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1. Prove the following propositions:
(@ P=-Q—P.

Solution:

Pe{P,Q}
PQrp P
PFQ—P
FPS Q=P

by P-Q—-R)—Q—P—=R.

Solution: Abbreviate P - Q — R, Q, PtoI.

P—-Q—=Rerl Perl
TEP QR P rkPHﬁ’ Qer
I'FQ—R = T'FQ f
I'FR =

P>Q R QFPSR
P>QoRFQoP—R
FP—-Q—-R) -Q—P—=R

|
=

0 P—-Q—->(Q—R) =»P—=R

Solution: AbbreviatingP — Q, Q - R, Pto I
P—-Qel PeTl
QRel Trpoq 7P FFPH?
rFQ—Rr TP IFQ =
P—-QQ—R, PEFR |
P—-QQ—+RFP—=R :>:>

=E

P=QF( Q=R =P=R |
I—(P%Q)—>(Q%R)%F§—>R =




(d)

()

(f)

(g)

P-P—-Q—-(P—-Q—R)—=R

Solution: Abbreviating P,P — Q,P - Q — RtoI":

P—-Q—Rel Pel P—-Qel PeTl
FD—PQ—>Q—>RHyp T I‘I—PQ—>QHyp T
I'FQ R —E I'FQ =t
PP—-QP—-Q—=RER
PPSQFr(P QR SR
PFP-Q (P QR SR
I—P%(P—>Q)—>(P—>Q—>R)—>R:>

=E

P—-Q—=R)—(PAQ) =R

Solution: Abbreviate P - Q - R, P A QtoT.

P/\QEFH
P5QoRel |, rFpaqQ P PAQET
rFPoQoR P “T1rp A Trpaq P
TFQ R —E FI—Q:>/E\E

P-Q—-R PAQFR
P-QoRFPAQ R
FP-Q-R = (PAQ =R

PAQ) — (PVQ) —R)—=R).

Solution: Abbreviate PAQ,(PV Q) — Rtol.

PANQeTl

H
TFPag P
(PVQ)—)RGFH TP NE
r-Pvo) -k P TFpPvVQ V'E
=

PAQ,(PVQ) = RFR
PAQF(PVQ) >R =R
FPAQ) = (PVQ) > R) =R

Alternatively, instead of I' = P, you can also produce I' - Q under the AE rule on
the righthand branch.

P—-Q—-R)-P—-Q) —=P—R
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Solution: Abbreviate P — () - R, P — @), PtoI.

P—-Q—RP—-QPFR
P—>Q—>RP—>QI—P—>R
P—>Q—>RI—(P—>Q)—>P—>R

F(P—Q— R)

- (P—-Q)—P—R =

P—Q—Rel PeTl P—>Qel Qer
''-FP—-Q—R LFP I'FP—Q I'FQ
'-Q—R FI—Q:E

Hyp
=E

2. Reduce the following expressions to normal form, if possible.

(@ (\r.x+1x)3.

Solution: (\x.z + ) 3

by Mfax.fozx)(Myz.y+2)3.

Solution:

Mz fox)Myz.y+z)3
(Ar.(\yz.y+z)zz)3
(A\yz.y+2)33
(Az.3+2)3

3+3

6 .

e o be = ]

() Az.zx) (M. x).

Solution:

(Ax.xzx) (A\r.x)

d) A\z.zz) (A\r.x ).

Page 3




(e)

Solution:

M.z z)(A\x.xx)

SN M.z z)(A\r.xx)

This term keeps reducing to itself and does not reduce to a normal form.

Solution:

Ae. f(zx) (M. f (xa))
L f Qe f (@) (Ao f (x2)))
L F(F (O f (w2) (a. f (z2)))
L F (e f (wa) (. f (z2))))

This term keeps producing f. It can be used to find the fixed-point of f. (Keyword:
“Y combinator”.)

3. Write down the type derivation trees of the following expressions, if possible.

(@)

(b)

(A\ry.z).
Solution:
r:a€{xr:ay:b}
Var
rraynbkxzia |
roab(Ay.z)b—a -
FAzy.z):a—b—a
(Ap. (snd p, fst p)).
Solution: Abbreviate p :: (a,b) to T..
p:(a,b) €T p:(a,b) el
ar Var
C'Fp:(a,b) e '+p:(a,b)
Fl—sndp::b/\ L'Ffstp:a

|
> b) + d t
p:: (a,b) = (snd p, fst p) / L

O tsmd - fst )y (@ by — ()
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(©)

(d)

Afgz.fx(gx)).

Solution: See the handouts.

(Ar.xzz) (A\r.x ).

Solution: It is not possible to type this term in simply-typed A-calculus. If you
attempt to give it a type, you will see that the type of = has to be ((... — a) —
a) — a.

Note also that this term does not have a normal form. One important result is that
all typable terms in simply-typed A-calculus has a normal form.

4. Given the following types, construct (simply typed) lambda expressions having the types.

(@)

(b)

(P—-Q—R)—Q—P—R

Solution: (A\fzy.fyux).

(PANQ)— ((PVQ)— R)— R.

Solution: (Ap f. f (Left (fst p))). Another possibility is (Ap f . f (Right (snd p))).
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