x5 AT A BRI o FULIRAPIE o5 BERH -

ARIL x5 =]

length ([]Hys)

= {(#) ZER)
length ys

= {(+) ZEE}
0+ length ys

= {length Z E5%)}
length [ |+ lengthys .

AR x5 :=x: xs.

length ((x:xs) 4 ys)
= {(H)ZEFR}
length (x: (xs+Hys))
= {length 7 €%
1., (lengih (xs +-95))
= {BENER
1, (length xs + length ys)
= {(+H) ZER
(14 (length xs)) + length ys
= {length Z €%}
length (x:xs)+ length ys .

Answer (BRE 2.12) — EE x5 xss PIER ¢

length (concat (xs:xss))
= length (xs + concat xss)

197
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= { & length (xs+ ys) = length xs + length ys }
length xs + length (concat xss)

= {BHME=x
length xs + sum (map length xss)

= sum (length xs : map length xss)

= sum (map length (xs:xss)) .

BB ERNMER length (xs -+ ys) = length xs + length ys .

Answer (ERE 2.13) — E & xs:xss BN :

map f (concat (xs:xss))

=map f (xs H concat xss)

= { B mapf (xs+ys) = map f xs ++map fys }
map f xs -+ map f (concat xss)

= {B#HEHR
map f xs + concat (map (map f xss))

= concat (map f xs:map (map f xss))

= concat (map (map f (xs:xss))) .

BMBENMER map f (xs+ys) = mapf-xs -+ map f s .

Answer (ERE 2.19) — 1£ xs R4 -

all (&'(x:xs)) (filter p (x:x5))
= all (€ (x:xs)) (if p x then x: filter p xs else filter p xs)
= if pxthen all (€ (x:xs)) (x:filter p xs)
elseall (€ (x:xs)) (filter p xs)
= if p xthenx € (x:xs) Aall (€ (x:xs)) (filter p xs)
else all (€ (x:xs)) (filter p xs)
< if pxthen all (€ (x:xs)) (filter p xs)
else all (€ (x:xs)) (filter p xs)
= {24}
all (& (x:xs)) (filter p xs)
< fHERE2.17,z€ (x:x5) < zE€ x5}
all (€ xs) (filter p xs)
< True .

Answer (B8 2.20) —

initst :: List a — List (List a)
inits™ [] =]

inits™ (x:xs) = [x]:map (x:) (inits™ xs) .



Answer (BRE 2.21) — 1£ xs LHEF4 -
&I x5 =] WARFEESRRIBERZ ([]).

&I xs:=x:xs.

map (An — take n (x:xs)) (upto (length (x:xs)))
= {length Z7E%&}

map (An — take n (x:xs)) (upto (1 (length xs)))
= {upto Z7EE)}

map (An — take n (x:xs)) (0:map (11) (upto (length xs)))
= {length Z €%}

map (An — take n (x:xs)) (0:map (1) (upto (length xs)))
= {mapZEFK -’ take0 (x:xs) =[]}

[]:map (An — take n (x:xs)) (map (1) (upto (length xs)))
= {(FE22:mapf-mapg=map (f-g)}

[]:map (An — take (14 n) (x:xs)) (upto (lengths))
= {take ZEFE }

[]:map (An — x:take n xs) (upto (length xs))
= {FE22:mapf-mapg=map (f-g)}

[]:map (x:) (map (An — take n xs) (upto (length xs)))
= {BMEX

[]:map (x:) (inits xs)
= {inits ZEFE)

inits (x:xs) .

Answer (B RE 2.22) — BB UM segments [1,2,3] BH segments [0,1,2,3].
AEBERNERATAER

[[L0F 11 211952,8), (2], [2,8)543]] -
i segments [0,1,2,3] FIAERATBEE :
[[]-f0Rf0,1],[0,1,2],10,1,2,3],[1],[1,2],[1,2,3],[2],[2,3],[3]] .

EEZT  EZWMN—SZ  AEHRIINHE HENERIBIEM@ELO. <
FTARiER IFENES > AARRBELREREAERELE A0 M
(hFEREMZ [1.2,3|AFTE) -

R BWMARFIEAA Lista (MARFFER List Int, List Char BF) » 3
1F‘1%/£}Eﬁtt$iﬁ’\]7ﬁt?izﬂjﬁﬁéﬁﬁﬁ§ ° IZI%Z segments 1%@5"]§%ﬂ$§ﬂ5 °
INREHMESE - HAMLEL A MAEMNERESH -

Answer (B8 2.25) — £ xs LHEH - BEERRBEEIHIL - EE x5:=

yixs:

length (fan x (y: xs))
= length ((x:y:xs):map (y:) (fan x xs))
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=14 (length (map (y:) (fan x xs)))

= { A length-map f = length (%83 2.6) }
1. (length (fan x xs))

= {BRER
1, (14 (length xs))

=1, (length (y:xs)) .

Answer (BRE226)— % F H map  length  (perms xs) =
map (const (length xs)) (perms xs), T& xs Z LR o BRI xs:=[] >
L MIBELAR (0] BEEFRTE 5=

map length (perms (x: xs))
= {perms ZEZF )

map length - concat - map (fan x) - perms s xs
= {mapf - concat = concat - map{map f) (B7ER.13), map B &}

concat -map (map length - fan x) - perms $.xs
= {map length-fan x = (An — repeatN'n n). length }

concat -map ((An — repeatN nn) - (1) - length) - perms $ xs
= {map @&}

concat -map ((An — repeatN nn) - (L)) - map length - perms $ xs
= {BEMER

concat - map-((An — repeatNan) - (1)) - map (const (length xs)) - perms $ xs
= {map @&}

concat -map ((An — repeatN'nn) - (1) - const (length xs)) - perms s xs
= WY1 EX

concat-map{repeatN (11 (length xs)) - (1..) - length) - perms $ xs
= {length-fanx = (1.)-length (B 2.25)}

concat - map (repeatN (1 (length xs)) - length - fan x) - perms s xs
= {[todo: ???] map (const y) = repeatN y-length }

concat-map (map (const (14 (length xs))) - fan x) - perms $ xs
= {mapf - concat = concat-map (map f) (B 2.13) }

map (const (length (x:xs))) - concat - map (fan x) - perms $ xs
= {perms ZEFE )

map (const (length (x:xs))) (perms (x:xs)) .

Answer (B 2.27) —

splits:: List a — List (List a x List a)

spliss [] = [([1,[])]

splits (x:xs) = ([],x:xs) :map ((x:) x id) (splits xs) .

B (fxg) (x,y) = (fx,8 7).
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Answer (EBE 2.28) — X FEE B length (sublists xs) = exp 2 (length xs),
£ xs EERAN o BRANEER x5 =x x5 B ¢

length (sublists (x: xs))
= length (sublists xs + map (x:) (sublists xs))
= { & (2.1) length (xs Hys) = length xs + length ys }
length (sublists xs) + length (map (x:) (sublists xs))
= { A length-map = length (i3 2.6) }
length (sublists xs) + length (sublists xs)
= {HAx+x=2xx}
2 x length (sublists xs)
= {BRISR)
2 x exp 2 (length xs)
= exp 2 (1, (length xs))
=exp 2 (length (x:xs)) .

Answer (B & 2.29) —

((:) - (ys4+)) xs

= {definition of (-) }
y: (s 4 xs)

= {definition of (+)7}
(y:ys)Hxs .

Answer (B 2.30) —

((H-zs)-(y:)) xs

=" { definition of (-)}
(425) ()

= (p:xs) Hzs

= {definition of (+) }
y:(xs+Hzs)

= () ((+hzs)s)

= {definition of (-)}
((2) - (Hzs)) xs .

Answer (BE 2.31) —

ITree EZERME - (Vi1 Treea-P1t) <
(P Null A (Vxtu-P (Nodexru) <=PrAPu) .
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Answer (B 2.32) —

tags::1Treea — Lista
tags Null =]
tags (Node x t u) = tags t + [x] Htags u .

Answer (B 2.33) —

size::ITreea — N
size Null =0
size (Node x 1 u) = 14 (size t+ size u) .

Answer (B 2.34) — f£ 1 Z LHEH - B = Null - BBRERMIBEED
B 0.8 r:=Node x 7 u:

length (tags (Node x 1 u))
= {length ¥ leaves Z TEZ }
1. (length (tags t) + length (tags u))
{ BRARIRER
1. (size t+ size u)
= {size ZEE)}
size (Nodextu) .

Answer (B 2.37) — head || : tail [] #][].

Answer (ERE 2.38) — &% m M o & m:=0, SRMEBHEOK [| - &
& om=1. m. WREEFE v BT o & x5 =[], ERMBIEFOR [| - F
B xs:=x:xs BUIER :

take (14 m) (take (b m+n) (x:xs))
{(4) £ rake Z EF }
take (14 m) (x:take (m+n) xs)
= {take ZEBE)
x:takem (take (m+n) xs)
= SR
X :take m xs
= {take ZEE)
take (14 m) xs .

Answer (BRE2.39) — ¥ m MEWN- E m: =0, SHRMBA R OR
take nxs o B m:=1, m. WERFETE x5 BT o B xs:= ], FRMEBIR
EEFAIRK ] © EIE xs:=x:xs PIFER

drop (14 m) (take (14 m+n) (x:xs))
= {(+) ¥ take ZEFK }



drop (1. m) (x:take (m+n) xs)
= {take ZEF }

drop n (take (m+ n) xs)
= {BNEx

take n (drop m xs)
= {take ZEE}

take n (drop (14 m) (x:xs)) .

Answer (BRE240) — &8 m BN B m =0, EHMEME IR
dropnxs o EE m:=1, m. HEEEHE s i 1‘ ° %‘x =], EHRMIEIR
HEFAIAL [ o B xs:=x:xs BIIEIR :

drop (11 m+n) (x:xs)
= {(+) ¥ rake ZER }
drop (m+n) xs
= {BRERR}
drop n (drop m xs)
= {drop ZEE)
drop n (drop (1. m) (x:xs)) .

Answer (BE 2.42) — [FHXZ5EM -
AR 1= 0: ESRMEERERAR (.
AR 7> 0 o RERBFMEST 0 < i <n, sum (binaryi) =

sum (binary n) =

= {2 m= last (takeWhile (< n) twos), sum Z FEF }
m+ sum(binary (n —m))

= AHAn—m<n, BNRE
m—+ (n—m)

=n .

Answer (Z5E 2.43) — AFHAMRAREMER o> =3 +V5)2=a+1. FH
SEEERMER fib 2+n) > o Pn:i=1Fn:=2 EEEART -

MR n:=1:/ib3=2>aq.

R n=2: fib4=3>(3+5)/2=0a

MR n=2+nB2rn>4 - BEBEEHMEMI<i<24nfibi>a 2 &

fib (2+n)
=fib(1+n)+fibn
> {EERx
o & o2
= {RRH a?}

(OC+ l) % 06”72
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= {a’=a+1}
(XZX(X'172
= o

Answer (EBRE 2.44) — 1£ xs L4 -

all ((x:xs) =) (zipWith (+) (inits (x:xs)) (tails (x:xs)))
= all ((x:xs) =) (zipWith (+) ([] : map (x:) (inits xs)) ((x:%$) : tails xs))
=all ((x:xs)==) (([]H (x:xs)) : zipWith (-H) (map (x:) (inits xs)) (tails xs))
= ((x:xs) == (x:xs)) A

all ((x:xs) =) (zipWith (+) (map (x:) (inits xs)) (tails xs))

Answer (BRE3.2) — £ 1 2 LEH - BEBR 1 =ERBZHESL - AT
RREi—TEERNER
AR =B rxu, k<x:

balanced (ins k (B t x ))
= {ins ZEFEK ; k<x}
balanced (rotate (ins k t) x.u)

< {5|E 36}
balanced{(instk.t) N\ balanced u N\ bheight (ins k t) = bheight u
= [&FHE 32}

balanced (ins k t) )\ balanced w /\ bheight t = bheight u
< BB

balanced t /\'balanced w A bheight t = bheight u
= {balancedz EF )

balanced (B t x u)».

Answer (B 3.3) — I T R/REHEHP—FERR -
i (t,x,u):= (R (Rtxu)yv,z,w).

balanced (rotate (R (Rt xu)yv)zw)
= {rotate ZEF )
balanced (R (Btxu)y (Bvzw))
= {balanced ZEFE
bheight (B t x u) = bheight (Bv zw) A
balanced (B t x u) A balanced (B v zw)
= {bheight ZEHK)
1+ (bheight t T bheight u) = 1 + (bheight v beight w) A
bheight t = bheight u N balanced t N\ balanced u N\
bheight v = bheight w N\ balanced v N\ balanced w
< {balanced ¥ bheight 7 FEF ; HEIMHE |
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bheight (R t x u) = bheight v A
balanced (Rt x u) A balanced v N balanced w N
bheight t 1 bheight ut bheight v = bheight w
= {balanced ¥ bheight 7 FE% }
balanced (R (R tx u) yv) A balanced w A
bheight R (Rt xu)yv=bheightw .

Answer (BfE3.4) - ABHRZ2——®RESEMRIR - KL 1. (infrared £ vV
semiRB t) A\ semiRB u = semiRB (rotate t x u) BH » BRE semiRB u; 1M
RBWE rorare B — ~ £ ~ BRE—ERT - UE—ERLAH :
ARF: (1,x,u) :=(R(Rtxu)yv,z,w):

semiRB (rotate (R (Rtxu)yv)zw)
= {rotate ZEF )
semiRB (R(Btxu)y (Bvzw))
= {semiRB ¥ color Z 7B }
color t = color u = color v = color w = Blk A
semiRB t \ semiRB u /\ semiRB v N\'semiRB w
= {semiRB Z €%}
color v = color w = Blk A
semiRB (Rt x u) A\ semiRB v N\ semiRBw
= [{infrared Z FEF)
infrared (R (Rt xu) y v) A\ semiRB w
= [#pBEEEES semiRB (R (Rtxu)yv)="False}
(infrared (R (Rt xu) y.v) V. semiRB(R(Rzxu)yv)) A semiRBw .

Answer (ERE 5.1) — B8 sum (descend 0) = 0. EEEFAIFR

sum (descend (15 n))
=" {descend Z EF}
sum (1 : descend n)
= {sum ZEFH
(14 n) + sum (descend n)
= {sumseries ZEF }
(14 n) + sumseries n .

Rtk

sumseries 0 =0
sumseries (14 n) = (14 n) + sumseries n .
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Answer (EBRE 5.2) — B8 repearN (0,x) = [|. ERBHER  HEUT :

repeatN (11 n,x)
= {repeatN Z &% }
map (const x) (descend (14 n))
= {descend ZEZE )}
map (const x) (14 n:descend n)
= {map B const ZEFE }
x:map (const x) (descend n)
= {repeatN ZEZ% )}
x:repeatN (n,x) .

L -

repeatN (0,  x) =[]
repeatN (14 n,x) = x:repeatN (n,x)_ .

Answer (B8 5.3) — EEARR :

rld [ ]
= {rld Z7EH}
concat (maprepeatN [])
= {mdp E concar 7 EFE )

[14
BB ANARL

Fld.((n,x) : xs)
= Yrld 2 B

concat (map repeatN ((n,x):xs))
= {map ZEFE)

concat/(repeatN (n,x):map repeatN xs)
= {concat ZEF )

repeatN (n,x) - concat (map repeatN xs)
= {rldZE%K)

repeatN (n,x) +rld xs .

HitF M2 S

rld [] =1l
rld ((n,x) :xs) = repeatN (n,x) -+ rld xs .

Answer (ERE 5.4) — B8 select [| =[] o BT xs:=x:xs BN :
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select (x: xs)
= {select # delete Z FEF }
zip (x:xs) (xs:map (x:) (delete xs))
= {zZp ZEHK}
(x,xs) :zip xs (map (x:) (delete xs))
= {zpxs (mapf ys)=map (id x f) (zip xs ys) }
(x,xs) :map (id x (x:)) (zip xs (delete xs))
= {select Z7EF& )}
(x,xs) :map (id x (x:)) (select xs) .

Rtk -

select [] =]
select (x:xs) = (x,xs) :map (id x (x:)) (select xs) .

Answer (E & 5.5) — LT R5HEERMRIR

delete (x:xs)
= {delete ZTEFHE )}
map (del (x:xs)) [0..length (x:xs) = 1]
= {length 2 % fHEEH}
map (del (x:xs)) [0..length xs]
= {E length xs > 0 (5.3)}
map (del (x:xs)) (0:map (1+4) [0..lengthxs — 1])
= {map ZEFH}
del (x:xs) 0:map (del (x:xs))(map (14) [0..length xs —1])
= {map @&}
del (x:xs).0:.map (del (x:xs)- (1+)) [0..lengthxs—1] .

EWEE—T » BEL del (x:xs5). B, del (x:x5) 0 =xs. B del (x:xs)-
(1+) BIREEE:

(del (x:xs)-(14)) i
= TR del 7 BFR }
take (1'41).(x:x8) +H drop (14 (1+1)) (x:xs)
= {take ¥ drop Z FEF )
x:take i xs-Hdrop (1+1i) xs
= {del ZEE)
x:delxsi
= {()ZERH}
((x:)-delxs)i .

BEAES

del (x:xs) 0:map (del (x:xs)-(14)) [0..length xs — 1]
= {AZRE)
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xs:map ((x:)-del xs) [0..length xs — 1]
= {mapBE}

xs:map (x:) (map (del xs) [0..length xs —1])
= {delete Z7E%}

xs:map (x:) (delete xs) .

AL » FAPEE T IESCH delere FIERNES.
Answer (BRE 5.7) — < 1 B—EOGERAE :
t=Bin (Tip 1) (Bin (Tip2)..(Bin (Tip (n—1)) (Tipn))) ,

tipt BEAR [1] 4+ ([2]..([n— 1] +[n])), AIEE O(n) A ARG AKEL -
BEEFNER - < v H—EB LR

u = Bin (Bin (...(Bin (Bin (Tip 1) (Tip 2)) (Tip 3))) ...
(Tip (n—1))) (Tipn) ,

tipu REABRAR (. (([1]+[2]) +[3]) ) .. H[n= W)+ [n], BE O(n*) HIFF
B MR ips REBEBE RN EEEE.

Answer (BRE5.8) — 8k & M zpWith (@) as (map (@x) bs) =
map (@x) (zipWith (@) as bs), 4£ as E#EE N - & as:=[], FH M}
BT [ BE as:=a:as FIER - B bs: =[], FRMBMHAR [ B
bs:=Db:bs:

zipWith (®) (a:as) (map (@x)\(b:bs))
= AzipWith ¥ map 7 F3% }

(a@(b&x)): zipWith (®) as (map (®x) bs)
= {EmAfRaR

(a® (b®x)):map (®x) (zipWith (®) as bs)
= {&) wEEai)

((a®b)® x) :map (@x) (zipWith (&) as bs)
= {zipWith 2 map Z 3K }

map (@x) (zipWith (®) (a:as) (b:bs)) .

Answer (E:E 5.11) —

expb0=1
exp bn | evenn = square (exp b (n‘div:2))
| odd n = b x square (exp b (n‘div:2)) .

FAFRIEEMFEIRR o BRE/N  RERFHRA n Z ENRESER -
Answer (B 5.12) — A ZFRB-YLE index (x:xs)

index (x: xs)
=zip [0..] (x:xs)
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= {[0..]=0:[1..],zip ZEFE}
(0,x):zip [1..]xs .

FAEEIR zip [1.] SEEUEAK index xs. FHILL - FER !

indexFrom::N — List a — List (N x a)
indexFrom i =zip [i..] .

AEWE indexFrom HEMHERAT :

indexFrom i (x: xs)

=zip[i..] (x:xs)

= {li..]=i:[14i.),zip ZEE}
(i,x):zip [14i..]xs

= (i,x) :indexFrom (14 i) xs .

Rt HMERE :

indexFrom i [ | =]

indexFrom i (x:xs) = i,x) :indexFrom{(1. i) xs .

Answer (BRE 5.13) — EENTHESE :

baosum :: Tree Int —(Bool, Int)
baosum = (baobab,sumT) .

MR baosum BREBBER On) NESR » HIW EEFE baobab = fst -
baosum. & t:=Null, FAHE baosum Null = (True,0). EE 1:=Node x 1 u:

baosum (Nodex 7 u)
= {baosum ZEF)
(baobab (Node x t u),sumT (Node x t u))
= {baobab B sumT 27 7EF }
(baobabit N\ baobdb u N x > (sumT t+ sumT u),
x+ sumT t+sumT u)
= {5IAEHEEE)
let (b,y) = (baobab t,sumT )
(¢,z) = (baobab u,sumT u)
in(bAcANx>(y+z),x+y+2)
= {baosum ZEF}
let (b,y) = baosum t
(¢,z) = baosum u
in(bANcAx>(y+z),x+y+z) .

e - MBS EE
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baosum Null = (True,0)
baosum (Node x t u) =
let (b,y) = baosum t
(¢,z) = baosum u
in(bANcAx>(y+z),x+y+z) .

Answer (BRE 5.14) — E3 .

dd::ETree a — (List a,N)
dd = (deepest,depth) .

BER dd (Tipx) = ([x],0). U THRMEBHZNIELE - B—EEEENEE
EREEFHEXN=EXTF

dd (Bin t )
= {dd, deepest, B depth 7 FEF )
((m< n— deepest u
| m==n — deepest t ++deepest u
| m> n — deepest t), 1+ (mtn))
where (m,n) = (depth t,depth u)
= {BUH deepest t B deepest u}
((m< n—=ys
| m=<n — xs+Hys
|m>n— xs),1+ (mTn))
where ((xs,m) (ys,n)) = ((deepest t,depth t), (deepest u,depth u))
= {ddZGEFE RO EEAR 1 HE )
(m< n—(ysyl +n)
[m=n — (xs+Hys,1+n)
| m>n— (xs,1'4m))
where ((xs,m), (ys,n)) = (dd t,dd u) .

Hitt F SR

ad @) = ([x],0)

dd (Bintu) |m<n=(ys,1+n)
|m=n=(xs+ys,1+n)
|m>n=(xs,14+m) ,

where ((xs,m),(ys,n)) = (dd t,dd u) .

Answer (ERE 5.15) — B :

balHeight :: RBTree — (Bool,N)
balHeight = (balanced,bheight) .



I 1E balanced = fst - balHeight. B8R balHeight E = (True,0). EE Brxu
HIARIR -

balHeight (B t x u)
= {balHeight Z €%}
(balanced (B t x u),bheight (B t x u))
= {balanced & bheight 7 7% }
(bheight t == bheight u A balanced t N\ balanced u,
1 + (bheight t 1 bheight u))
= {1 balanced B2 bheight FIRFEAYELH }
let (bt, ht) = (balanced t,bheight t)
(bu, hu) = (balanced u,bheight u)
in (At == hu A bt A\ bu, 1+ (ht 1 hu))
= {balHeight Z EF )
let (bt, ht) = balHeight t
(bu, hu) = balHeight u
in (ht==hu A bt A\ bu, 1+ (ht 1 hu)) .

EWARRixu MIERIFER o MATATHEES

balHeight :: RBTree — (Bool,N)
balHeight E = (True,0)
balHeight (Rt x u) = let(bty;ht) = balHeight t
(bu,hu).= balHeight u
in (ht == hu N\ bt A bu, (ht{ hu))
balHeight (B t x u) =let (bt, ht) = balHeight t
(bus hu) = balHeight u
in (At=hu A bt A\ bu, 1+ (ht 1T hu)) .

Answer (B =& 5.16) — H (5.4) F{FHEA -

mdm: List Int — (IntX Int)
mdm xs = (maxdiff s, minimum xs) .

BB L mdn ERRER o BR mdn || = (—o,). EERERIER

(% minus (x,y) =x—y) :

mdm (x:xs)

= {mdm, maxdiff, £ minimum 2 3% }
(maximum (map minus (allpairs (x:xs))),x ] minimum xs)

= (maximum (map minus (map (Ay — (x,y)) xs + allpairs xs)),
X} minimum xs) .

SHEREFHNE —EIEK :

211
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maximum (map minus (map (Ay — (x,y)) xs H allpairs xs))
= {HAmapf (xs+ys) =mapfxs-+mapf ys (BrE 2.11) }
maximum (map minus (map (Ay — (x,y)) xs) H
map minus (allpairs xs))
= {map-fusion }
maximum (map (x—) xs +H map minus (allpairs xs))
= { & maximum (xs -+ ys) = maximum xs 1 maximum ys }
maximum (map (x—) xs) T maximum (map minus (allpairs xs))
— (B G}
(x — minimum xs) T maximum (map minus (allpairs xS))
= {maxdiff ZEE}
(x — minimum xs) T maxdiff xs .

(EEE:ZC S

mdm (x:xs)
= {batEtHE )}

((x — minimum xs) T maxdiff xs,x | minimum xs)
= {f&£H let}

let (v,z) = (maxdiff xs,minimum xs)

in ((v—2) ty,x)2)
= {mdm ZER}

let (y,z) =mdm xs

in (x£2) Tyxde)
RIS
mdm [] = (~e0,00)

mdm (x:xs) =let(y,z) = mdm xs

in((0=—2)Ty,xl2) .

Answer (B8 5.17) — 1% .= Node x 1 u FIARIR :

tagsAcc (Node x t u) ys
=tags (Node x 1 u) +ys
= (tags t + [x] Htags u) +ys
{(+) NEER)
tags t H (x:tags u+-ys)
=tagsAcct (x:tagsAccuys) .

HPITES

tagsAcc Null ys =ys
tagsAcc (Node x 1 u) ys = tagsAcc t (x:tagsAccuys) .



Answer (B8 5.19) — [ ripsAcc t ys = tips t H ys. TAR tipsAcc BIEBH
RNEE » BT ES tips t = tipsAcc t[|. & t:=Tip x, tipsAcc (Tip x) ys
T EEREB x:ys. & t:=Bintu,

tipsAcc (Bin ru) ys

(tips t H tips u) Hys
{((#) z&EAE)

tips t + (tips u+ys)

= tipsAcc t (tipsAcc u ys) .

Rtk -

tipsAce (Tipx) ys=ux:ys
tipsAcc (Bin tu) ys = tipsAcc t (tipsAcc u'ys) .

Answer (Z & 5.20) — BREBMETE BN:

b,n,x:=B,N,1;
don=/0—ifevenn — b,n:=bxb,n div:2
| odd n—n,x:=n—1,xxb
fi
od;

return x

HimEE A BN = x x b

Answer (B8 5.22) — BFTREESFI A (<) PEEE © B factAccny =
y X fact n » BB factAcc 0y = y. BR n:=1, n FIARIR :

JactAce (14 n)y
= x fact (14 n)
=yx((14 n) X fact n)
= () z&EE58)
(yx (14 m)) x factn
= factAccn(yx (1. n)) .

A FHMET THRERE » B fuct n = factAce n 1. EFEERAIENIEE

JactAcc 0 y=y n,y:=N,0;
factAcc (14 n)y= don:f0—n,y:=n—1,yxnod,
factAcen (yx (14 n)) . returny .

HHE faciAcc NBRERE > WMONERT () NESE WHEET

yx1l=y.
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Answer (ZBRE 5.23) — #1 m oW - BEBEHSE » muldccOnk =k+0x
n=k B mRIEEHNEE > ATHER2xm LRENT :

mulAcc (2 xm) nk
=k+(2xm)xn
= {(x) ZXBEHREEE)
k4+mx(2xn)
=mulAccm (2xn)k .

B REE AHREER | +mn, WERFNT

mulAcc (14+m) nk

=k+(l+m)xn

= {(x) FERENA (+)}
k+n+mxn

= {(+) Z&EEE > mulAcc ZEZR
mulAccmn (k+n) .

Rt F SR

mulAccOnk =k
mulAcc mn k | even n = mulAcc (m*div:2)y(2 x n) k
|odd n =mulAcc (mi— 1) n (k+n) .

WMREBHAE M >N BEE - HEXB M <N =k+mxn.

Answer (B 5.24) - EFAARBAEEANE  HATUER—ERE
BIRFEE droN ds VAR 108 length ds RT3 °

dtoNT :: List N = (N x N)
dtoNT'ds = (dtoN ds, 10/ d5)

BT ZEE

dtoNT [] =(0,1)
dtoNT (d:ds) = (d x t+n,10x 1) ,
where (n,1) = dtoNT ds .

EFRARBESE . TER
dtoNAcc ds n = n x 107845 1 q1oN ds .

EEBEMNESR BMA L dioN ds = dioNAce ds 0. HE KRR K
dtoNAce [|n=n. B ds:=d:ds FIIERAEREWT :

dtoNAcc (d:ds) n
= n x 10%81(4d%) o droN (d - ds)
—nx lolength (d:ds) +dx 1olei1grh ds +dtoN ds
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= {length HASRE Y F5& )}

nx 10 x 108 4 g 5 1088 4 dioN dis
= {HEEH)

(n x 10+d) x 10/ ds 4 dtoN ds
= {dtoNAcc Z €5}

dtoNAcc ds (nx 10+d) .

AT

dtoNAcc [] n=n
dtoNAcc (d:ds) n = dtoNAcc ds (n x 10+d) .

Answer (B 5.25) — AR B FRENI FEE o < fusc n+bx fusc (1+n)
MR EE

JuscAccnab=axfuscn+bx fusc (1+n) .

MR fuscAcc BERMNER » BRI fusc n = fuscAcen 10,
BIHEE fuscAce, T n O © B n:=0, fuscAccOab =b. & n BIEZE
o AHWEER 2 xn:

fuscAcc (2xn)ab
=a x fusc (2xn)+b X fusc (142 xn)
= {fusc ZEFE)}

a X fusc n+ b x (fusc n+ fuse (1+n))
= {MAEHS

(a+D) x fusc n+bX fusc (1 +n)
= fuscAccn (a+Db)b.

B AFE BREAKEEA 1+ 20 K

SfuscAcc (142 xn)ab

=ua x fusc (1+2xn)+b x fusc (2+2 xn)
=a xfusc (1+2xn)+bxfusc (2x (1+n))
= {fuse ZEE)

a x (fuse n+ fuse (1+n)) + b x fusc (1+n)
= {WRAES)

a X fuscn+ (a+0b) X fusc (1+n)

= fuscAccna (a+D) .

Rtk FME T THER

fuscAccOab=0>b
JuscAccnab | evenn = fuscAcc (n‘div'2) (a+Db) b
| odd n = fuscAcc (n‘div:2)a(a+b) .
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Answer (B8 5.26) — AN T HIRRE ¢

mapAcc:: (a — b) — List a — List b — List b
mapAcc f xs ys = reverse ys Hmap f xs .

R mapAcc f [| ys = reverse ys. T xs:=x:xs BIEREZNT :

mapAcc f xs ys
reverse ys H map f (x:xs)

reverse ys -+ (f x:map f xs)

= (reverse ys H[f x]) H map f xs
= reverse (f x:ys) H map f xs

= mapAcc f xs (f x:ys) .

Answer (BRE 5.27) — B EE 5.4 S HRE SR dd:ETreea —
(List a,N). F{PIES :

ddD::ETree a — (DList a,N)
ddD t =let (xs,n) = dd tin ((Azgs — xs +Hzs),n) .

BT ddD 1% » BATITEER ddt = let (f,n) = ddD.rin (f [|,n).
AEWRE D NERER > FESBE ddD (Tipx) = ((x),0). ERE
ddD (Bin 1 u), BatEITENE dd BB if-then-else TR :

ddD (Bin 1 u)
= {ddb 2z E%E}
let (xs,n) =dd (Bin t u)in ((xs+-),n)
=, {dd Z7ESR)}
let (xs,m) =ddt
(ys,n) =dd u
in (((if m < n then xs else if m == n then xs H- ys else ys)+H),
1+(mtn))
= {EEEHASEA if}
let(xs,m) = dd t
(ys,n) =ddu
in (if m <n then (xs+-) else if 7 == n then (xs + ys+) else (ys+),
1+ (mTn))
= { B (o) B (ys4) )}
let (f,m) = (let (xs,m) = dd tin ((xs-+),m))
(g.1) = (let (ys,n) = dd uin ((ys-+),1))
in (if m < n then f else if m == n then f - g else g,
1+ (mtn))
= {ddD ZEF)
let (f,m) =ddDt



(g,n) =ddD u
in (if m < n then f else if m - n then f - g else g,
1+ (m?Tn)) .

H IS E

ddD (Tipx) = ((x:),0)
ddD (Bintu) |m<n=(f,1+n)
e = (F-g.14)
|m>n=(g,14+m) ,
where ((f,m),(g,n)) = (ddD t,ddD u) .

Answer (B 6.1) —
1.perms = foldr (Ax xss — concat (map (fan x) xss)) [[]]
2.sublists = foldr (Ax xss — xss -+ map (x:) xss) [[]]
3.splits AJERIT

splits = foldr spl [ ([],[])] .
where spl x ((xs,ys):zss) =
([1sx:xs Hys) :map ((x:) X id)((xs,ys) : zs5) .

Answer (B 6.2) — % o BIRFEREREMEM AT — ((v:x:xs)),
LB fan BRI AN B—1M@ foldr. BHER tail (head (fan y xs)) =
xs (B8 fan 5 [1,2,30= [[5,1,2,3],[1,5,2,31,}1,2,5.3],[1,2,3,5]], H ik
tail (head (fan 5 [1,2,3])) = [1,2,3]) » AT fanEEK :

Sfany = foldr (Ax xss = (& tail (head xss)): map (x:) xss) [[y]] -

Answer (B& 6.4) —

sum - map length

=" {sum = foldr (+) 0, foldr-map #hE }
foldr ((-+) - length) 0

= {HRs )}
length - foldr (+) |]

= length - concat .

Het SR H-=ERTT
length (xs + ys)
= {length 81 (+) FIE &M }
length xs + length ys
= {()ZEH}
((4) - length) xs (length ys) .
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Answer (E7E 6.6) — [BE8 : filter p = foldr (Axxs — if p x then x: xs else xs) [ ],
concat = foldr (+) | ]. BIPEENT :

concat - map g - filter p
= {fEEhE > W)
foldr (Ax ys — filter p (f x) Hys) []
= {foldr-map Bh& » WITH}
concat -map (filterp-f) .

BRE RS

concat (map g (if p x then x: xs else xs))
= {concat-map g HECE if ZH}

if p x then g x + concat (map g xs) else concat (map g xs)
= {3H concat (map g xs) }

(if p x then g x else [ ]) H concat (map. g xs)
= {E=

filter p (f x) H concat (map g xs) .

ZE 1R foldr-map BhE, REEREE (1) filter p-f) x ys BEBZFR filter p (f x) +
ys.

Answer (B& 6.7) —

HRMFEmMEMEMBRM map (= 0) (0:map (x+) ys) = step x (map = 0 ys) HJ
step. TREINR :

map (= 0) (0:map (x+) ys)
= True ‘map. ((Z 0)-(x+))ys
= step x (map (= 0) ys) .

SR EAPIIIEER map (= 0)ys BEH map ((=0)- (x+)) ys.
Answer (E=E 6.8) —

sum - (Hys)
= sumé foldr () ys
= { RS
Soldr (+) (sum ys)
= (@M}
(4 (sum ys)) - foldr () 0
= (+(sumys)) - sum .

HE— @& NERER sum (x:xs) = x+sum xs — RIHA B RAE
BHLHREREE (1) B EERAENGEGEROT

(+(sum ys)) (x+)
= (x+y)+sumys



= x+ (y+sum ys)
=x+ ((+(sumys))y) .

Answer (B8 6.9) — THE BB length-fan y = 1. - length. ERWOT :

length - fan y

= length - foldr (Ax xss — (y:x:tail (head xss)) :map (x:) xss) [[y]] -

= {fEmaxEi}
Sfoldr1, 1

= {fErMEEHE)
1, -foldr 1, 0

=14 -length .

HbE—RBMENMESHEETERNT

length ((y:x:tail (head xss)) : map (x:) xss)
= {length Z7E%}

1, (length (map (x:) xss))
= {length-map f = length}

14 (length xss) .

HIEBERLRREA 1. FTREENRSETFI R FTRAERTE

o
Answer (EE 6.10) — EEEE base = exp b 0 = 1. BIRETHRE > FHM
v
exp b (if c then 1 +2 x'n.else 2 xn)
= {REDEE if}
if¢ then exp b (142 x n) elseexp b (2 x n)
= {Am™=m"xm}
if c then b x exp b (2 x n) else exp b (2 X n)
= AH m* = (m")?, B8 : square x =x x x}
if cthen b x square (exp b n) else square (exp bn) .
R AT

exp b-decimal = foldr (Ad x — if ¢ then b x square x
else square x) 1 .

Answer (B 6.12) — BB id = foldN (1) 0. 8%4& fib2 @A id, BEIE{EE

fib2 0= (fib 1.fib 0) = (1,0). RIFEITHRE - RPVEEAWT :

fib2 (11 n)
= (fib (14 (14 n)).fib (11 n))
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= {fibZEE)
(fib (14 n) +fib n,fib (1, n))
= (A(x,y) = (x+y,x)) (fib2 n) .

R It IS E

fib2 = foldN (A (x,y) = (x+y,x)) (1,0) .

Answer (B 6.13) — B & Bl length - tags = size. Bl BE rags =
foldIT (Ax xs ys — xs H [x] Hys) [| ERBEE > HE length [] =0
VA B length (xs + [x] H ys) = 1 + length xs + leagth ysy 3 9 5 F)
length - tags = foldIT (Axmn — 1 +m+n) 0 = size.

Answer (ZBE 6.14) — ETree _EH foldET-mapE A& EEE -
JOldET f k-mapE g = foldET f (k- g)f -

78 mapE g = foldET Bin f, SAi5H E X M S C 8 - HM S K5
foldET f k (Bin t u) =f (foldET f k t) (foldET f k u) ¥&T52 foldET Z EF °

Answer (B 6.15) — R mapl AT EZAT :
mapl f = foldIT (Axt u — Node (f&) 7 u) Null

E& foldIT f e-mapl g ZRE - HEJEER foldIT f e Null = e. ZERREH
HEEINT

JoldIT fre (Node (gwx).z.u)
= {foldIT ZEE ]
(g x) (foldIT f.e t) (foldIT f e u) .

AL foldIT f e mapl g =foldIT (Axyz—f (gx)yz)e.
Answer (E R 6.16) — BIFEER minE - mapE (x+) = (x+) -minE. HRUT :

minE fmapE (x+)

= AJoldET-mapE #h& » REE 6.14}
JOldET (1) (id - (x+))

= {foldET Ri& > AT ikt }
(x+) -minE .

BERNERREE id (xv+) = (x+)-id, MERERB x+ (]2 =(x+y) |
(x+2z)°

Answer (E R 6.17) — B8 rags = foldIT (Ax xs ys — xs+ [x] +ys) []. BAE&
BZBEEER ()| =id MEBZTIRERE step HME (+) (s +-[x] +
ys) = step x (xs+) (ys+). BERREZFIEN (+) BF B8 A5G
BAELZEMESHLE—E2H . BEUT .
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() (x5 +-[x] Hys) zs
= (xsH [x] Hys) Hzs
{(+) < EFHE)
x5+ (x:(ysHzs))
((Cest) - (x:) - (ys+)) zs -
R F R () - tags = foldIT (Axf g — f-(x:)-g) id.
Answer (B 6.18) — KR EUA filier (all ascending) - wrap3 = wrap3. 5
KNS EReR L P

filter (all ascending) (concat (map (extend x) ysss))

= {filter p- concat = concat -map (filter p), map @&
concat (map (filter (all ascending) - extend x) ysss)

= {3 extendAsc, AT}
concat (map (extendAsc x) (filter (all ascending) ysss)) ,

MESHE TR BPFEREE oM HMEE @ SHBEKRERE T iF
R extendAsc -

filter (all ascending) (extend x yss) =
if all ascending yss then extendAsc x yss else{] .

RPEENT :

filter (all ascénding) (extend x (ys:yss))

filter (all ascending) [[x] s yss, (X:ps):yss]
{ filter Z £ 3%; B ascending [x] = True }
if all ascending (ys : yss) then
([x]:ys:yss):filter (all ascending) [(x:ys):yss]
else filter (all ascending) [(x:ys) :yss]
= { filter B4 ascending 2 EF ; ERHF if WA ES X}
ifall ascending (ys’:yss) then
if x > head ys'then [[x]:ys:yss, (x:ys):yss]
else [[x]:ys:yss]
else [ ]
= { fHEXE extendAsc SNT )
if all ascending (ys:yss) then extend’ x (ys:yss) else []

Hrb extendAsc NERUT :

extendAsc x (ys:yss) = if x > head ys then [[x] :ys:yss, (x:ys):yss]
else [[x]:ys:yss] .
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Answer (ERE 8.2) — & eval (Add ¢ ¢} ):

eval (Add eg ey) env
= {eval ZEFE}

(eval e == Avy — eval ey = Av| — return (vo+vy)) env
= {(>=)ZEE)

(Avg — eval e; == Av) — return (vo+v1)) (eval eg env) env
= {R¥ER}

(eval e; == Av| — return (eval ey env+vy)) env
= {(>=) ZER RYEM)}

return (eval ey env + eval ey env) env
= {return ZERE}

eval eq env+eval ey env .

8 eval (Letxeg e1) env:

eval (Letx eg ey) env
= {eval ZERK)}
(eval eg == Av — loc
= {(>=)Z&EH, K
local ((x,eval e env):)
= {local Z7EF}
eval ey ( legenv):en

(x,v):) (eval ey))
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